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0

Introduction

Bifurcation Theory attempts to explain various phenomena that have been
discovered and described in the natural sciences over the centuries. The buck-
ling of the Euler rod, the appearance of Taylor vortices, and the onset of
oscillations in an electric circuit, for instance, all have a common cause: A
specific physical parameter crosses a threshold, and that event forces the sys-
tem to the organization of a new state that differs considerably from that
observed before.

Mathematically speaking, the following occurs: The observed states of a
system correspond to solutions of nonlinear equations that model the physical
system. A state can be observed if it is stable, an intuitive notion that is made
precise for a mathematical solution. One expects that a slight change of a
parameter in a system should not have a big influence, but rather that stable
solutions change continuously in a unique way. That expectation is verified by
the Implicit Function Theorem. Consequently, as long as a continuous branch
of solutions preserves its stability, no dramatic change is observed when the
parameter is varied. However, if that “ground state” loses its stability when
the parameter reaches a critical value, then the state is no longer observed,
and the system itself organizes a new stable state that “bifurcates” from the
ground state.

Bifurcation is a paradigm for nonuniqueness in Nonlinear Analysis.

We sketch that scenario in Figure 1, which is referred to as a “pitchfork
bifurcation.” The solutions bifurcate in pairs which describe typically one
state in two possible representations. Also typically, the bifurcating state has
less symmetry than the ground state (also called “trivial solution”), in which
case one calls it “symmetry breaking bifurcation.” In Figure 1 we show the
solution set of the odd “bifurcation equation,” Az — 2% = 0, where z € R
represents the state and A € R is the parameter.

In the case in which solutions correspond to critical points of a parameter-
dependent functional, Figure 2 shows how a slight change of the potential
turns a stable equilibrium into an unstable one and creates at the same time
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two new stable equilibria. That exchange of stability, however, is not restricted
to variational problems, but is typical for all “generic” bifurcations.

ﬁable bifurcating state
stable @e ground state (trivial solution)

state

parameter
Figure 1
subcritical supercritical potential
Figure 2

Bifurcation Theory provides the mathematical existence of bifurcation
scenarios observed in various systems and experiments. A necessary condi-
tion is obviously the failure of the Implicit Function Theorem.

In this book we present some sufficient conditions for “one-parameter bi-
furcation,” which means that the bifurcation parameter is a real scalar. We
do not treat “multiparameter bifurcation theory.”

We distinguish a local theory, which describes the bifurcation diagram in a
neighborhood of the bifurcation point, and a global theory, where the contin-
uation of local solution branches beyond that neighborhood is investigated.
In applications we also prove specific qualitative properties of solutions on
global branches, which, in turn, help to separate global branches, to decide
on their unboundedness, and, in special cases, to establish their smoothness
and asymptotic behavior.
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As mentioned before, bifurcation is often related to a breaking of symme-
try. We sometimes make use of symmetry in the applications in investigating
the qualitative properties of solutions on global branches. However, we typi-
cally exploit symmetry in an ad hoc manner. For a systematic treatment of
symmetry and bifurcation, we refer to the monographs [16], [54], [55], [146].
Symmetry ideas do not play a dominant role in this book.

We present the results of Chapter I and Chapter II in an abstract way,
and we apply these abstract results to concrete problems for partial differen-
tial equations only in Chapter III. The theory is separated from applications
for the following reasons: It is our opinion that mathematical understanding
can be reached only via abstraction and not by examples or applications.
Moreover, only an abstract result is suitable to be adapted to a new problem.
Therefore, we resisted mixing the general theory with our personal selection
of applications.

The general theory of Chapters I and II is formulated for operators act-
ing in infinite-dimensional spaces. This lays the groundwork for Chapter III,
where detailed applications to concrete partial differential equations are pro-
vided. The abstract versions of the Hopf Bifurcation Theorem in Chapter I are
directly applicable to ODEs, RFDEs, and Hamiltonian or reversible systems.
For stability considerations we employ throughout the principle of linearized
stability, which means, in turn, that stability is determined by the perturba-
tion of the critical eigenvalue or Floquet exponent.

The motivation to write this book came from many questions of students
and colleagues about bifurcation theorems. Most of the results contained
herein are not new. But many are apparently known only to a few experts,
and a unified presentation was not available. Indeed, while there exist many
good books treating various aspects of bifurcation theory, e.g., [11], [16], [17],
[33], [54], [55], [56], [60], [75], [146], [153], there is precious little analysis of
problems governed by partial differential equations available in textbook form.
This work addresses that gap. We apologize to all who have obtained similar
or better results that are not mentioned here. During the last thirty years a
vast literature on bifurcation theory has been published, and we have not been
able to write a survey. A reason for this limitation is that we feel competent
only in fields where we have worked ourselves.

In many of the above-mentioned books we find the “basic” or “generic”
bifurcations in simple settings illustrating the geometric ideas behind them,
mostly from a dynamical viewpoint, cf. [60]. In view of that excellent heuristic
literature, we think that there is no need to repeat these ideas but that it is
necessary to give the calculations in a most general setting. This might be
hard for beginners, but we hope that it is useful to advanced students.

Apart from the Cahn—Hilliard model (serving as a paradigm), our appli-
cations to partial differential equations are motivated only by, but are not di-
rectly related to, mathematical physics. The formulation of a specific problem
of physics and the verification of all hypotheses are typically quite involved,
and such an expenditure might disguise the essence of Bifurcation Theory.
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For these reasons we believe that a detailed presentation of the cascade of
bifurcations appearing in the Taylor model, for instance, is not appropriate
here; rather, we refer to the literature, [15], for example. On the other hand,
we hope that our choice of mathematical applications offers a broad selection
of techniques illustrating the use of the abstract theory without getting lost
in too many technicalities. Finally, if necessary, the analysis can be completed
by numerical analysis as expounded in [4], [81], and [142].

I am indebted to Rita Moeller for having typed the entire text in ETEX.
And in particular, I thank my friend Tim Healey for the encouragement and
his help in writing this book: Many of the results obtained in a fruitful col-
laboration with him are presented here.



I

Local Theory

1.1 The Implicit Function Theorem

One of the most important analytic tools for the solution of a nonlinear prob-
lem,

(I.1.1) F(xz,y) =0,

where F'is a mapping F' : U x V — Z with open sets U C X,V C Y, and
where XY, Z are (real) Banach spaces, is the following Implicit Function
Theorem:

Theorem 1.1.1 Let (I1.1.1) have a solution (zo,yo) € U X V such that the
Fréchet derivative of F with respect to x at (xo,yo) is bijective:

F('r()v yO) = Oa
(1.1.2) D.F(x0,y0) : X — Z s bounded (continuous)
with a bounded inverse (Banach’s Theorem,).

Assume also that F' and D, F are continuous:

FeCUxV,2),

D, FeC(UxV,L(X,Z2)), where L(X,Z)

denotes the Banach space of bounded linear operators
from X into Z endowed with the operator norm.

(L1.3)

Then there is a neighborhood Uy x Vi in U x V' of (xo,y0) and a mapping
f:Vi—= U C X such that

f(yo) = o,
(I.1.4) F(f(y),z(;) = Oofor ally € V7.

Furthermore, f is continuous on Vi:
(I.1.5) fec(,X).
Finally, every solution of (1.1.1) in Uy x Vi is of the form (f(y),y).
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For a proof we refer to [36]. For the prerequisites to this book we recom-
mend also [17], [10], which present sections on analysis in Banach spaces.

Let us consider Y as a space of parameters and X as a space of confi-
guration (a phase space, for example). Then the Implicit Function Theorem
allows the following interpretation: The configuration described by problem
(I.1.1) persists for perturbed parameters if it exists for some particular pa-
rameter, and it depends smoothly and in a unique way on the parameters.
In other words, this theorem describes what one expects: A small change of
parameters entails a unique small change of configuration (without any “sur-
prise”). Thus “dramatic” changes in configurations for specific parameters can
happen only if the assumptions of Theorem I.1.1 are violated, in particular, if

(I.1.6) D, F(xo,y0) : X — Z is not bijective.

Bifurcation Theory can be briefly described by the investigation of problem
(I.1.1) in a neighborhood of (xg,yo) where (I.1.6) holds.
For later use we need the following addition to Theorem I.1.1:

If the mapping F' in (I.1.1) is k-times
continuously differentiable on U x V| i.e.,
F € CF(U x V, Z), then the mapping f

(I.1.7) in (I.1.4) is also k-times continuously
differentiable on Vy; i.e., f € C*(Vy, X), k> 1.
If the mapping F' is analytic, then the
mapping f is also analytic.

For a proof we refer again to [36].

1.2 The Method of Lyapunov—Schmidt

This method describes the reduction of problem (I.1.1) (which is high- or
infinite-dimensional) to a problem having only as many dimensions as the
defect (I.1.6). To be more precise, we need the following definition:

Definition 1.2.1 A continuous mapping F' : U — Z, where U C X is open
and where X, Z are Banach spaces, is a nonlinear Fredholm operator if it is
Fréchet differentiable on U and if DF (x) fulfills the following:
(i) dimN(DF(z)) < oo (N = kernel),
(ii) codimR(DF (z)) < oo (R = range),
(iii) R(DF(x)) is closed in Z.

The integer dimN (DF(x)) — codimR(DF(x)) is called the Fredholm index
of DF(x).
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Remark 1.2.2 As remarked in [80], p. 230, assumption (iii) is redundant. If
DF depends continuously on x and possibly on a parameter y, in the sense of
(1.1.3), and if U or U x V is connected in X or also in X XY, respectively,
then it can be shown that the Fredholm index of DF(x) is independent of x;
cf. [80], IV. 5.

We consider now F': U xV — Z, UcCX, V CY, where

F(zo,y0) =0 for some (zg,y0) €U XV,
(1.2.1) FeCUxV,Z),
D,F € O(U x V,L(X,Z)) (see (L13)).

We assume that for y = yo the mapping F' is a nonlinear Fredholm operator
with respect to x; i.e., F(-,y0) : U — Z satisfies Definition 1.2.1. In particular,
observe that the spaces N and Z; defined below are finite-dimensional.

Thus there exist closed complements in the Banach spaces X and Z such
that

(1.2.2) X = N(DyF(z0,y0)) & Xo,

Z = R(DyF(x0,90)) © Zo

(see [37], p. 553). These decompositions, in turn, define projections

P: X — N along X() (N = N(DrF(xﬂayO))a

(123) Q AN ZO along R (R = R(DzF(x07y0))7

in a natural way. By the Closed Graph Theorem (see [152]) these projections
are continuous.
Then the following Reduction Method of Lyapunov—Schmidt holds:

Theorem 1.2.3 There is a neighborhood Us x Va of (xg,yo) inUxV C X XY
such that the problem

(1.2.4) F(z,y) =0 for (z,y) €Uz x Vs
is equivalent to a finite-dimensional problem

P(v,y) =0 for (v,y) € Uy x Vo C N XY, where
(1.2.5) & : Uy x Vo — Zy is continuous
and @(U(),y()) = Oa (UanO) €Uz x Va.

The function @, called a bifurcation function, is given in (1.2.9) below.

(If the parameter space Y is finite-dimensional, then (I1.2.5) is indeed a
purely finite-dimensional problem.)

Proof. Problem (I1.2.4) is obviously equivalent to the system

QF(Pz+ (I — P)z,y) =0,

(1.2.6) (I = Q)F(Px+ (I — P)x,y) =0,
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where we set Px =v € N and (I — P)x = w € Xy. Next we define

G : Uy x Wy x Vo — R via

G(va7y) = (I - Q)F(’U + wvy)? where
(1.2.7) wo = Pxo € Uy C N,

wo = (I— P)ZL'() e Wy C X,

and 172, Ws are neighborhoods such that Uy+W,CcUCcCX.

We have G (vg, wo, o) = 0, and by our choice of the spaces, D,,G(vo, wo, yo) =
(I-Q)D,F(x0,0) : Xo — R is bijective. Application of the Implicit Function
Theorem then yields

G(v,w,y) = 0 for (v,w,y) € Uy x Wa x Vj is equivalent to

(L2.8)  w=1(v,y) for some 1 : Uy x Vo — Wy C X, such that
¥(vo, Yo) = wo.

Insertion of the function ¢ into (1.2.6); yields
(1.2.9) P(v,y) = QF (v +¢¥(v,y),y) = 0.

The Implicit Function Theorem also gives the continuity of . a

Corollary 1.2.4 In the notation of Theorem 1.2.3, if F € C*(U x V, Z), we
also obtain ¢ € CY(Uy x Vi, Xg), ® € CH(Uy x Vo, Zy), and

(1.2.10) W (vo,y0) = wo,  Dytb(vo, o) = 0 € L(N, Xo),
2. Dy ®(vg,y0) = 0 € L(N, Zp).

Proof. The regularity of ¢ and & follows from (I.1.7). Differentiating
(I-Q)F(v+¢(v,y),y) =0 for all (v,y) € Uy x V with respect to v yields

(I.2.11) (I =Q)DF(v+¢(v,y),y)(In + Dytp(v,y)) =0,

where Iy denotes the identity in N. Since N is the kernel of D, F(xo,y0), we
obtain at (v, yo),

(1.2.12) (I = Q) Dy F(x0,y0) Db (vo, yo) = 0.

Since D, (vg, yo) maps into X, which is complementary to N, we necessarily
have D, (vg, yo) = 0. By virtue of (1.2.9) we then get

(1.2.13) Dy®(vo,y0) = QD F(x0,y0)In = 0.
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1.3 The Lyapunov—Schmidt Reduction
for Potential Operators

In applications, the following situation often occurs: G : U — Z is a mapping,
where U is an open subset of a real Banach space X, and X is continuously
embedded into Z. Furthermore, a scalar product can be defined on the real
Banach space Z such that

( , ):ZxZ — Ris bilinear, symmetric, continuous, and

(L3.1) definite; i.e., (z,2) > 0, and (z,z) = 0 if and only if z = 0.

Definition 1.3.1 A continuous mapping G : U — Z, where U C X, X
is continuously embedded into Z, and Z 1is endowed with a scalar product
(. ) satisfying (1.5.1), is called a potential operator (with respect to that
scalar product) if there exists a continuously differentiable mapping g : U — R
such that

(1.3.2) Dg(x)h = (G(z),h) forall zeUhelX.

The function g is called the potential of G. We use also the notation G = Vg.

Proposition 1.3.2 If G : U — Z is a potential operator and differentiable,
then the derivative DG(x) € L(X,Z) is symmetric with respect to ( , );
i.e.,

o forallxz € U, hi,he € X.

Proof. The potential g is twice differentiable, and its second derivative is a
continuous bilinear mapping from X x X into R is given by

(1.3.4) D?g(2)[h1, ha] = (DG(2)hy, ha).

A well-known result is that this bilinear mapping D?g(x) is symmetric; i.e.,
D2g(z)[h1, ha] = D?g(z)[ha, h1] (see [36], [17], [10]). O

Proposition 1.3.3 Let G : U — Z be continuously differentiable and assume
that the open set U C X is star-shaped with respect to the origin 0 € X.

If DG(z) is symmetric with respect to (, ) in the sense of (1.3.3) for all
x € U, then G is a potential operator with respect to (, ).
Proof. We define
1
(1.3.5) g(x) :/ (G(tz),z)dt for zeU.
0
Then

ds

1
ig(:c +sh)|_, = /0 [(DG(tz)th,z) + (G(tx), h)]dt
= /1 i(G’(tgc),th)dt = (G(z),h) for all x € U, h € X.

(1.3.6)
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This proves that the Gateaux derivative of g at x in the direction h is linear and
continuous in A for all x € U, and furthermore, that the Gateaux derivative
of g is continuous in = (with respect to the norm in L(X,R) = X', the dual
space). Accordingly, the Gateaux derivative is actually the Fréchet derivative
(see [36], [17], [10]). O

IfG:U — Z, U C X, is a differentiable potential operator (see Definition
1.3.1) and a nonlinear Fredholm operator of index zero in the sense of Defini-
tion I.2.1, then the kernel of DG(x) and its range have equal finite dimension
and codimension, respectively. By the symmetry as stated in Proposition 1.3.2,
the following assumption is reasonable:

Z = R(DG(x)) ® N(DG(x)),
(1.3.7) where R and IV are orthogonal with respect to
the scalar product ( , )on Z.

We recall that N(DG(z)) € X C Z (with continuous embedding) in this
section.

Next we consider F: UxV — Z, UcCX CZ, V CY,where(1.2.1)is
satisfied. Furthermore, we assume that F' is a potential operator and a non-
linear Fredholm operator of index zero with respect to x; i.e., F(-,y) satisfies
Definitions I.2.1 and I1.3.1 for all y € V. Finally, we assume the orthogonal
decomposition

(1.3.8) Z = R(D.F(x0,90)) ® N(D.F(x0,0)),

cf. (I.2.2); i.e., Zyp = N. This decomposition defines an orthogonal projection
(I.3.9) Q:Z— N along R (as in (1.2.3))

that is continuous on Z. By the continuous embedding X C Z, its restriction
(1.3.10) Qx : X—-NcCX

is continuous as well, and will be denoted by P. This projection, in turn,
defines the decomposition

(1.3.11) X=Nao(RNX),

where RN X is closed in X.
Using these projections, the Lyapunov—Schmidt reduction as stated in The-
orem 1.2.3 has the following additional property:

Theorem 1.3.4 If F' is a potential operator with respect to x, then the finite-
dimensional mapping @ obtained by the orthogonal Lyapunov—-Schmidt reduc-
tion (cf. (1.2.9)) is also a potential operator with respect to v. (The scalar
product on Z induces a scalar product on N C X C Z, and this same scalar
product is employed in the definition of a potential operator in both cases.)
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Proof. We use the same notation as in the proof of Theorem 1.2.3. Let f(z,y)
be the potential for F(x,y); i.e.,

(13.12) Dy f(z, y)h = (F(z,y), h)
e for all (z,y) e UxV C X xY and for all h € X.

Then we claim that f(v +¥(v,y),y) (see (1.2.8)) is a potential for @(v,y) =
QF(v+(v,y),y). For every (v,y) € Uy x Vo C N xY and h € N we get by
differentiation of f with respect to v,

D?)f(v + 7/}(1}’ y), y)h
- Dmf(v + 1/1(% y)’ y)(IN + DNJ’(% y))h
(1313) (F(v+¢(v,9),y), h+ Dyb(v,y)h)
o = (QF (v + (v, y),y), h)
+((I = Q)F(v+9(v,y),y), Dyt(v,y)h) (by orthogonality)
= (@(U,y), h)v

where we have employed (I — Q)F(v+ ¢(v,y),y) = 0,; cf. (1.2.7), (1.2.8). O

Corollary 1.3.5 D,&(v,y) = QD F(v+¢(v,y),y)In+Dyp(v,y)) is a sym-
metric operator in L(N, N) with respect to the scalar product ( , ).

Proof. The proof is the same as that for Proposition 1.3.2. O

I.4 An Implicit Function Theorem for
One-Dimensional Kernels: Turning Points

In this section we consider mappings F' : U x V — Z with open sets U C
X,V C Y, where X and Z are Banach spaces, but where this time Y = R.
Following a long tradition, we change the notation and denote parameters in
R by A. We assume

F(z9, o) = 0 for some (zg,\g) € U x V,

(L4.1) dim N(D, F (2, \o)) = 1.

Obviously, the Implicit Function Theorem, Theorem I.1.1, is not directly
applicable. We assume now the hypotheses of the Lyapunov—Schmidt reduc-
tion (Theorem 1.2.3) for ' with the additional assumption that

the Fredholm index of D, F(xg, \o) is zero;

Since Y = R, we can identify the Fréchet derivative Dy F(x, ) with an
element of Z, namely, by

(L4.3) DzF(z,\)1 = D\F(z,\) € Z, 1€R.
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Theorem 1.4.1 Assume that F' : U x V. — Z is continuously differentiable
onUxV C X xR, ie.,

(1.4.4) FeCOYUxV,2),
and (1.4.1), (1.4.2), (I.4.3), and that
(145) D)\F(:I,‘(), )\0) € R(DQJF(%‘Q, /\0))

Then there is a continuously differentiable curve through (xo, \o); that is, there
exists

(L.4.6) {(z(s), A(s))]s € (=6,6), (x(0),A(0)) = (x0, X0)}
such that
(1.4.7) F(z(s),A(s)) =0 for s € (—6,0),

and all solutions of F(x,\) = 0 in a neighborhood of (xqg,\g) belong to the
curve (1.4.6).

Proof. We apply Theorem 1.2.3, and we know that all solutions of F'(z, \) =
0 near (zg, \g) can be found by solving ®(v, \) near (vp, Ag). Using the termi-
nology of the proof of that Theorem, assumption (I.4.4) together with (I.1.7)
for k = 1 gives the continuous differentiability of ¢ with respect to A, and in
particular,

(1.4.8) D>\Q5(v0, /\0) = QD)\F('UO + w(’vm )\0), Ao) = QD)\F(CL'(), )\0) #0,

by assumption (I.4.5). Now, by (I.4.1), (I.4.2) the spaces N and Z; are one-
dimensional, and also Y = R is one-dimensional. Since

DUy xVo— Zy, UyxVaCN xR,

1.4.9
( ) @(Uo, )\0) = 0, D)\¢(UQ, )\0) 75 0,

the Implicit Function Theorem implies the existence of a continuously differ-
entiable mapping

©:Us — Vo CR such that »(vg) = Ao,

(1.4.10) (v, p(v)) =0 forall wvel,CN.

(In fact, it may be necessary to shrink the neighborhood Us,, but for simplicity
we use the same notation.)

Let
(L.4.11) N(D,F(xg,\o)) = span[tg], 0o € X, ||0o] = 1.
Then v = vy + sty € Us for s € (—0,9), and

x(s) = vo + 8o + Y(vo + 800, p(vo + 570)),

(1.4.12) A(s) = p(vo + sio),

gives the curve (I1.4.6), having all properties claimed in Theorem 1.4.1. O
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Corollary 1.4.2 The tangent vector of the solution curve (1.4.6) at (zq, \o)

s given by

(L4.13) (90,0) € X x R;

i.e., (1.4.6) is tangent at (xg, Ng) to the one-dimensional kernel of Dy F (20, Ao).
Proof. Since ®(v,¢(v)) = 0 for all v € Uy, and D,®(vg,\o) = 0 by

Corollary 1.2.4, we get

(1414) D09, A0) Dup(t6) =0 (2(10) = Ao).

By (1.4.9), Dx®(vg, Ao) # 0, and thus D,p(vg) = 0.
Now, by (1.4.12),

d

%x(sﬂszo = 0o + Dytp(vo, Ao)Do + D) (vo, Ao) Dyp(vo) o,
(1.4.15) = Ppby Corollary 1.2.4 and D,p(vy) =0,

d N

d—s)\(s)\szo = D,p(vg)ty = 0. O

Let us assume more differentiability on F, namely, FF € C?*(U x V, Z).
Then differentiation of (I.4.7) with respect to s gives, in view of (I1.4.15),

LR() A6,
= D, F(z0,A)#(0 DAF($07>\0)>\(0) (=4)
DIF($Q7>\0)@0
L F(s). 7M@),
= D2 (1‘0,)\0)[ 7)0] +D F(l’o,)\o) ( )+D)\F(£L'0,)\0))\(0) =0
A(0) = 0).

(observe that
Application of the projection @ (see (1.2.3)) yields

(1.4.16)

(1.4.17) QD?2, F(x0, \o)[00, Do) + QDAF (0, A\)A(0) = 0.
Since QD F (xq, \g) # 0 by virtue of (1.4.5), the additional assumption
(14.18) D2, F (w0, Xo)[bo, Do) & R(DyF (20, Ao))

guarantees (according to (1.4.17), which is an equation in the one-dimensional
space Zg)

(1.4.19) A0)>0 or A0)<0.

This means that schematically, the curve (1.4.6) through (2o, Ag) € X x R has
one of the shapes sketched in Figure 1.4.1.

In the literature, this is commonly called a saddle-node bifurcation:
a nomenclature that makes sense only if the vector fields F(-,\) : X — Z
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generate a flow, which, in turn, requires X C Z. Since that is not always true
in our general setting, we prefer the terminology turning point or fold.

solution curve

o +

Ao Y =R

Figure 1.4.1

In order to replace the nonzero quantities in (1.4.17) by real numbers, we
introduce the following explicit representation of the projection @ in (1.2.3).
Recall that the complement Zy of R(D,F(xg, o)) is one-dimensional:

(1.4.20) Zy =span[og], o5 € Z, |og]l = 1.

By the Hahn—Banach Theorem (see [152]), there exists a vector
04 € Z' (the dual space) such that

(I.4.21) (0§,0)) =1 and
(2,00) =0 forall z € R(D,F(x0,X0))-

Here ( , ) denotes the duality between Z and Z’.
Then the projection @ in (1.2.3) is given by

(1.4.22) Qz = (2,00)0; forall z € Z,
and (1.4.17), (1.4.18) imply

<D:2c;cF('r07 AO)[/&O? 60]? @6>

(1.4.23) A0) =~ (DrF(xo, No),05)

and the sign of )\(0) determines the appropriate diagram in Figure 1.4.1. If
A(0) = 0, however, the shape of the curve (1.4.6) is determined by higher
derivatives of A\(s) at s = 0.

Remark 1.4.3 There is also an Implicit Function Theorem for higher-dimen-
sional kernels if the parameter space Y is higher-dimensional, too. To be more
precise, if dim N (D, F(zg, o)) = n for some (xg,\g) € U xV C X x R"
and if a complement of R(D,F(xo,)\o)) is spanned by Dy, F(xg,Xo),i =
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1,...,n, then the analogous proof yields an mn-dimensional manifold of the
form {(xz(s), A(s)))|s € Us € R"} € X x R™ through (z(0), A\(0)) = (0, o)
such that F(x(s), \(s)) = 0 for all s € Us (which is a neighborhood of 0 € R™).
Moreover, the manifold is tangent to N(D,F(zg, o)) x {0} in X x R™.

1.5 Bifurcation with a One-Dimensional Kernel

We assume the existence of a solution curve of F'(z,A\) = 0 through (zo, Ao)
and prove the intersection of a second solution curve at (zg, \o): a situation
that is rightly called bifurcation. A necessary condition for this is again (I1.1.6),
which excludes the application of the Implicit Function Theorem near (zq, A).

As in Section 1.4, we assume again that the parameter space Y is one-
dimensional, i.e., Y = R, and we normalize the first curve of solutions to
the so-called “trivial solution line” {(0,\)|A € R}. This is done as follows:
If F(z(s), A(s)) = 0, then we set F(z,s) = F(z(s) 4+ z, A(s)), and obviously,
F(O, s) = 0 for all parameters “s.” Returning to our original notation, this
leads to the following assumptions:

F(0,A) =0 for all A € R,

dim N (D, F(0,\)) = codimR(D,F (0, o)) =1,
i.e., F(-,\) is a Fredholm operator of index zero
(cf. Definition 1.2.1).

(L5.1)

The assumed regularity of F is as follows:

FeC*UxV,2Z),
(1.5.2) where 0 e U C X, M€V CR,
are open neighborhoods,

where we identify again the derivative D2, F(x, \) with an element in L(X, Z),
cf. (1.4.3). By assumption (1.5.2) we have D%, = D3 (see [36], [10]).

The Crandall-Rabinowitz Theorem then reads as follows:

Theorem 1.5.1 Assume (1.5.1), (1.5.2), and that

N(DlF(O, /\0)) = span[ﬁo], Vg € X, ||1A}0H =1,

(L5.3) D2, F(0,X)i0 & R(D,F(0, o))

Then there is a nontrivial continuously differentiable curve through (0, \o),

(L5.4) {(2(5), Ms))[s € (=6,0), (2(0), A(0)) = (0, A)},

such that
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(I.5.5) F(z(s),\(s)) =0 for se&(=0,9),

and all solutions of F(x,\) in a neighborhood of (0,\o) are on the trivial
solution line or on the nontrivial curve (1.5.4). The intersection (0, o) is
called a bifurcation point.

Proof. The Lyapunov—Schmidt reduction (Theorem 1.2.3) reduces F(x, \) =
0 near (0, \g) equivalently to the one-dimensional problem, the so-called Bi-
furcation Equation; that is,

®(v,\) = 0 near (0, o) € Uy x Vo € N x R, where

L5. -
(56) QSZUQX‘/QHZOWithdimZ():l,

and & € C%(Uy x Va, Zy), by assumption (I1.5.2) and (I.1.7). By F(0,\) = 0
for all A € R (cf. (I.5.1)1) we get, when using the notation of Theorem 1.2.3
and Corollary 1.2.4,

P(0,A) =0 for all A € V5, whence

(L5.7) Dyip(0,0) =0 for all X € Va.

Inserting (0, A) into the definition (I1.2.9) of @ yields
(I.5.8) &(0,A) =0 for all X € V3,

which gives the trivial solution line. By (I1.5.8), (v, \) = fol 4 ¢ (tv, N)dt, or
1
(I.5.9) D(v, \) :/ D,®(tv, \vdt  for (v, \) € Uy x Va.
0

Setting v = stg, s € (—6,9), for v € U, C N, we get nontrivial solutions
(s # 0) of (I1.5.6) by solving

1
(1.5.10)  &(s,\) = / D, ®(stvg, \)odt =0  for nontrivial s € (—9,9).
0

By assumption (1.5.2), & € C'((=6,8) x Va, Zy), and by Corollary 1.2.4 (see
(1.2.10)5),

(L5.11) B(0, \g) = 0.
The following computation leads to DA@(O, Ao):

D/\(Dv@(va )‘)60)
= D\(QDF(v+ (v, X), X)(09 + Dytb(v, N)dg)
(15.12) = QD2,F(v+ (v, A), Nlog + Dyt (v, \)io, Dath(v, )]
+ QD F(v+ (v, \),\) D3, (v, \)do
+ QD?E)\F(U + 7/}(1)7 )‘)7 A)(@O + DM/J(U» /\)’[)0)

Inserting (v,A) = (0, o) into (I.5.12), we find that the first term vanishes
in view of (L.5.7), the second term vanishes by the definition (I1.2.3) of the
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projection @, and Corollary 1.2.4 together with assumption (I.5.3)s finally
yields R
(1.5.13) D®(0,\g) = QD2, F (0, \o)ig # 0 € Zy.

The Implicit Function Theorem for (I.5.10) gives a continuously differentiable

function

(1.5.14) ¢ : (—6,8) — Va such that (0) = Ao,
- @(s,0(s)) =0 for all s € (—4,0).

(Again, the interval (=4, ) is shrunk, if necessary.)

Then
(1.5.15) B(stg, p(s)) = sP(s,0(s)) =0 for s e (—0,0),
" (5 (590, 9(5))
z(s) = svg + Y(s0g, p(s)),
1.5.16
1510 As) = o(5),
is the curve (I.5.4) having all desired properties. O

Corollary 1.5.2 The tangent vector of the nontrivial solution curve (1.5.4)
at the bifurcation point (0, o) is given by

(L5.17) (90, A(0)) € X x R.

Proof. By (1.5.16),
d ) . .
(1518) E(x(s))L:O = Vo + Dvl/J(O, )‘O)UO + DA¢(O7 )‘0))\(0)
=19 by Corollary 1.2.4 and (1.5.7).

Figure 1.5.1 depicts the schematic bifurcation diagram. O

X

nontrivial solution curve

I
)

Ao trivial solution line Y

Figure 1.5.1
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Under the general assumptions of this section, it is not clear whether the
component /\(0) of the tangent vector (1.5.17) vanishes. Therefore, for now,
we cannot decide on sub-, super-, or transcritical bifurcation. These notions
will be made precise in the next section.

Remark 1.5.3 The generalization of Theorem 1.5.1 to higher-dimensional
kernels is given by Theorem 1.19.2, provided that the parameter space is higher-
dimensional, too. To be more precise, we need as many parameters as the
codimension of the range amounts to.

1.6 Bifurcation Formulas (Stationary Case)

In this section we give formulas to compute A(0) = ¢(0) in the tangent (1.5.17)
or A(0) if A(0) = 0. For this purpose we assume that the mapping F is in
C3(U x V, Z). Using &(s, \(s)) = 0 for all s € (—8,6) (recall A(s) = ¢(s) by
(1.5.16)), we obtain

(1.6.1) %é(s, A(9))] g = Ds®(0, Ag) + Dr®(0, Ag)A(0) = 0.

By (1.5.13), Dx®(0, X\g) # 0, and thus A(0) is determined by D,®(0, \o). By
definition (I1.5.10) and (1.2.13),

O )\() / D 0 )\0 Uoj’l)o]dt
(1.6.2)

QD F(0, Ao)[?0, Do),

where again we have used the definition (I.2.3) of the projection @, yielding
QD,F(0, o)z = 0 for all x € X. If (I1.6.2) is nonzero, we can easily derive
our first formula. Using the representation (I1.4.22) of the projection @, (1.6.1)
yields

. 1 (D?_F(0, \o) |00, Do), O
(163) )\(0) _ < Tz ( ) 0)[00700] /UO>'

2 (D2, F(0, \o)do, 0)

If D2, F (0, \o)[00, 0] & R(D,F(0,\o)), the number A(0) is nonzero. Since this
represents the component in R of the tangent vector of the curve (1.5.4), the
bifurcation is called transcritical in this case (see Figure 1.6.1).

However, if D2 F(0,\o)[00,90] € R(D.F(0,X0)), then A\(0) = 0, and
the local shape of the curve (I.5.4) is determined by A(0). Differentiating
®(s,\(s)) = 0 twice with respect to s gives

522 D(s,\(s ))\ = D2.8(0, o) + Dr®(0, \g)A(0) = 0

when A(0) =

(1.6.4)
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We now compute D280, \o). By definition (1.5.10), this amounts to compu-
ting D3, ,®(0, \o)[00, Do, D0]. Using (1.2.13) we get

D?w@(v, )\0) [’ﬁo, ’00]
= QD2 F(v+¢(v,\),\)[do + Dyt (v, N)do, o + Dyt (v, N) o]
+QDIF(U+1Z)(U’)‘))/\) 31} ( )[Uo,ﬁo],
(1.6.5)  D3,,9(0, \o)[0o, Do, Vo]
=QD;3,.F(0, /\0)[?70#707170]
+ 2QDMF(0 Xo)[90, D7, (0, Xo) [0, D]
+ QD3 F(0, \o) [0, mﬂ/)(O o) [Do, Do]],

where we have used QD,F (0, o)z = 0 for all x € X, and also (1.2.10);. To
compute D2,1(0, \o)[Do, 0] we use
16.6) (I—Q)F(v+1(v,\),\)=0 forall (v,\)eUyxV;
(cf. (1.2.7), (1.2.8)). This gives by differentiation
(I = Q@)D F (v + (v, A), A) (00 + Dyip(v, A)oo) = 0,

(1.6.7) (I = Q)D2,F(0, Mo)[0, to]

+(I = Q)D,F(0,0) D2, 4(0, X\o) [0, To] = 0.
Taking into account that D, F'(0,A\g) : Xg — R = (I —Q)Z is an isomorphism
(see (1.2.3)), we get

ngw(oa )\0)[’&07 ’{}O]
(1.6.8) = LDy F(0,20))" (I — Q)D2, F(0, \o)[ivo, 0]
€ Xy for vy € N.

vUv

In order to emphasize that the preimage (1.6.8) is in Xy = (I — P)X, we insert
the projection (I — P), and combining (1.6.5) with (1.6.8) gives

D3, ®(0, o) [do, Do, D]

- QDwxm (07 >‘0) [@07 7}07 '[JO]

—3QD2,F (0, M0)[0, (I —P)(DyF(0,20)) (I = Q) D2, F (0, Ao) %0, To]]-

(1.6.9) ~
Definition (I1.5.10) of @ implies
(1610) D @(O )‘0) 3ngv¢(07)‘0)[{)0a60760]‘

Relation (1.6.4), the representation (1.4.22) of the projection @, and (1.6.10)
give our second bifurcation formula for the case A(0) = 0:

1(D3,, (0, Xo)[0o, 0o, Do), 0))
3 (D2, F(0, Xo)®o, 0f)

(1.6.11)  A(0) = (cf. (1.6.9)).
If A(0) < 0, the bifurcation is subcritical, and if A(0) > 0, it is supercritical.

In both cases the diagram is referred to as a pitchfork bifurcation (see
Figure 1.6.1).
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B -
E T <

transcritical subcritical supercritical

Figure 1.6.1

1.7 The Principle of Exchange of Stability
(Stationary Case)

Stability is a property of solutions of evolution equations, in particular of
equilibria or stationary solutions. Here we consider formally

dx
(I.7.1) pri F(xz,\),
where F' is a mapping as considered in Sections 1.4—I1.6. Such an evolution
equation, however, makes sense only if X C Z, and as in Section 1.3 we assume
that the Banach space X is continuously embedded in the Banach space Z.
Let F'(xg, A\g) = 0; i.e., zg € X is an equilibrium of (I.7.1) for the parameter
Ao € R. According to the Principle of Linearized Stability we call

the equilibrium xq stable (linearly stable)

(L7.2) if the spectrum of D, F(x¢, \) is in the left complex half-plane.

Of course, (1.7.2) implies true nonlinear stability of x if one has rigorous
dynamics for (I1.7.1), e.g., when (1.7.1) represents a system of ordinary differ-
ential equations (X = Z = R™) or a parabolic partial differential equation;
i.e., F(x, ) is a semilinear elliptic partial differential operator over a bounded
domain; cf. Section II1.4.

We cannot go into a detailed discussion about the general validity of this
principle, but we refer to [83] and [85].

The stability criterion (I.7.2) is also viable for (Lagrangian) evolution equa-
tions of the form
1.7.3) dQ—x = F(x,\)
(L.7. oz = F@,A),
where F(z,)\) is a potential operator with respect to x with potential
f(x, A\); cf. Definition 1.3.1. Proposition 1.3.2 then gives that the linear map
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D, F(zo, o) = DV, f(x0, o) is formally self-adjoint, in particular, its spec-
trum is real. Accordingly, (I.7.2) ensures that D,V (2o, Ao) is negative def-
inite. Now it is easy to show that the total energy

1 (dx dz
E= 3 (E’E) = f(z, )

is constant along all classical solutions of (I1.7.3) at A = A\g. Thus, E defines
a Lyapunov function, and again (I1.7.2) implies nonlinear stability if one has
rigorous dynamics for (1.7.3).

Remark 1.7.1 In view of various approaches to bifurcation theory via a
“Center Manifold Reduction,” we give the following warning: Do not miz the
problem of existence of equilibria with the problem of their stability.

Solutions of F(x,\) = 0 are equilibria of (1.7.1) and of (1.7.3), e.g., but
their dynamics are obviously different. The perturbation of an equilibrium
F(x0, 0) = 0 depends only on the spectral properties of the number zero for
the linear operator D, F(xg, o). The stability properties of perturbed equilib-
ria, however, depend on the entire spectrum of D, F(xq, o).

In this section we study the perturbation of the critical eigenvalue zero
along the perturbed equilibria, and this eigenvalue perturbation determines the
stability of the perturbed equilibria if the rest of the spectrum is in the left
complex half-plane. This condition on the rest spectrum, however, is neither
required for the existence of perturbed equilibria nor for their critical eigenvalue
perturbation.

A center manifold for (I1.7.1), provided that it exists, depends on the spec-
trum of Dy F(x0, A\g) on the imaginary axis. For that reason, one finds bifurca-
tion theorems for hyperbolic equilibria of (I1.7.1) where nonzero eigenvalues on
the imaginary azis are excluded. If the existence is not separated from the sta-
bility analysis, one might get the wrong impression that all purely imaginary
etgenvalues have an influence on the bifurcation of equilibria.

Under the assumptions of the previous sections, the Principle of Linearized
Stability does not apply to the equilibrium 2y when D, F(xg, Ao) has a one-
dimensional kernel, i.e., if zero is an eigenvalue of D, F(xg,\o). But we can
apply the principle to solution curves through (zg, Ag) € X x R (apart from
(20, \o)) under certain nondegeneracy conditions. In fact, the same calcula-
tions from Section 1.6 leading to the shape of the solution curves help us to
study the perturbation of the so-called critical zero eigenvalue of D, F(x, Ag)
to an eigenvalue of D, F(x(s), A(s)), where {(z(s), A\(s))|s € (=4,6)} is a curve
through (29, \p) established in Sections 1.4—1.6 .

First we need to be sure that such a perturbation of the zero eigenvalue
exists in a suitable way. Accordingly, we assume that

0 is a simple eigenvalue of D, F(xq, \o); i.e.,

(L74) it N(D,F (20, Ao)) = spanlii], then o & R(DaF(z0, Ao))-
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Recall that X C Z. This definition is the generalization of the algebraic sim-
plicity of an eigenvalue of a matrix. Note that a simple eigenvalue means
throughout an algebraically simple eigenvalue in the sense of (I1.7.4). In par-
ticular, (I.7.4) implies that we have a decomposition

(1.7.5) Z = R(D,F(x0,X0)) ® N(D,F(xg, o)),

which induces a decomposition
(1.7.6) X=N®(RNX)
for the continuously embedded space X C Z. Thus the projections are

Q:Z— N along R, and

(L.7.7) P=Q|x:X - N along RNX.

We shall use these projections for the Lyapunov—Schmidt reduction as well
as the representation (1.4.22) for Q:

Qz = (z,0))0g for all z € Z, where
(L.7.8) (09, 0)) =1, (z,0)) =0 for all z € R,
and o, € Z', the dual space.

We now consider a continuously differentiable curve of solutions through
(20, Ao):

7.9y Uz(5):A(s)ls € (=0,0), (2(0), A(0)) = (0, o)} € X xR
o such that F'(z(s), A(s)) =0 for s € (=4, 9).

The assumed regularity of F' is that ' € C?(U x V, Z), where (xg,\o) €
UxV cX xR

Proposition 1.7.2 There is a continuously differentiable curve of perturbed
eigenvalues {{u(s)|s € (—0,9), u(0) = 0} in R such that

(1.7.10) Dy F(x(s), A(s)) (00 + w(s)) = pu(s)(00 + w(s)),

where {w(s)|s € (=4,0),w(0) = 0} C RN X is continuously differentiable.
(The interval (—0,8) is not necessarily the same as in (1.7.9) but possibly

shrunk.) In this sense, u(s) is the perturbation of the critical zero eigenvalue
Of DIF(xo, )\0)

Proof. Define a mapping

G:UxVXx(RNX)xR—=Z, 20€UCX, XMNEVCRDy

(1.7.11) Gz, A, w, ) = Dy F(x, N) (09 + w) — p(0o + w).

Then G(zg, Ao, 0,0) = 0 and
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DwG(IO; A07070) = D:EF('I(% >‘0)a

(1712) D#G(x()v)‘OaOaO) = 7@07

so that assumption (I.7.4) implies that
(1.7.13) Diw.)G (70, 20,0,0) : (RN X) xR — Z

is an isomorphism. The Implicit Function Theorem then gives continuously
differentiable functions w : U3y x Vi — RN X, pu: Uy x V3 — R such that
ro e Uy CUy C X, \pgeVp C Vo CR, ’LU(JZ(),)\Q) =0, ,u(l‘(),)\o) =0, and
Gz, A, w(x, N), u(x,N)) = 0 for all (x,A) € Uy x V4. Inserting the curve (1.7.9)
into w and pu, we obtain

(1'7'14) M(S> = u(m(s), )‘(8))5 w(s) = w(gc(s), )‘(S))v s € (_67 6)5

having all required properties. O

Assuming that the spectrum of D, F(xzq,\o) is in the left complex half-
plane apart from the simple eigenvalue zero, the linearized stability of the
curve is then determined by the sign of the perturbed eigenvalue u(s), at
least for small values of s € (-9, 9).

Recall that the solution curve (1.7.9) is found by the method of Lyapunov—
Schmidt:

»

€ (=46,0), (v(0),A\(0)) = (vg, Ag)} satisfies

{(v(s), A(s))l
e A)
0,

(I.7.15)  (see (1.2.9),y
P(v(s), A(s)) =

In order to transform this reduced problem into a problem in R? we set

1.2.
), A where v(s) = Pz(s) € N.

v=vy+yvy €N, yekR,
(L.7.16) P(y,A) = (@(vo + Yoo, A), 05),
v:U; x Vo — R, (0,/\0)€U2><V2CR2.

Setting (v(s) — v, ¥)) = y(s), we have a local solution curve of ¥ through
(O, )\0)2
(L7.17) P(y(s); Als)) =0,  (y(0),A(0)) = (0, Ao)-

For the subsequent analysis we require more differentiability of the solution
curve {(y(s), \(s))}: We assume that F is in C3(U x V, Z) (cf. Section L6 ).

Proposition 1.7.3 Under all assumptions of this section,

(1.7.18) %Dyw(y(SL M) = d%ﬂ(s)L:()»

and if d%,u(s)|s=0 =0, then

(L.7.19) %Dyw(y(sL M) ozo = %“(5”5:0
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Proof. By definition (1.7.16),
(1.7.20) DyW(y, A) = (Dy@(vo + yoo, Ao, 176)

Then ("= <)

Lran) (DB +y(s)00, 6))50, )]y
= (D2,8(vo, \o)[5/(0) 0, Do), 7)) + (D2,B(vo, Ao) o, ) A(0).

Differentiating equation (I1.7.10) with respect to s at s = 0 yields

D2 F(.’Eo, )\0)[ ! (0) Uo] + Dz)\F(xo, )\0)’00)\(0)
(1.7.22) + D F(xm)\o) (0) = 2(0)dg, and by (1.7.8), ’
(1(0) = (D3, F(x0, o) [#(0), 90], 0) + (D35 F(x0, Ao)o, 09)A(0).

}J;izg x(s) = Px(s)+ 1 (v(s), A(s)) = v(s) +¢(v(s), A(s)), we get by Corollary
(1.7.23) #(0) = §(0)90 + Dao(zo, Ao)M(0).

On the other hand (see (1.6.5) and again (1.2.10)1),

(D3, ®(v0, M) [(0)20, Do), o) = (D3, F (0, Xo)[5(0)00, o], 1),
<I724) <D,[21)\¢(’UQ, )\0)’[)0, U0>
= (D2, F(vo, X0)[00, Dxtb(z0, Xo)], 0h) + (D2, F(vo, Ao)Do, 0))-

Combining (1.7.21), (1.7.23), (1.7.24) with (1.7.22) gives (1.7.18).

We prove (1.7.19) for the special case in which we are mainly interested:
We assume z(s) = st + ¥ (s09, A\(s)), i.e., (0) =0, £(0) = 09, A(0) =0, and
also F'(0,\) =0 for all A € V' C R. A second differentiation of (I1.7.10) with
respect to s (see (1.7.22)) gives
D320 F(0, X0)[00, D0, Bo] + 2D2, F(0, Ao)[0g, w(0)]

+ D2, F(0, A0)[£(0), Bo] + D2, F(0, A)oA(0)
where we also assumed that (0) = 0.

(1.7.25)

Next we compute #(0) and @(0). By our assumptions on z(s) and by A(0) =
and from (I1.5.7)2, we get

(1.7.26) #(0) = D2, 1h(0, \o) [0, Do),

which is given by (1.6.8). Equation (1.7.22); for 4(0) = 0 can be solved for
w(0) € RNX = (I — P)X; that is,

w(0) = —(I = P)(DaF(0,20)) (I — Q)DZ, F(0, o), o]

(L.7.27) = #(0), by (1.7.26) and (1.6.8).
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Returning now to (1.7.25), observe that D, F(0, A\g)W(0) € R=(I —Q)Z.
Applying the functional o) € Z’ after inserting (1.7.26), (I.7.27) into
(1.7.25) gives us (see (1.7.8))
M(O) = <D3 FO[@Oaﬁm@O]’@&

xrrxr

(L.7.28) —3(D2,F [y, (I — P)(D,F°)~"(I — Q) D2, F (b0, %], 8)

+(D2\ FO00, 5) A(0),
where “0” denotes evaluation at (0, Ag). On the other hand, one more differ-
entiation of (I.7.21) with respect to s yields (using A(0) = 0,y(s) = s)

d2
(1.7.29) sz Pv¥(5:2))]

= (D3,,®(0, Xo) 00, o, D], 35) + (D552(0, Ao) o, 7)A(0).

Formulas (1.6.9) (1.5.12), and (1.5.13) (replace v by vy = 0) together with
(I.5.7)5 prove the equality of (1.7.28) and (1.7.29).

The general case is reduced to a special case as follows: Define F'(z, s) =
F(x(s) + x,\(s)) for z in a neighborhood of 0 in X. Then F(0,s) = 0 for
s € (—6,6) and D, F(0,s) = D,F(x(s), \(s)), yielding for s = 0 the same
projections for the method of Lyapunov—Schmidt as before. The function &
of (1.2.9) to solve F(x, s) = 0 near (z,s) = (0,0) is therefore given by &(v, s) =
®(v(s)+v, A(s)), and the application of formula (1.7.19) for the trivial solution
line {(0,s)|s € (=3,6)} of F(x,s) = 0 proves (1.7.19) for the solution curve
{(z(s), A(s))|s € (=6,0)} of F(x,A) = 0. (More details of this argument can
be found in the proof of Theorem 1.16.6, which generalizes Proposition 1.7.3
considerably; see, in particular, (I1.16.35)—(1.16.39).) We remark that formula
(1.16.36) for m = 2 is valid also under the regularity condition of Proposition
1.7.3. We recommend proving (1.7.19) for the trivial solution line directly and
comparing it with the coefficients ug and ¢op given in (1.16.9) and (1.16.23),
respectively. a

We now apply Proposition 1.7.3 to determine the linearized stability of the
solution curve {(z(s), A(s))|s € (—=3,)}\{(zo, No)}; cf. (I1.7.9). As stated pre-
viously, if we assume that the critical zero eigenvalue of D, F'(x, Ag) has the
largest real part of all points of the spectrum of D, F(xq, \o), then stability is
determined by the sign of the perturbed eigenvalue p(s) as given by Propo-
sition 1.7.2. We now carry out this program for the cases studied in Sections
[.4-1.6.

1. Turning Point or Saddle-Node Bifurcation

This is described in Theorem 1.4.1 and Corollary 1.4.2: Under assumption
(I.4.5) there is a unique curve of solutions through (z¢, o), and its tangent
vector at (xg, Ag) is (£(0), A(0)) = (0o, 0). If in addition, (1.4.18) is satisfied,
then )\(O) # 0, so that the curve has one of the shapes sketched in Figure
I.4.1. Formula (I1.7.22) gives
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(1.7.30) (1(0) = (D2, F (o, \o)[o, Do), 0p) #0 (cf. (1.4.23).

Together with the bifurcation formula (I1.4.23) we obtain

(L7.31) f1(0) = —(DxF (20, Ao), 3)A(0),

and assumption (1.4.5) is precisely that (DyF(zg, o), 0,) # 0. Depending
on the signs of (D\F(xg, o), 0) and (D2, F (g, \o)[00, 0], 0}), the signs of
/1(0) and A(0) are determined. In any case, in view of (0) = 0, £(0) # 0,
the sign of u(s) changes at s = 0, which implies that the stability of the
curve {z(s), A(s))} changes at the turning point (z¢, \g). The possibilities are
sketched in Figure 1.7.1.

stable
- unstable / \

Ao

Figure 1.7.1

That exchange of stability is also true at degenerate turning points, i.e.,
where A(0) = --- = A*=D(0) = 0 but A*)(0) # 0 for some even k > 2 and
where the mapping F' is analytic. For details we refer to the end of Section
II1.7, (II1.7.117)—(I11.7.124), where formula (I1.7.31) is generalized.

2. The Transcritical Bifurcation

Here we have two curves intersecting at (xo, Ao) = (0, Ao): the trivial so-
lution line {(0, A\)} and the nontrivial solution curve {(z(s), A(s))}. Although
formula (1.7.22) applies to the trivial solution line as well, we give a new ar-
gument for the eigenvalue perturbation (I1.7.10), which we parameterize by A
(near \p):
(1.7.32) D, F(0,A\) (00 +w(N)) = pu(A) (D9 + w(A)).

Differentiation of (1.7.32) with respect to A yields by u(Ag) = 0,w(Xo) =0,
(1733) Di)\F(O, /\0)170 + D;EF(O, )\0)10’()\0) = ,LL’()\Q)’LAJQ,

where / = & By the choice of 4f) (cf. (1.7.8) and in particular, (z, %)) = 0 for
all z € R), (1.7.33) implies

(1.7.34) 1 (o) = (DZyF(0, Xo)vo, 05).-

Here we recognize the nondegeneracy (1.5.3): Given (I.7.8), we now see that
the hypothesis
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(1.7.35) D2, F(0,X0)80 & R(DF(0, \))

of the Crandall-Rabinowitz Theorem, Theorem 1.5.1, is equivalent to the
assumption

(17.36) 1 (M) # 0,

which can be stated as follows: The real eigenvalue p(\) of D, F(0,\) crosses
the imaginary axis at ;1(\g) = 0 “with nonvanishing speed.” If the spectrum of
D, F(x0, o) is in the left complex half-plane apart from the simple eigenvalue
(Ao) = 0, then p/(Ag) > 0 describes a loss of stability of the trivial solution:
(0,A) (as a solution of F(x,\) = 0) is stable for A\ < A and unstable for
A > Ao (locally).

For the bifurcating solution curve {(x(s), A(s))} as described by Theorem
I.5.1, we assume A(0) # 0, which guarantees a transcritical bifurcation (see
Figure 1.6.1). By the bifurcation formula (I1.6.3), this is equivalent to

(1.7.37) (D2 F(x0, \o)[00, Do), 04) # 0,
and we rewrite (1.6.3) as
(1.7.38) (D2, F(0, Xo)[do, Do), B6) + 244 (Ao) A(0) = 0,

where we have used (1.7.34). On the other hand, (1.7.22) and (1.7.34) give for
the eigenvalue perturbation fi(s) along the bifurcating curve (we change the
notation in order to distinguish it from p(\))

(1.7.39) (D2, F(0, Xo)[00, Do), 0) + 11/ (Ao)A(0) = 7u(0),

where we have used #(0) = 9, cf. (I1.5.18). Combining (1.7.38) with (I1.7.39)
yields the crucial formula that locks the eigenvalue perturbations to the bi-
furcation direction, namely,

(L7.40) 1 (A0)A(0) = —(0).

Now assume '(Ag) > 0, which means a loss of stability of the trivial
solution # = 0 at A = Xg. Then by A\(0) = X, (0) = 0, A(0) # 0, and
[(0) # 0 (cf. (1.7.37)),

(1.7.41) sign(A(s) — A\g) = signji(s) for s € (=4,0),
which proves the stability of z(s) for A(s) > ¢ as well as its instability for

A(s) < Xo. If p/(Ng) < 0O, the stability properties of all solution curves are
reversed, which is sketched in Figure 1.7.2.
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stable -

stable unstable
N

uristable

Figure 1.7.2

3. The Pitchfork Bifurcation

Again, we have the trivial solution line {(0, A)}, and bifurcation is caused
by (1.7.36), which means a nondegenerate loss or gain of stability of z = 0 at
A = Xo. For the bifurcating solution curve {(z(s), A(s))} we have A(0) = 0,
and we assume that A(0) # 0 (see Figure 1.6.1). By the bifurcation formula
(I.6.11), this is equivalent to

(1.7.42) (D3,,®(0, \o)[00, Do, Do), 0h) # 0,

and we rewrite (1.6.11) as

(1.7.43) (D3, 80, Xo)[00, Do, Do), Dh) + 31’ (Ag)A(0) = 0,

where we have used (1.7.34). By (I.7.40) we see that assumption A(0) = 0 is
equivalent to /fL(()) = 0, where again [i(s) denotes the eigenvalue perturbation
along the bifurcating curve. Formula (1.7.28) is then valid, which is rewritten,
using (1.6.9), as

(L7.44) (D2, ®(0, Xo) 00, D0, Bo], By) + 11/ (Ao)A(0) = fu(0).

Together with (I1.7.43), this implies the crucial formula

(1.7.45) 20/ (M)A (0) = —2(0).

Assume 11/(Ag) > 0. Then by A(0) = X, A(0) = 0, 2(0) =0, 2(0) =0,
and A(0) # 0 (cf. (1.7.42)),

(1.7.46) sign(A(s) — \g) = —signji(s) for s € (—6,0),

which proves an exchange of stability as sketched in Figure 1.7.3. In that
standard situation, in which the trivial solution x = 0 loses stability at A =
Ao, a supercritical bifurcation is stable, whereas a subcritical bifurcation is
unstable. If p/(A\g) < 0, the stability properties of all solution curves are
reversed.
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Figure 1.7.3

That exchange of stability at transcritical or pitchfork bifurcations holds
true also in degenerate cases when A(0) = --- = A= (0) = 0 but A(*)(0) # 0
for some k > 2; cf. (1.16.30) and (1.16.51), generalizing formulas (1.7.40) and
(1.7.45).

Each of the cases 1 through 3 above illustrates what is typically referred
as the Principle of Exchange of Stability. In Figures 1.7.1 through 1.7.3
we fix a typical value of A and consider adjacent solution curves. In each case,
note that the curves have alternating stability properties.

Before stating the principle as a theorem, we assume, in keeping with cases
1 through 3, that

/2(0) # 0 or
(747 A0) =0 and  ji(0)) £ 0.

Proposition 1.7.3 then yields

(1.7.48) ?é%n;‘(esi_:;iég)r\l%}.@(y(s), A(s) #0

A simple observation from one-dimensional calculus gives the following Prin-
ciple of Exchange of Stability.

Theorem 1.7.4 Assume (1.7.47) for the eigenvalue perturbation p(s) of all
solution curves of F(x,\) = 0 through (xo, Xo). Assume that there are two
solution curves {x;(s),\i(s))},i = 1,2, of F(x, ) = 0 through (29, \o) that are
adjacent in the following sense: If Px;(s) = vo+y;($)0o,i = 1,2 (cf. (1.7.16)),
then there are parameters s and so such that y1(s1) and y2(sa) are consecutive
zeros of the function W(-,\) at A = A(s1) = A(s2) on the y-axis. Then x1(s1)
and x2(s2) have opposite stability properties; i.e., uy(s1)ua(s2) < 0 for the
perturbed eigenvalues 11;(s) of Dy F(x;(s), \i(x)),i = 1,2, near zero.

Proof. Since a real differentiable function on the real line has derivatives of
opposite sign at consecutive zeros, the claim follows from (I1.7.48). a

We sketch the situation of Theorem 1.7.4 in Figure 1.7.4. From (1.7.48) it
follows also that the lowest and uppermost curves in the N x R plane have
the same stability properties on both sides of the bifurcation point (vg, o),
respectively.
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Later, in Section 1.16, we generalize Theorem 1.7.4 to degenerate cases in
which (1.7.47) does not hold; cf. Theorem 1.16.8.

Remark 1.7.5 Note that in all cases discussed in this section, zero is a simple
eigenvalue of D, F(xg,\o) in ils algebraic sense, whereas the existence results
in Sections 1.4 and 1.5 are proved if dim N(DyzF(xo,X0)) = 1. If X C Z
(which is not necessary in Sections 1.4—1.6), this means that zero is a simple
etgenvalue only in its geometric sense, and the eigenvalue perturbation of the
etgenvalue zero can be complicated if its algebraic multiplicity is larger than
one. We discuss this in Sections 11.3, I1.4. A general condition for bifurcation
at (0, \o) in terms of the eigenvalue perturbation in the spirit of (1.7.36) is
given in Theorem II.4.4. It is not at all obvious how the nondegeneracy (1.5.3)
is related to the eigenvalue perturbation, and we give the result in Case 1
of Theorem I1.4.4. That knowledge, however, is not needed in the proof of
Theorem 1.5.1.

N = span|i]

Figure 1.7.4

1.8 Hopf Bifurcation

Here as in Section 1.5 we assume a trivial solution line {(0, A\)|]X € R} € X xR
for the parameter-dependent evolution equation
dx
1.8.1 — = F(x,\);
(1.8.1) g (2, A);
ie, F(0,A) =0 for all A € R. Recall that a bifurcation of nontrivial stationary
solutions of (I.8.1) (i.e., of F'(z,A\) = 0) can be caused by a loss of stability
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of the trivial solution at A = \g. To be more precise, that loss of stability is
described by a simple real eigenvalue of D, F(0,\) leaving the “stable” left
complex half-plane through 0 at the critical value A = Ay “with nonvanishing
speed.” This was proven in the previous section, see (I1.7.36), and this scenario
is resumed in Section 1.16, where the loss of stability of the trivial solution is
“slow” or “degenerate.” (Observe, however, Remark 1.7.5.)

In this section we describe the effect of a loss of stability of the trivial
solution of (I.8.1) via a pair of complex conjugate eigenvalues of D, F'(0,\)
leaving the left complex half-plane through complex conjugate points on the
imaginary axis at some critical value A = Xg. If 0 is not an eigenvalue of
D, F(0,\y), then by the Implicit Function Theorem, stationary solutions of
(I.8.1) cannot bifurcate from the trivial solution line at (0, ). The Hopf
Bifurcation Theorem, however, states that (time-) periodic solutions of (I.8.1)
bifurcate at (0, Ag). This type of bifurcation is explained and proved in this
section, and in Section I.12 we generalize the Principle of Exchange of Stability
to this setting.

As before,

F:UxV —Z,  where

(1.8.2) 0eUcCX and )€V CR are open neighborhoods.

The function F is sufficiently smooth (see our assumptions (1.8.13) below),
and in particular,

(1.8.3) F(0,\)=0 and
o D,F(0,)\) existsin L(X,Z) for all A € V.

In order to define the evolution equation (I1.8.1), we assume for the real Banach

spaces X and Z that

(I.8.4) X C Z is continuously embedded,

and the derivative of x with respect to ¢ is taken to be an element of Z.

Under assumption (1.8.4), a spectral theory for D, F(0, \) is possible, and
introducing complex eigenvalues of the linear operator D, F(0,)\) requires a
natural complexification of the real Banach spaces X and Z: This can be
done by a formal sum X. = X + X (or by a pair X x X), where we define
(a+if0)(z + iy) = ax — Py + i(Bx + ay) for every complex number a + if3.
In particular, a real and imaginary part of any vector in X, is well defined,
and a real linear operator A in L(X,Z) is extended in a natural way to a
complex linear operator A, in L(X,., Z.). If u € C is an eigenvalue of A, with
eigenvector ¢, then i € C is also an eigenvalue of A. with eigenvector @. Here,
the bar denotes complex conjugation. In the subsequent analysis we omit, for
simplicity, the subscript “c,” but we keep in mind that our given operators
are real and that we are interested in real solutions of (I.8.1).

In this section we assume
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iko(# 0) is a simple eigenvalue of D, F(0, \g)

with eigenvector o € R(ikol — Dz F(0, o)) (cf. (1.7.4)),
+irkol — D, F(0,)\y) are Fredholm operators

of index zero.

(18.5)

As mentioned before, —ikg is a simple eigenvalue of D, F (0, \g) with eigen-
vector @.

We can apply Proposition 1.7.2 in order to guarantee perturbed eigenvalues
(X)) of DyF(0,\):

D, F(0,\)p(N) = n(N)p(N)  such that

(1.8.6) 1(ho) = ko, ©(Ao) = po.

(Consider the mapping (1.7.11) with R = R(ikol — D,F(0,X0)),% = ¥o
at (0, Ao, 0,ir0).) These eigenvalues p(A) are continuously differentiable with
respect to A near \g, and following E. Hopf we assume that

(1.8.7) Rep/(Ao) #0,  where ,:%’

and Re denotes “real part.” In this sense the eigenvalue p(A) crosses the
imaginary axis with “nonvanishing speed,” or the exchange of stability of the
trivial solution {(0,\)} is “nondegenerate.” As we will show later, (I1.8.7) can
be expressed via (1.8.43) below, and it is therefore similar to the nondegeneracy
(I.5.3), which is equivalent to (I.7.36) in the case of a simple eigenvalue 0.

Apart from the spectral properties (I1.8.5) and (1.8.7), we need more as-
sumptions in order to give the evolution equation (I.8.1) a meaning in the
(possibly) infinite-dimensional Banach space Z. The following condition on
the linearization serves this purpose:

Ao = D, F(0, o) as a mapping in Z, with dense domain
(I.8.8)  of definition D(Ay) = X, generates an analytic (holomorphic)
semigroup eot ¢ > 0, on Z that is compact for ¢ > 0.

For a definition of analytic semigroups we refer, for example, to [80], [126],
or [152]. The compactness of e4o! for ¢t > 0 is true if the embedding (I.8.4)
is compact. (Assumption (1.8.8) is used only in the proof of Proposition 1.8.1
below. The Fredholm property of Jy is crucial, and if in applications this
property can be proved under a weaker assumption, condition (1.8.8) can be
weakened accordingly; cf. Remark 1.9.2 and Remark 111.4.2.)

We look for periodic solutions of (1.8.1) of small amplitude for A near Xg
where the period is a priori unknown. A simple but crucial step in proving
the Hopf bifurcation theorem is based upon the following observation:

d
(18.9) &= x(t) is a 2m-periodic solution of Hd—a; = F(x,\) if
and only if Z(¢) = x(kt) is a 27/k-periodic solution of (1.8.1).
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In other words, we may rescale “time” = ¢ and focus on 27-periodic solutions
of

(1.8.10) G(z,k,\) = mill—f — F(x,)\) =0.

We can then give problem (I.8.10) a functional-analytic setting, in which
the method of Lyapunov—Schmidt is applicable. Accordingly, we introduce
the following Banach spaces of 2m-periodic Hoélder continuous functions having

values in X or Z:
E=Cs (R X)={z:R— X|z(t+27) = z(t),t € R,
_ lz(t) — x(s)||x
lzlle = |z|lx.a = max lz()|lx + SSLE VA < o0},
(18.11) W =C5.(R,Z) analogously,
Y = CLR, 2) = {2 : R — Zla, dx

dt
d

lally = 2l za+a = lollza+ |51 .0 -

(exists) € C9(R, Z),

The Hélder exponent « is in the interval (0,1]. Obviously, Y N E =
Cor*(R,Z) N C%, (R, X) is a Banach space with norm ||z||x,a + || 22| 7,4 (cf.
(1.8.4)).

Next we define G, given in (1.8.10), via

G:IJ:XV—W/V, where
(I8.12)  0e€eUCENY and . .
(Ko, Ao) € V C R? with U and V open neighborhoods.

We leave the following statements as an exercise:

GeC*(UxV,W)if

(1.8.13) FeC3UxV.2).

(Note that the meaning of x is different in the contexts of D, F and D,G:
x is a vector in X in the first case, while & denotes a function in Y N E =
C3T*(R, Z) N Cg. (R, X) in the second case.)

Returning to (1.8.10), we obviously have G(0, kg, Ag) = 0. Observe that
D.G(0, kg, Ag) = ﬁ()% — D, F(0,)\) and recall that Ag = D,F(0, o). In
order to apply the Lyapunov—Schmidt reduction described in Theorem 1.2.3
to (1.8.10), the following proposition is crucial.

Proposition 1.8.1 Assume (1.8.5), (1.8.8), and the following nonresonance
condition:

(1.8.14) inkg is not an eigenvalue of Ag = D F(0, \g)

for alln € Z\{1, —1}.

Then the linear operator

d
(1815) JoEIiOE—A()IYﬁEHW

is continuous and is a Fredholm operator of index zero, with dim N (Jp) = 2.
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Proof. It is clear that Jy is continuous when the intersection ¥ N E =

Cof (R, Z)NCS, (R, X) is given the norm ||z[| x o + || 2| 7,4 We compute the
kernel N (.Jy):

d
Jox = nod—gtc — Aoz =0, z(0) =2(27) &
(1.8.16) w(t) = eAt/rog(0), (I — eAo2m/m0)2(0) = 0 &
2(0) € N(I — efto2m/ro),
(By the regularizing property of et for t > 0, we have N(I — eAo?7/x0)

X.) On the other hand, a Fourier analysis of the real continuous 27-periodic
function x = x(t) yields for any 2’ € Z’,

(x(t),2") = X enlan, 2)e™,  a_p =Ty € X,

1 27 )
an = g7 | aOeT Ml a(t) = et a(o),
(1817) ina, = I{—Aoan (integration by parts),

an =0 forn € Z\{1,~1}  (by (18.14)),
a1 = cpp, c¢€C (by (I1.8.5)), and
£(0) € {ego + 2 Fole € C} = N(I — eoz/ro),
x € {cpoe’ + ¢ pye e € C} = N(Jp).

(Note that e40t/%0 g = pge’t, which follows from Ay = ikowo.)

By assumption (1.8.8), Ag : Z — Z is densely defined, and thus its dual
operator Aj : Z' — 7' exists. The simplicity of the eigenvalue irg (cf. (1.8.5))
implies that the eigenvector ¢f, of A{, with eigenvalue iry can be chosen so
that

<5007 SDE)> =1
(where { , ) denotes the bilinear pairing of Z and Z),

R(ikol — Ag) = {2z € Z|(z,¢}) = 0}, (Closed Range Theorem),
and the eigenprojection Qo € L(Z, Z) onto

N(ikol — Ag) @ N(—ikol — Ap) is given by

Qoz = <Zv 906>§00 + <Z’¢6>¢0

(By (Ao — ikol )@y = —2ikop, we have (@, ¢) = 0, and

(0, @() = 0 follows in the same way.)

(1.8.18)

Note that AgQox = QoApx for all x € X = D(Ay). Hence, R(Qq) as well as
N(Qo) are invariant spaces under Ay. As shown in (1.8.17),

(1.8.19) N(I — eo?m/50) = R(Qq) C Z,

when Qg as given by (1.8.18) is restricted to the real space Z. The invariance
of R(Qo) and of N(Q) under Ay implies their invariance under e4027/%0 and
the compactness of e4027/%0 (cf. (1.8.8)) finally proves that
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(1.8.20) I — e/ € L(N(Qo), N(Qu)), N(Qo) C Z

is an isomorphism.

(Injectivity in (I1.8.20) is clear; surjectivity then follows from the Riesz—Schauder
Theory for compact operators; cf. [152], for example.) Next, we introduce a
projection @ € L(W, W) as follows:

Q)(t) = /”< (1), 64(0)) dipo 1)

(1.8.21) _/ 0)dTo(D),
where (¢ ) poe™,  Po(t) = whe ™.

(Although @ is defined by complex functions, the restriction to the real
space gives a real operator. Recall that the pairing ( , ) is bilinear also in
the complex case.) The result of (I1.8.17) can be restated as

N(Jp) = R(Q), or in other words,

(1.8.22) Q projects onto N (Jo); cf. (1.8.17).

The proof of Proposition 1.8.1 is complete when we have shown that R(Jy) =

N(Q).
Let f e W =C% (R, Z). As proved in [80], IX, 1.7, a solution of

d
Joxr = K;Od—gtc — Agz = f is given by

1 t
x(t) = eot/mog(0) + — / eAolt=s)/r0 f(§)ds

KJO 0

(1.8.23)

for any x(0) € Z. Due to the regularity of x as proved in [80], the function z
isin Y N E if it is 27-periodic. That, in turn, is proved if

2m

1 5 )/ K
(1.8.24) (I —efom/mo)a(0) = = i eAo@m=)/%o0 f(s)ds
has a solution z(0) € X = D(Ay).

For every f € W, we have

27 27
([ et s, gy = [ (). et gy
0 0

(1.8.25) o
= [ e gghas

(We use that (e40t/50) o) = eAot/mo ol = eitl since Ayl = irgpl; in general
(eAot) = eAot on D(A)) C Z'; cf. [152], IX, 13.) Since (1.8.25) is true for @,
as well, we have shown (cf. (I.8.18), (1.8.21)) that

27
(1.8.26) feENQ) < / eAo(@m=s)/ro f(5)ds € N(Qo).
0
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Thus, by (1.8.20), there is a solution x(0) € N(Qo) C Z of (1.8.24) if and only
if f € N(Q). Finally,

1 27
(1.8.27) x(0) = eA0?™/mo4(0) 4 — / eAo(m=s)/ro £ (5)ds € N(Qo)
Yo 0

proves that x(0) € D(Ap) = X, since both terms on the right-hand side of
(1.8.27) are in D(Ag) (cf. [80]).
We have proved that

R(Jy) = N(Q), and, in view of (1.8.22),

(1.8.28) W =C% (R, Z) = R(Jo) ® N(Jp),

which completes the proof of Proposition 1.8.1. O
For the problem

G(z,k,\) = /{Z—f —F(x,A\) =0

near (0, kg, Ag) (cf. (1.8.12))

(1.8.29)

the method of Lyapunov—Schmidt is now applicable, since all hypotheses are
satisfied. For that reduction as described in Section 1.2 we use the decomposi-
tion (I.8.28) and the projection Q. Since Y N E = C37*(R, Z) N Cs:. (R, X) is
continuously embedded into W = C (R, Z), the projection Q|yng projects
Y N E onto N(Jy) along R(Jo) N (Y N E). We set Q|yng = P. Thus, by
Theorem 1.2.3, (1.8.29) is equivalent to

QG(Px +¢Y(Pz,k,\), Kk, A) =0,
(1.8.30) where P: Y NE — N(Jy) along R(Jo) N (Y N E),
and Q : W — N(Jy) along R(Jy).

The efficient analysis of this two-dimensional system (1.8.30); makes use of
another crucial property of (1.8.29), namely, its equivariance. Equivariance
here means that every phase-shifted solution of (I.8.1) is again a solution,
and for 27-periodic solutions of (1.8.10) or (1.8.29), this is expressed as S'-
equivariance: Let

(Spx)(t) =x(t+6), 6 R(mod27). Then
(1.8.31) G(Spz, K, A) = SoG (2, K, A)
for all z € U C R2

Since the projection ¢ commutes with Sy (i.e., @Sy = SpQ) the Lyapunov—
Schmidt reduction preserves the equivariance by the uniqueness of the solution
given via the Implicit Function Theorem:

(1.8.32) Y(PSpx, ki, \) = Y(Se Pz, k,\) = Sotp(Px, K, A).

A real function Px € N(Jp) is of the following form:
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(1.8.33) (Pz)(t) = cpoe’ +¢pue~, c € C, and
o (PSyx)(t) = (SePx)(t) = cepget + ce~ g e .

By the definition of @ (cf. (1.8.21), for a real function Pz, the bifurcation equa-

tion (1.8.30); is equivalent to the following one-dimensional complex equation:

1 2w

(1.8.34) (G(Px + (P, 5, \), 5, \), ) )dt = 0.

27 Jo
Indeed, the second complex equation in order to satisfy QG(./.) = 0 is complex
conjugate to (1.8.34). We insert (I.8.33) into (1.8.34) and write it as

(1.8.35) sig(c,fi, )\)~: 0, where ) )

o @2U2X‘/2—>(C, 0eU;CcC (I{07>\0)€V2CR2.

The S*-equivariance for G (1.8.31) or for QG (1.8.30) is expressed for (I.8.35)
as follows:

(1.8.36) (e, k,\) = ePP(c,k,\), 0 €0,2n).

That property has the following consequences:

(e, k,\) =0 D(|c], k,\) =0,
(1.8.37) ) - ey .
D(—c,k,\) = =D(c,k, \); e, Pisoddin c e C.
In particular, $(0,x,A) = 0 for all (k,\) € VZ? which reflects the trivial
solution. In view of (1.8.37)1, it suffices to solve @ for real ¢; i.e., we consider
henceforth

(1.8.38) O(r,k,\) =0, 7€ (=68 CR, (k) €VyCR?

which is the Bifurcation Equation for Hopf Bifurcation. In order to
eliminate the trivial solution, we proceed in the same way as in Section 1.5
when we proved Theorem 1.5.1: For r # 0 we set

(r, K, \) = D(r, kK, \) /7, which we rewrite as

1.8.39 ~ Lo
( ) D(r,k,A\) = | D.@(rr,k,\)dr =0, 1€ (=4,0).
0

S

By the definition of &, (Px)(t) = r(poe’ 4+ Bye"), and using Corollary 1.2.4
we have

1 2T

(1L840) (0, ko ho) = 2—/ (D2 G(0, o, Ao)ibo, th)dt =0,
T Jo

since ¥y € N(Jy). The computations of DK@(O,RO,)\O) and D,\@(O, K0y Ao)

follow precisely the lines of the proof of Theorem 1.5.1, in particular, of (1.5.12)

((I.5.7) holds analogously). Therefore, we give only the result:
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Dud(0, 19, Ao) = % A D2 G (0, w0, o) o, U4 )t
1 [ d , _
(1.8.41) ~or /02W<dt7f’o,¢o>dt =1,
Dy®(0, ko, \o) = % (D2, G(0, Ko, Ao )0, 1h)dt
— (D2 F(0, M) g0, ).

Decomposing & into real and imaginary parts, we finally get (without changing
the notation)

@ : (—6,0) x Vo — R? and
(1.8.42) - (o —Re(D2, F(0, \o)¢o <p’>>
D¢, @0, kg, Ag) = ZA ’ rOr
P00 200 =\ 1 1 DE 7 (0, Moo, )
The last condition to solve @(rm,)\) = 0 for r € (—0,0) (which is possibly
shrunk) by the Implicit Function Theorem is

(1.8.43) Re(D2,F(0, Xo)¢o, ¢p) # 0,

and we obtain continuously differentiable functions (k,\) : (=4,8) — Vi C
R2, (1(0),A(0)) = (ko, Ao), such that &(r, x(r),\(r)) = 0 for all 7 € (=4, 0).
Obviously, &(r, k(r), \(r)) = r®(r, k(r), \(r)) = 0, and the bifurcation equa-
tion (I1.8.38) or (1.8.35) is solved nontrivially.

(Instead of solving the system ®(r, x, \) = 0 in one step, we could do it in
two steps: By (1.8.42) and the Implicit Function Theorem, the solution of the
imaginary part defines x as a function of (r, \), and when it is inserted into
the real part, we obtain the Reduced Bifurcation Equation @m(r, A) =0.
By (1.8.42), (1.8.43), and the Implicit Function Theorem, that scalar equation
gives A in terms of 7. That reduction eliminates the period, and the bifurcation
is reduced to the (r, \)-plane.)

At the end we identify (I1.8.43) with assumption (I.8.7). Differentiation of
(I.8.6) with respect to A at A = A yields

D2, F(0,X0)¢0 + Do F(0, X0)¢' (Ao) =

(D2, F(0,X0)%0, 20) + (¢’ (M), Abh
(1.8.44) = p/(Ao) +iro(¢'(Mo)s ¥0),

(D2, F(0,0)%0,20) = 1'(Xo),

since A{(, =ikl and ( , ) is bilinear.

1 (Xo)wo + 11(Ao)#’ (Ao),

We summarize, and we obtain the Hopf Bifurcation Theorem.

Theorem 1.8.2 For the parameter-dependent evolution equation

dx
> _p
= F(,))
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in a Banach space Z we make the regularity assumptions (1.8.2), (1.8.3),
(1.8.4), (1.8.13), on the mapping F. We make the spectral assumptions (1.8.5),
(1.8.6), (1.8.7) on the linearization D, F(0,\) along the trivial solutions:

Do F(0,\)p(A) = p(N)e(Nwith p(Xo) = iro # 0,
w(N) are simple eigenvalues, and we assume the nondegeneracy

Rept'(Ao) # 0.
We impose the nonresonance condition (1.8.14)

inkg s not an eigenvalue of Ag = D, F (0, o) for all
n € Z\{1,—1}.

We assume that the operator Ag = D, F (0, \g) generates a holomorphic semi-
group according to (1.8.8):

ot ¢ I(Z,Z) fort >0, which is compact for t > 0.

Then there exists a continuously differentiable curve {(x(r), (1))} of (real)

Qw//ﬁ(r)-pem'odic solutions of (1.8.1) through (x(0), A(0)) = (0, Ag) with 27 /k(0)

=27 /Ko in (C2Tr/f£(7 (R, Z)NC5 ) (R, X)) x R. Every other periodic solu-

tion of (1.8.1) in a neighborhood of (0, \g) (in that topology) is obtained from

(x(r), \(r)) by a phase shift Spx(r).

In particular, x(—r) = Sz/u@x(r), K(=r) = K(r), and X(=r) = X(r) for all
€ (—4,90).

We give the arguments for the last statements: By the oddness of & (cf.
(1.8.37)), B(—r, 5, ) = 0 < B(r, K, \), whence k(—r) = k(r) and A(—r) = A(r)
by the uniqueness of the solutions (r, (1), \(r)) of & = 0 near (0, kg, o). By
(1.8.33), Sz Px = —Px such that by (1.8.32), ¥(—Px, k,\) = Sz¢(Px, K, \).
Therefore, in the space of 2m-periodic functions, x(—r) = Srxz(r). After sub-
stituting (r)t for ¢ (cf. (1.8.9)), we get x(—r) = Sx/ur)x(r) for the 27 /k(r)-
periodic solution (see also (1.8.47) below).

Corollary 1.8.3 The tangent vector of the nontrivial solution curve
(x(r), A(r)) at the bifurcation point (0, Ag) is given by

(L845)  (2Re(poe™),0) € (CLH8 (R Z) N1 Cfy (R, X)) X R,
Proof. By A(—r) = A\(r) and &(—r) = k(r) we have clearly

d d
(1.8.46) 5)\(”‘,,:0 = %’Q(r)‘rzo =0.

After substituting s(r)t for ¢ (cf. (1.8.9)), the bifurcating 27 /k(r)-periodic
solutions of (I1.8.1) are by construction
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2(r)(t) = r(poc™ " + Fpe =)

(1.8.47) + (r(poeirt 4 @06*“(7’”), K(r), A(1)).

The same arguments as for (1.5.18) give (1.8.45). O

1.9 Bifurcation Formulas for Hopf Bifurcation

Since A(0) = 0 (where = = 4 the sign of A(r) = A(—r) is not yet de-
termined, and in order to sketch the bifurcation diagram in (C%:/O;(T)(R, Z)nN

Cor/n(ry (R, X)) xR in lowest order, we give a formula for how to compute A(0)
(and also £(0)). We follow precisely the procedure of Section 1.6, and we make
use of the formulas derived there, in particular, (1.6.9). In order to have enough
differentiability of G as given by (I1.8.12), we assume that F € C*(U x V, Z).
Our starting point is @(r, (1), A(r)) = 0 for all » € (=4, 8), whence

2

B0, w(r) M)

(L91) 2752 (0, ko, Ao) + Drb(0, K0, Ao)ic(0) + DrBX(0) = 0,
since £(0) = A(0) = 0 (cf. 1.8.46).
Here “°” means evaluation at (0, ko, Ao)- Decomposing @ into real and imag-

inary parts as in (I1.8.42), we solve (1.9.1) for (%(0), A(0)) using the inverse
matrix of (I.8.42) and (I1.8.44):

k(0)> 1 <Imu’()\o) —Re/A’(AO)) (ReDgTé()) ;

(1.9.2) (;\'(0) ~ Rep/(No) 1 0 ImD?2, &°

' (Xo) = (D2 F(0, Xo)o, ¢0)-

By definitions (1.8.39) of & and (1.8.34) of &,

1 .
=D2 ®(0, kg, \o), where

DzTé(O, Ko, )\0) = 3

(1.9.3)  2(rkK,A)
1 27

= % <G(T(¢0 +EO) —|—’L/J(7"(1/J0 +E0)7’€a A)vﬁv)‘)awwdt'

0
In order to apply directly the computations of Section 1.6, we make the fol-
lowing definitions:

(I 9 4) ¢(’U> K, )\) = QG(U +_1/J(U7 R, )\)’ Ky >\)7 o
o v =1t + 1), o =10+ Y.
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Observe that @ coincides with definition (I.2.9) used in Section I.6. Then, in
view of the definition of @ (cf. (1.8.21)),

. 1 2
@(T,H,A)=§ /0 (B(v, 5, \), )dt and

1 27 ~ ~ .
280,50, 0) = 5 [ (DR PO, 0. ), .l )

From (1.6.9) we can read off
Dy, (0 K0, Ao)[2o, Do, Do

= QD3,,G(0, ko, \o)[Bo, Do, Do) — 3QD2,G(0, Ko, Xo)[./ ],
where [./.] =

[f}o, (I — ‘P)(DQ,J»G'(O7 Ko, )\0))_1(I — Q)DEZG(O, Ko, )\0)[’{}07 ’ﬁ()]]

We compute these terms using the definitions of G (1.8.10), (1.9.4), and (1.9.5).
The first term is simple:

(L.9.5)

(1.9.6)

1 27 I
o 5o | (QD2.G(0, 0, 20)[f0, o, do], v5)dt
Y. 0

- _3<D21x (07 /\0)[900’ %o, @O]a 4,0/0>

For the second term, we compute

Dg:c G(OW{O?)‘O)[{}O»@O] )
= —D3,F(0, o) [0, pole* —2D3, F(0, Xo)|0, Po)
_DixF(O’ AO)[¢O7 @O]e_mt
= (I —Q)D2,G(0, Ko, \o)[bo, D).

The last equation follows from QD G(0, ko, Ao)[0g, D] = 0.

Recall that D,G(0, ko, \o) = Ko 3 4 _ Ay = Jy. Then the unique solutions of
Jox = zpe*?" or Jox = zy for zg € Z can be given explicitly. We consider .Jy
as a mapping from (I — P)(ENY) onto (I — Q)W = R(Jy); i.e., we consider
Jo in the complement of its kernel N(Jy) = R(Q); cf. (1.6.8).

(1.9.8)

Now, ‘
x(t) = (£2ikg — Ag) " t20e™2 solves
Jox = zget2it
(19:9) 2(t) = (—Ap) ~tzo solves

Jox = zp,
and both solutions are in (I — P)(ENY’). Here we use again the nonresonance
condition (1.8.14). We insert these preimages J, *(I—Q)D2,G(0, ko, \o)[D0, Do)
into (1.9.6), and we get
1 2

% 0 <QD:%zG(O’ Ko, )‘0)[9006” + @06_”7
—(2irg — Ag) D2, F(0, \o)[0, wole
(1.9.10) +2A51 D2, F(0, M) [0, Byl —
(—2irg — Ao) " D3, F(0,X0)[@g, Bole™ "], ppe")dt
= (D2, F(0,X0)[®g; (2iko — Ao) ' D2, F(0, Xo) [0, poll, £0)
—2(D2,F(0,X)[00, Ag " D3, F(0, X0) [0, Pol], #0)-
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This gives finally, using (I.9.3), (1.9.5), and (1.9.6),

- B(0, K0, o) = = D3 B(0, Ko, Ao)
(1911) <D3?;LEIF(07)‘0)[50079007900]7900>
- <waF(0’ AO)[@Oa (2i’£0 - AO)_1D51F<O’ )‘0)[9007 @0]]’ @6)
+ 2<D3?:EF(07 )‘0)[3007 Aanga:F(Oﬂ /\0)[9003 @O]]’ 506>
Inserting this complex number (1.9.11) into (1.9.2) provides the Bifurcation
Formulas for the Hopf bifurcation, where we make use also of Corollary 1.8.3:

Theorem 1.9.1 Let {(z(r), A(r))} be the curve of 2w /k(r)-periodic solutions
of (1.8.1) according to Theorem 1.8.2. Then

d

%x(r)‘rzo( ) = 2Re(poe’™?),
%K(T)’T:O (T)|r:0

(1.9.12) d2 ul()\ ) ) )
23h(r)], o = (/\Z)ReD $° — ImD?,8°,

d2

1
— = _——_ _ReD? "
drz)\(r)|T:0 Re,u//()\O)Re Tr ?

where D2 @° is given by (1.9.11), and Rep'(Xo) # 0 is the nondegeneracy
condition for i/ (o) = (D2, F(0,Xo0)wo, ¢p) (cf. (1.8.44)). (We recall that the
pairing { , ) is bilinear also in the complex case.)

If ReD2,@° # 0, we have a sub- or supercritical “pitchfork” bifurcation of
periodic solutions sketched in Figure 1.9.1.

R R
\amplitude of x K
>\O R )\0 R
Figure 1.9.1

In contrast to Figure 1.5.1, we sketch only one branch in Figure 1.9.1,
which represents the amplitude max |z(t)]| (with norm in X) of the bifurcating
€

periodic solution. By (I1.9.12); that amplitude is of order |r|. Recall that the
curve {(z(r), A(r))} for negative r is obtained from that for positive r by a
phase shift of half the period (and all other periodic solutions are obtained by
phase shifts).



1.9. BIFURCATION FORMULAS (PERIODIC CASE) 43

Remark 1.9.2 One might ask why the linearization Ay = D, F (0, \o) has to
generate a holomorphic semigroup et that is compact for t > 0 (cf. (1.8.8)).
As a matter of fact, this strong assumption was used only for the proof of
Proposition 1.8.1. (The compactness was used only for (1.8.20).)

The assumption (1.8.8) is obviously satisfied if:

(1.8.1) is an ODE; i.e., X = Z =R";

(1.8.1) is a parabolic PDE; i.e., if Aq is an elliptic partial differential

operator over a bounded domain; cf. Section III.J.

There is a large class of evolution equations, however, for which assumption
(1.8.8) is not satisfied, namely, the RFDEs (retarded functional differential
equations). We briefly comment on these.

For a function x : R — R™ we define x; : [—h,0] — R"™ by x,(0) = z(t + 0)
for —h < 0 <0, and a parameter-dependent RFDE is of the form

dx

1.9.1 —
(1.9.13) 7

(t) = F(ze, \).

Here
F:UxV — Z=R", where

(1.9.14) 0eUcCX=0C(-h,0,R") and \g € V CR.
U and V are open and F € C*(U x V, Z).

Let F(0,\) =0 (such that there is the trivial solution line {(0,A\)} C X x R),
and let A(AN) = D, F(0,\) as before. Then (1.9.13) is written as

Z_f(t) = ANz + R(wy, \) with a remainder

Rz, A) = F(x, N) — A(N) 2.

(1.9.15)

As expounded in [34], (1.9.15) can be considered as an abstract evolution

equation

du .
(1.9.16) 7 = AT Nu+ R (u, A) in some

infinite-dimensional phase space X ©*

that is related to X. (We cannot go into the details here.) The linearization
A = A9*(\o), unfortunately, does not satisfy assumptions (1.8.8). It gene-
rates a strongly continuous semigroup that is eventually compact (for t > h)
and that eventually regularizes (i.e., it maps into D(AS*) for t > h). To
summarize, the proof of Proposition 1.8.1 cannot be modified for this situa-
tion. That is the reason why for a proof of the Hopf Bifurcation Theorem for
RFDEs the setting (1.9.16) is not useful. For the original formulation (1.9.13)
or (1.9.15), however, we can follow the lines of the proof of Section L.8.

By a substitution kt for t we normalize the unknown period 27 /k to 2,
but in contrast to an ODE, the parameter k appears also on the right-hand
side of (1.9.13); that is,

dx ~
(1.9.17)
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i.e., the mapping F is evaluated at the function x(k0) = x(t + k0) for —h <
0 < 0. Setting

Gz, k,\)(t) = m@(t) — F(x4, K, ),
(1.9.18) T g
9. G UV — (R, Z), Z=R"
0eU CCL (R, 2Z), (ko,\) €V CR?
we obtain
_ d - B
D,G(0, ko, o) = HOE — A(ko, No) = Jo, where

(A(Iio, )\O)a:)(t) = D$F1(O7 )\o)l‘t(lio') = Ao.’lﬁt(ﬁ()').

(1.9.19)

As shown in [59], Chapter 9, or in [34], Section VI.4, the operator

Jo: C) (R, Z) — Corn(R, Z)

(1.9.20) is a Fredholm operator of index zero.

Therefore, the crucial property for the application of the method of Lyapunov—
Schmidt for G(x,r,\) = 0 near (0, k9, \o) is satisfied. Observe also that the
equivariance (1.8.31) holds as well for autonomous RFDEs.

Let iko be a simple eigenvalue of Ao (in the sense that Agxy = irox(t)
holds for some function z(t) = ety with ¢q € C"). According to the
theory expounded in [34], Chapter IV, ikg is a simple zero of the determi-
nant of the characteristic matriv A(z,\g) € L(C",C™) of Ay = A(N\o) €
L(X,Z) (see (1.9.21) below), and 0 is a simple eigenvalue of A(ikg, \o); i.e.,
Aliko, Ao)po = 0 and AT (ikg, o)l = 0 for some ¢g, ¢}y € C", where we can
normalize {po, ) = 1. The pairing { , ) between Z = C™ = Z' is the bili-
near complexification of the Euclidean scalar product in R™. The nonresonance
condition means that A(imekg, o) is reqular for all m € Z\{1,—1}.

Setting ho(t) = e'tpq, then N(Jo) = span[th, |, and for the defini-
tion of the projection Q (cf. (1.8.21)) we take {(t) = e~ *pf. Observe that
w{)(ft),ﬂg(ft) are 2m-periodic solutions of the so-called transposed RFDE;
that is, (rko% — AT (Ko, X))z = 0, and property (1.9.20) is proved by showing
that R(Jo) = N(Q).

The method of Lyapunov—Schmidt provides a one-dimensional complex
equation of the form (1.8.34) or, by equivariance, one complex equation
(lg(r, Kk, A) = 0 for the real variables (r,k, \) near (0, ko, \o); cf. (1.8.37). How-
ever, the computations (1.8.41) are different now. We use the representations

ANz = [ dC(0, Na(t — 6),

1.9.
(1.9-21) A(z,\) = zE — foh d¢(0,\)e=*% cf. [34], Chapter IV.

Then for ® as defined in (1.8.39) we obtain in view of (I.8.41), (1.9.19),
(1921)7 and <<)00ag06> = 17
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Dﬁé(o,fﬁo,)\o)
; h —iﬁo
(109.22) = 7’(1 + fo <d<(97 )‘0)96 99007 906>)
— Z<~DZA<7/K‘07 )‘O)S007 SOE))?
D®(0, ko, Ao) = (DA A(iro, Ao)po, #0)-

Let (X)) be the simple eigenvalue perturbation of A(N) = D,F(0,\)
through u(Ao) = ikg. Then p(N\) satisfies the characteristic equation det
A(p(A), A) =0 or A(u(N), N)e(X) = 0, where o(No) = @o. By differentiating
we obtain, in view of {Alino, Ao)@' (o), ¢h) = (&' (ha), A (iri0, Ao)gh) = 0,

(1.9.23) (D: A(iko, Mo)po, o) ' (Ao) + (DaA(iko, Xo)wo, p) = 0.
Decomposing & into real and imaginary parts, we get as in (1.8.42),

- [ ReD,.®(0,k0,\0) ReD»®(0, ko, Ao)
D 3y ®(0, o, do) = <ImDH43(O, Ko, Ao)  ImDA®(0, ko, Ao)
(1.9.24) and by (1.9.22), (1.9.23),
det D, ) P(0, Ko, M) = Rept/ (o) [(D. A(iro, M) o, 5)|?
#0 < Rep'(Ao) # 0,

since (D, A(ikg, Ao)po, ¢h) # 0 by the simplicity of the eigenvalue iko and the
results of [34], Section IV.5. (Note that we normalize {vg,pL) = 1 but not
(D2 A(iko, Xo)¥o, ¢p)-)

The conclusion from (1.9.24) is the same as that from (1.8.42)—(1.8.44),
namely, the Hopf Bifurcation Theorem for RFDEs:

Under formally the same assumptions as for Theorem I.8.2, summarized
and explained above in this remark, there exists a unique (up to phase shifts)
smooth curve {(xz(r), \(r))} of (real) 2m/k(r)-periodic solutions of (1.9.13)
through (x(0), A(0)) = (0, \o) with 27/k(0) = 27/kKq in C;W/H(T) (R,Z) x R.
Furthermore, x(—7r) = Sz/umz(r), k(—r) = k(r), M—=r) = X(r) for all r €
(=6,6), and Lx(r)|,—o(t) = 2Re(poe'"0?).

The Bifurcation Formulas are derived as we did before in this section:

The inversion of the matriz (1.9.24)1 yields via (1.9.1) the formulas for i(0)
and A(0) (where clearly, we use (1.9.22), (1.9.23)). This yields, for instance,

A0) =
(1.9.25) Re(D, A(iko, Ao) o, ¢h)ReD2, 80 4 Tm(./.)Im D2, &°
Rep!(Ao) (D> A(iko, Ao)po, ) |2 '

The crucial quantity is D2,.®° given in (1.9.3)—(1.9.6), where now G is re-
placed by G from (1.9.18). This means that in (1.9.7), the vector oo has
to be replaced by the function e*°%pq. (Recall that F(-,\o) acts on X =
C([~h,0],C").) The same holds true in (1.9.8), and for the inversion of Jo
from (1.9.19) in (I — Q)W we make use of the following:
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Jox = z0e"™ & x(t) = wee™™, where
(1.9.26) A(imkog, Ao)wg = 29 for wg, zp € C"
& wy = A7 (imko, \o)zo  for m € Z\{1,—1}.

(By the nonresonance condition, A(imkg, Ao) is reqular for allm € Z\{1,—1}.)
This yields for D,,®° the expression (1.9.11), where now the resolvents
(2iko — Ag) ™" and Ay are replaced by €09 A=1(2ikg, \o) and —A~(0, \o),
respectively, and where, as before, o is replaced by e"°%pq. (Recall that
F(-, o) maps into Z = C".) We leave formula for i(0) as a simple con-
sequence to the reader.

The preceding proof of the Hopf Bifurcation Theorem for RFDEs follows
the proof for infinite-dimensional evolution equations (1.8.1). The alternative
suggested in [34] is the following: Reduce the RFDE to a finite-dimensional
center manifold and afterwards apply the Hopf Bifurcation Theorem for ODFEs.
The proof in [59], however, is in the spirilt of thal presented here, applying a
procedure in ordinary differential equations directly to equation (1.9.13).

1.10 A Lyapunov Center Theorem

In this section we prove a bifurcation of periodic solutions of an evolution
equation that does not depend on a real parameter. We show the existence of
periodic solutions with small amplitude of a Hamiltonian system
dx

(1.10.1) i F(x)
bifurcating from the stationary solution x = 0 (i.e., F(0) = 0). Although
there is no explicit parameter involved in (1.10.1), the notion of a bifurcation is
justified: We learned in Section 1.8 that for autonomous systems the period can
be considered as a second hidden parameter, and we show that the existence
of small-amplitude periodic solutions of (I1.10.1) is due to a one-parameter
bifurcation with the period as a parameter. Recall that the Hopf bifurcation
is a two-parameter bifurcation, and the release of one parameter obviously
requires more restrictions on (1.10.1), which is its Hamiltonian structure.

In the following proof it will be nowhere used that the spaces X C Z are
finite-dimensional. But since we know reasonable applications only if X = Z
is finite-dimensional (see Remark 1.10.1 below), we assume that

F:U— Z=R", where
(I.10.2) 0eU cCc X =R", and U is an open neighborhood, and
F(0)=0, FeCNU,2Z).

We identify F' with F'(-, \g) and impose the same hypotheses on F' as we did
in Section 1.8 on F(-, Ag). In particular, we assume (1.8.5) and (I1.8.14), and
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we realize that (1.8.8) is automatically satisfied for Ag = DF(0) € L(R"™,R").
We will return to the assumption (I.8.5) (cf. (1.10.10)) when we explain the
Hamiltonian structure of (1.10.1).

The space X = Z = R" is a Hilbert space with a scalar product ( , ).
Let

. : 2 o n
(1.10.3) H:U—Rbein C(UR), UcX=R",

which we call Hamiltonian.

That Hamiltonian H defines a potential operator V H in the sense of Definition
1.3.1 as follows:

(I.10.4) DH(x)h=(VH(x),h) forallzeUhe X =R",

since all linear functionals DH (z) : X — R are represented as in (1.10.4) via
a scalar product. Obviously, VH : U — Z = R" is in CY(U, Z).
Next we choose a particular element J in L(R™,R™):

Let J € L(R™,R™) satisfy

(1.10.5) J?=—1, (Jz,z)=0forallz e X =R".

Then (I1.10.1) is called a Hamiltonian system if

d
(1.10.6) d—f = F(z) = JVH().
Typically, when X = Z = R" is endowed with the canonical orthonormal
basis with respect to the Euclidean scalar product, such a mapping J as
required in (1.10.5) exists if n = 2m and J is represented by the matrix

J = <0 _E>, where FE is the

(1.10.7) E 0

m-dimensional identity matrix.

It is easily verified that for any solution z(t) of (I1.10.6), the Hamiltonian
H gives a first conservation law in the following sense:

(1.10.8) H(x(t)) = const.
We define Ag = DF(0) and by (1.10.6),
(1.10.9) Ay = JDVH(0) = J By.

When expressed in coordinates, VH(z) is a column called the “gradient of
H at x,” and DVH (x) is the “Hessian matrix of H at x,” which is obvi-
ously symmetric (cf. Proposition 1.3.3). In particular, By is symmetric; i.e.,
(Boxl,:L‘Q) = ($1,B()$2) for all r1,r9 € X =R™
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Remark 1.10.1 Infinite-dimensional Hamiltonian systems are typically hy-
perbolic PDEs, and the infinitely many (discrete) negative eigenvalues of By
become infinitely many (discrete) eigenvalues of Ag on the imaginary axis (cf.
Remark I1I11.5.1). In this case, however, Ay does not generate a holomorphic
semigroup, and assumption (1.8.8) is not satisfied. On the other hand, from an
abstract point of view, one might consider (1.10.6) as an infinite-dimensional
system, where VH is the gradient of a potential H in the sense of Section
L3 and the mapping J € L(Z,Z) satisfies (1.10.5) with the scalar product
(1.3.1). But then the spectral property (I1.11.32) is also an obstruction to the
generation of a holomorphic semigroup unless Ay € L(Z,Z) is bounded. For
that situation, however, we do not know an application.

We assume for Ag as given by (I.10.9) the special (but typical) situation
that

irko(#£ 0) is an eigenvalue of Ay = JB, with eigenvector
(1.10.10) o € C™ (= complexification of R™) such that Jyg = iy,
and dim N (tikol — Ag) = 1.

Clearly, Z = R" is complexified to Z = Z. = C™. In order to stay with our
notation of Section 1.8, the pairing ( , ) between Z = C" and Z' = C" is the
bilinear complexification of the real scalar product ( , ) on R™. Therefore,
J € L(R™,R") is complexified to J € L(C",C") satisfying (Jz,z) = 0 or
(Jz1,22) = —(z1, J2z2) for all z, 21,20 € Z = C™. Also, A = (JBy) = ByJ' =
—ByJ has the eigenvalue ik with eigenvector ), since JBypo = BoJpg by

assumption Jyg = igg. Thus ¢ = @, and (o, ) = (o, Py) # 0 for pg # 0.
From (1.10.10) it follows that

dim N (£irol — Aj)) = 1, whence

(1.10.11) N (irol — A})) = span[@p,).

Finally, by R(ikgl — Ag) = {z € Z|{z,5,) = 0} and (pg, P,) # 0, assumption
(I.10.10) implies that

ik is a simple eigenvalue of Ay

(I.10.12) in the sense of (1.8.5).

The assumption (1.10.10) is satisfied if By has a double real eigenvalue (5 0)
with eigenvectors x; and xo = Jx1, and —kq is not an eigenvalue of By. Then
(I.10.10) holds with g = —x1 + ixs. Note that (pg, o) = 0 = (Bopo, ¢o) in
this case.

In view of (1.10.12), we can proceed as in Section 1.8 using also its notation.
Here we have in particular

906 = @oﬂ% = EO;
(1.10.13) and we normalize (g, 7,) = 1.

Since (1.8.8) is trivially satisfied we can use Proposition 1.8.1 for a Lyapunov—
Schmidt reduction of
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d
G(z, k) = e F(z) =0, where
(1.10.14) 5o o
o G:UxV — (C2:(R,Z), and
0eU CCi (R,Z), ko € V CR are neighborhoods.

(Observe that in our finite-dimensional setting we can choose o = 0 in (1.8.11),
and Proposition 1.8.1 holds. This saves us one order of differentiability of F
in (1.8.13): G € C*(U x V,Cax(R, Z)), provided that F € C*(U, Z).)

By Theorem 1.2.3, equation (1.10.14) is equivalent to the one-dimensional
complex equation (cf. (1.8.34))

1 27
2 [ (GPa 0P, ), ) =0,
T Jo
or, by definition, to
D(r,r) =0 if Pr =r(o + 1) (cf. (1.8.34), (1.8.38)).

(1.10.15)

Proposition 1.10.2 Under the assumptions of this section,
(I.10.16) Red(r, k) =0 forallr € (—=6,0), ke VyCR;

i.e., the bifurcation equation (1.10.15) is in fact a one-dimensional real equa-
tion.

Proof. By the definition of the function ¢ (cf. the proof of Theorem 1.2.3,
in particular (I1.2.8)),

(I - Q)G(Px+¢(Px,k),k) =0, or

Lwoan Q)(H%(px +(Px,x)) — F(Px +¢(Pz,x))) = 0.

Since Q% = %P and ¢ (Pz, k) € N(P), this implies

(1.10.18) Ii%w(P:c, k) = (I — Q)F(Px + ¢(Px, K)).
Now, 2

; Lo d _

P(r,k) = — K — g
(1.10.19) (r:) 27r/0 (o (Yo + o), vo)dt

1 27
- (F(Px + (P, K)),p)dt,

21 0
since 4y)(Pz,k) € N(P) and Pz = r(1hg + ¢y). The first term in (1.10.19)
equals ixr, so that for real F(Px + ¢(Px, k)),

27

(1.10.20)  Red(r, k) = — (F(Px 4 (Px, x)), Rey))dt.

27 Jo

We show that (I1.10.20) vanishes identically. By Joo = ipo and ¢y = Py, we
have for Px = (1o + 1),
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d
(1.10.21) 7 Pr = rReJuy,

Using F' = JVH, J =—J,and (1.10.21), we obtain for r # 0,

: Lo 1d
Red(r, k) = 7 /0 2(VH(P:U +(Px, K)), ;%P@dt
= QL diH(Px+z/J(Px7/{))dt
(1.10.22) mrdo )
—5 ; (VH(Px + ¢ (Pz,K)), E’L/}(P{L‘“lg)>dt

S /0ﬂ(VH(Px+¢(Pac,/-$)),(l—Q)JVH(./.)}dt

2nrK

by 2m-periodicity and (1.10.18). Next we use JQ = @QJ and the following
symmetry of the projection Q:

1 27 1 27
3= Jo (Q21(t), 22(1))dt = 5= [ (21(1), Qza(t))dt
(1.10.23) 2for %11 zl,lzg € 2C’g7r(R, Z)2 o ’

This gives finally, in view of (I —Q)?> =1 —Q,

Re®(r, k)

(110.24) — ! /2ﬁ<(1 — Q)VH(Pa + (P, ), J(I — Q)VH(./.))dt
0

2nrK
=0by (z,Jz) =0 for all z € Z.

Since ¢(0, k) = 0, we have shown that Red(r, k) = 0 for all 7 € (—6,0) and
for all k(# 0) € Va. O

Proposition 1.10.2 clearly implies that Re®(r, k) = Red(r,x)/r = 0 and
nontrivial solutions (r # 0) of (I.10.15) are given by

(1.10.25) Imd(r, k) = 0.

The computation (1.8.41) gives D, (Im®(0, x¢)) = 1, and by the Implicit Func-
tion Theorem, (I.10.25) is solved by a continuously differentiable function
k1 (—0,0) — Va,k(0) = ko, such that Tm®(r, k(r)) = 0 for all r € (=6, ).
Furthermore, by the oddness of & with respect to r (cf. (1.8.37)), we have
k(—r) = k(r), and Corollary 1.8.3 and Theorem 1.9.1 hold as well in a simpli-
fied form. We summarize:

Theorem 1.10.3 For a Hamiltonian system

dx

— =JVH

i JVH(x)

in X = R™ we assume that H € C*(U,R) in a neighborhood U of 0 and

VH(0) =0. We make the spectral assumption (1.10.10), which implies that
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iko(# 0) is a simple eigenvalue of Ay = JDV H(0)
(DVH = the Hessian of H) with eigenvector ¢y € C™
such that Jpo = 1pg.

We impose the nonresonance condition
imkg is not an eigenvalue of Agy for all m € Z\{1,—1}.

Then there exists a continuously differentiable curve {x(r)|r € (—6,8)} of
(real) 2w /k(r)-periodic solutions of (1.10.6) through x(0) = 0 and x(0) = ko
in C;W/K(T)(R,X). Furthermore, k(—r) = k(r) and

(1.10.26)  z(r)(t) = 2rRe(poe™™ M) + ) (2rRe(poe™ M), k(r))

such that
D20}, olt) = 2Relipoe™)

(1.10.27) dp- =0 2 ]
%H(’/‘)L:O =0, Wﬁ:(r)frzo = —ImD? 9",

where D2.8° is given by (1.9.11) with F(0,\) = JVH(0) and D, = D. (For
the last formula we need H € C3(U,R) and by Proposition 1.10.2, the number
D2,.@° is purely imaginary.)

In Section I.11 we generalize Theorem 1.10.3 to the case that ixg is a simple
eigenvalue of Ay without the restriction Jyg = ipg for the eigenvector ¢g; cf.
Theorem 1.11.4. In that case, Proposition 1.10.2 is not necessarily true but is
replaced by (I.11.25). The parameter A in Theorem I.11.4 can be frozen such
that the statement is precisely the same as that of Theorem 1.10.3.

1.11 Constrained Hopf Bifurcation for Hamiltonian,
Reversible, and Conservative Systems

The Hopf Bifurcation Theorem, Theorem 1.8.2, for a parameter-dependent

evolution equation

dx
(I.11.1) i F(x,\)

in a Banach space Z is proved under the following spectral hypotheses on the
Fréchet derivative D, F(0, A) along the trivial solutions F(0,A) = 0:

iko(# 0) is a simple eigenvalue of D, F(0, \o),
and for the simple eigenvalue perturbation
D, P(0, )p(N) = p(Ng(A) with p(g) = o,
the nondegeneracy Rep'(Ag) # 0 holds.

(L11.2)
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The algebraically simple eigenvalue p(\) crosses the imaginary axis in a
nondegenerate way such that by the Principle of Linearized Stability, the tri-
vial solution x = 0 loses stability when the parameter A crosses the critical
value A\g; cf. Section 1.7. By physical reasons one expects that a loss of stability
“creates” new solutions, and by the absence of bifurcating stationary solutions
(zero is not an eigenvalue of D, F'(0, o)), those are the periodic solutions
guaranteed by the Hopf Bifurcation Theorem. (In Section 1.12 we show that
the periodic solutions actually gain stability.) This scenario, however, is not
restricted to the situation described in (I.11.2): Any crossing of eigenvalues of
arbitrary multiplicity causes a loss of stability, and the physical expectation
about the creation of new solutions is indeed satisfied under quite general
assumptions; see Remark 1.11.13 below. In this section we do not consider Hopf
Bifurcation in its greatest generality, but we admit two slight generalizations
of (1.11.2):

(1) ik is an algebraically simple eigenvalue of D, F(0, Ag), but we give up the
nondegeneracy Rep/(Ag) # 0,

(2) ikg is a geometrically simple eigenvalue of D, F(0, Ag) but its algebraic
multiplicity is arbitrary.

We comment on these generalizations:

(1) In Section I.17 we prove Hopf Bifurcation under the degenerate assump-

tion Rey/(Ao) = - = Reu™ D (X\g) = 0 but Reu™ (\g) # 0 for some
odd m. That loss of stability of the trivial solution causes the bifurcation
of at least one and at most m curves of periodic solutions. We prove also a
general Principle of Exchange of Stability for the bunch of periodic orbits
including the line of trivial solutions; cf. Section 1.17.
As we see below in this section, there are systems (I.11.1) with a structural
constraint such that Reu(A) = 0 for all A near Ag; in other words, the
perturbed eigenvalues p(\) in (I.11.2) stay necessarily on the imaginary
axis. A Constrained Hopf Bifurcation Theorem guarantees bifurcation of
periodic solutions in this case, too; see Theorem 1.11.2 below. Since the
spectral properties are the same for all A\ near )\g, the parameter \ plays
no role, and when A is frozen, Theorem 1.11.2 is a Center Theorem as in
Section 1.10 with the period as a hidden parameter.

(2) The generalization from algebraic to geometric simplicity of the eigen-
value ikg seems to be quite natural in view of analogous results in sta-
tionary bifurcation theory: In Theorem 1.5.1, if X C Z, the eigenvalue 0
of D, F(0, ) is only geometrically simple, and the assumed nondegener-
acy (I.5.3) is not related to the eigenvalue perturbation, which might be
complicated if the algebraic multiplicity of the eigenvalue zero is large. As
discussed in Case 1 of Theorem II1.4.4, the nondegeneracy (I.5.3) implies
an “odd crossing number;” cf. Definition 11.4.1.

If the eigenvalue ik is only geometrically simple, we give an analogous
nondegeneracy that guarantees bifurcation of periodic solutions. However,
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in contrast to the stationary case, only systems (I.11.1) with a structural
constraint are admitted; see Theorem 1.11.2. It turns out that the pe-
riod can be frozen, and in this case, Theorem 1.11.2 describes again a
one-parameter bifurcation.

The peculiarity of the Constrained Hopf Bifurcation Theorem proved in
this section consists on the one hand of extensions of the hypotheses of the
(classical) Hopf Bifurcation Theorem, and on the other hand of restrictions to
systems with structural constraints. These constraints are satisfied by Hamil-
tonian, reversible, and conservative systems.

Accordingly, we replace the assumptions (1.11.2) by

dimN (£irol — Do F(0, X)) = 1,
(I.11.3) +ikol — D, F(0, \g) are Fredholm operators
of index zero.

Note that (I.11.3) replaces only assumption (I.8.5); all other assumptions on F'
and the notation of Section 1.8 are kept. (Assumptions (I1.8.6), (1.8.7), however,
make no sense under (I.11.3).) In a first step we prove the possibility of a
Lyapunov—Schmidt reduction for

G($,I€7>\)Eﬁd—w—F(£L’,)\) =0
(L11.4) a
e for (z,k,A\) €U xV,

0eUcCENY, (ko, o) €V CR?

cf. (I1.8.12). Note that the proof of Proposition 1.8.1 uses the simplicity (1.8.5)
of the eigenvalue irg. As before, we set Ag = D, F(0,\g), and the Fredholm
property (I.11.3) implies

X = N(’LFE()I - Ao) SY Xo,

(I.11.5) Z = R(ikol — Ag) @ Zy, cf. (1.2.2),

where dimZy = 1. We choose

N(—ikol — Ap) C X and
(1116) Zy C R(—ilio[ — Ao)

While the possibility of the first choice is obvious, the second choice is justified
as follows. By the Closed Range Theorem,

dim N (xikel — Aj) =1 and
(L11.7) R(irol — Ag) = {2 € Z|(2,¢p) = 0}
if N(irol — Al) = span|y)).

Let xg € X\R(ikol — Ap), which exists, since X C Z is dense.
Then, by (L11.7)2, ((—ikol — Ao)zo, pn) = —2iko(zo, ) # 0 and
(—Z.KJ()I — Ao)l'() S R(—ilﬁ:o[ — Ao)\R(ZK()I — Ao) Let
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N(ikol — Ap) = span[yg],

I.11.8 .
( ) Zo = span[p1] , ¢1 € R(—ikol — Ag).

According to the Hahn—Banach Theorem, there are

oy € X' with (pg,¢]) =1 and
(x,¢}) =0 for all z € X,

vy € Z' with (p1,¢,) =1 and
(z,00) =0 for all z € R(ikol — Ap).

(1.11.9)

Again by the Closed Range Theorem, span[p(] = N(ikol — Aj), and by the
choices of Xy and Zp in (I.11.6),

(B0, ¢1) = 0 since span[p,] = N(—ikol — Ap),

(L11.10) (¢1,74) = 0 since span[py] = N(—ikgl — A)).

The relations (1.11.9), (I.11.10) clearly imply

P =0, (#,1) =1
L.11.11 (p0.21) =0, (0. %) ’
(11L11) Breb) =0, (B =1,

so that
Pox = <1‘, <P/1><,00 + <‘T7¢,1>¢0
is a projection Py € L(X, X)

(I1.11.12) onto N (ikol — Ag) ® N(—ikol — Ap), and
Qoz = (2, ¢0)¢1 + (2, 20) P B
is a projection Qo € L(Z,Z) onto Zy ® Zy.

Defining _
d)o(t) = @Oel_t7 l(t) 7”’
Uilt) = pre, wh) = e
(Pa)(®) = 5= [ Gale)v s
(SIRE) +17T ”<x<t>w<>>dtwo<>

/ t))dtrhs ()
2
2i/ (2(0), T (1))t (1),

we end up with projections P € L(YNE,YNE) and @ € L(W,W). A similar
proof to that of Proposition 1.8.1 then yields the following result:

Proposition 1.11.1 Assume (I1.11.3), (1.8.8), and the nonresonance condi-
tion (1.8.14). Then

d
(11114) Jo = H‘,od

is a (continuous) Fredholm operator of index zero with dim N (Jy) = 2.

—Ao YNE—-W
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Proof. Asin (I.8.17) we obtain
(L11.15) N(Jo) = R(P); «cf. (1.8.22).

We show that R(Jy) = N(Q). By compactness of e0?7/%0 ¢ [(Z, Z) the
operator [ — e402™/%0 is a Fredholm operator of index zero. As in (I.8.19),

(1.11.16) N(I — efo2n/ro) = R(Py) = span[io, B,
o N(I = (eto2r/my) = spanlit, 2o,
cf. Section 1.8, after (1.8.25), and by the Closed Range Theorem,

R(I — eAo?m/ro) = {2 € Z|(z,¢p) = (2, %) = 0}
= N(Qu).

The proof that R(Jy) = N(Q) is then the same as in (1.8.25)—(1.8.27). O

(L11.17)

Proposition 1.11.1 gives a suitable Lyapunov—Schmidt decomposition

YNE=N(J)®N(P),

(1.11.18) W = R(Jo) ® R(Q),

with projections P : YNE — N(Jp) and @ : W — R(Q) as given in (1.11.13).
Thus, as in Section 1.8, the problem

(I.11.19)  G(x,k,\) = /QCCZZ—:; — F(z,\)=0€ W near (0, kg, \o)

in (Y NE) xR xR is equivalent to
(I.11.20) QG(Px 4+ ¢(Px,k,\), Kk, \) = 0.

For a real function (I.8.33) the bifurcation equation (1.11.20), in turn, is equiv-
alent to the complex equation

1

27
(I.11.21) %/0 (G(Px +(Px, K, \), K, A), tho)dt =0, or

D, k,A) =0 if (Pz)(t) = cppet +eppe, c € C;

cf. (I.8.35). Since both projections P and @ commute with the phase shift Sy,
the equivariance of GG with respect to Sy implies

(I.11.22) (¢, ki, \) = eP(c,k,\) for 6 € [0, 2n);

see (1.8.31)—(1.8.36). Therefore, the remaining calculations (I1.8.37)—(1.8.41)
hold literally also in the general case of this section, except, however, that

(1.11.23) Dye®(0, K0, o) = {0, £p)

might be zero ((r, k, \) = ®(r, K, \) /; see (1.8.39)). As a matter of fact,
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T ikg is a simple eigenvalue of Ay, cf. (1.8.5).

Therefore, in case of an algebraically non simple eigenvalue ikg of Ag, the
derivative D, \y®(0, ko, Ao) (cf. (1.8.42)) is singular.

On the other hand, if ik is an algebraically simple eigenvalue of Ay but
Rep/(Ao) = 0 for the eigenvalue perturbation (I.11.2), then, in view of (1.8.44),
the derivative D(H’A)fﬁ(& Ko, Ao) is singular, too (cf. (1.8.42)).

Therefore, assumptions (1.11.2) are indispensable in treating the Hopf Bi-
furcation in the spirit of Section I.8. (They are clearly dispensable for the
general Hopf Bifurcation as expounded in Remark 1.11.13 below.) Nonethe-
less, we can pursue our track and solve (I.11.21) nontrivially by the Implicit
Function Theorem under additional constraints on F'.

In Section 1.10 we learned that a Hamiltonian structure reduces the com-
plex equation (I.11.21) to a real bifurcation equation. This allows us to release
one parameter, and the period is used as a hidden parameter. It turns out
that the special case considered in Section 1.10 allows a fruitful generalization
to systems that play an important role in applications. Before we give the
special classes of systems to which our method applies, we give the general
Constrained Hopf Bifurcation Theorem:

Theorem 1.11.2 For the system (I.11.1) we make the general assumptions
(1.8.2), (1.8.3), (1.8.4), (1.11.3), (1.8.8), (1.8.13), (1.8.14), so that the problem
of finding real periodic solutions with small amplitude and periods near 2w /K
is reduced via (I1.11.4) to the complex equation ®(r,k, \) = 0 for (r,r, \) near
(0, ko, No) in R3; cf. (1.11.21).

If ik is an algebraically simple eigenvalue of Ay = D, F(0,)\g), assume
that a constraint on F implies

Im&(r, k5, \) =0 = Red(r,k,\) =0

(I.11.25) for all (r,k, \) near (0, ko, Ao).

Then without any further assumption there is a continuously differen-
tiable surface {(x(r,\),\)|r € (=6,0),\ € (Mo — 0, 0 + )} of nontrivial
(real) 27 /k(r, X)-periodic solutions of (I.11.1) through (x(0,\),\) = (0, \)
and k(0, \o) = Ko in (C;;/i(r’k) (R, Z)NC5 ) o0 (R, X)) x R. Furthermore,
k(=r,\) = k(r,\), and x(—r,\) is obtained from z(r,\) by a phase shift of
half the period m/k(r, \).

If ikg is a geometrically but not necessarily algebraically simple eigenvalue
of Ag, assume that a constraint on F' implies

Im@(r, Kk, A) =0= Reélc)(r, Kk, A) =0, or
(I.11.26) Re®(r,k,A) =0 = ImP(r,k,\) =0
for all (r,k, \) near (0, kg, Ao)-

According to the two cases (1.11.26) assume a nondegeneracy
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Im<Di)\F(07 AO)SD(% @6> 7£ 07 or

1.11.27
( ) Re(D2, F(0, Xo)o, %)) # 0.

Then there exists a continuously differentiable surface {(x(r, k), A(r, k))|r €
(=0,8),k € (ko — d,k0 + 0)} of nontrivial (real) 27/k-periodic solutions of
(I.11.1) through (x(0, k), \(0,)) = (0, A(0,x)) and X0, ko) = Ag in the space
(C;:/(Z(R, Z)ﬂCg‘ﬂ/R(R, X)) xR. Furthermore, \(—r, k) = X(r, k) and z(—r, )
is obtained from x(r,\) by a phase shift of half the period 7 /k.

Proof. As in Section 1.8 we set &(r, 1, \) = D(r, &, ) /7 for r # 0; cf. (1.8.39).
By assumptions (1.11.25), (I.11.26), the real bifurcation equation

(I.11.28) Imd(r, k,A\) =0 or Red(r,x,\) =0
can be solved by the Implicit Function Theorem, since

(1.11.29) D,Q(NImQZ(O, Ko, A0)) = 1 in the first case and
o D/\QS(07K07/\0) = _<D2AF(Ov)‘0)§00;<PIO>

in the second case; cf. (I1.8.41). The oddness of & with respect to r implies
the evenness of k and A with respect to r, and it is explained after Theorem
1.8.2 that the transition from r to —r corresponds to a phase shift of half the
period. a

More bifurcation formulas are given when Theorem 1.11.2 is applied to
special classes below. Here we make two remarks on the respective surfaces of
periodic solutions:

In the first case, the parameter A can be frozen in (Ag — &, A\g + ¢), and the
vertical Hopf Bifurcation describes a Center Theorem for systems (I.11.1)
for each fixed A near \g.

In the second case, the parameter x can be frozen in (kg — 0, ko + 9),
and each point on the “bifurcation curve” {(k,A(0,%))} in the (&, \)-plane
gives rise to a bifurcation of 27 /k-periodic solutions of system (I.11.1) with
A= A(r, k).

1.11.1 Hamiltonian Systems: Lyapunov Center Theorem
and Hamiltonian Hopf Bifurcation

We return to the Hamiltonian systems introduced in Section 1.10, but this time
the Hamiltonian depends on a real parameter A. For the reason explained in
Remark 1.10.1 we confine ourselves to X = Z = R", and we assume that

H:UxV —R isin C*U x V,R) for
0eUCR", X eV CR,

F(z,\) = JV.H(z,\) for (z,\) €U X%V,
F(0,\)=0forall A €V,

(L.11.30)
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where the gradient “V,” refers to the variable x € U. (By the remark after
(1.10.14), F € C3(U x V,R") is enough for our analysis.) We define

(L11.31) A(N) = D,F(0,\) = JD,V,H(0,\) = JB(\),

o A(Xo) = Ao = J Bo,

where B()), By € L(R",R") are the “Hessians” of H(0,\), H(0, \g), respec-

tively, and symmetric with respect to the chosen scalar product ( , ).
Before proving (1.11.25), (I1.11.26); we make an observation on the spec-

trum o(A) of any A = JB of the form (1.11.31):

p=a+if€o(Ad) <

(111.32) T=a—if, —pu=—a—ifca(d),

so that all eigenvalues that are not real and not purely imaginary appear as
quadruplets.

For a proof, consider the dual A’ = —BJ, and clearly, u € o(A’). Then

—BJy¢' = up’ and JBJ¢' = —uJ¢’, so that —p is an eigenvalue of A = JB
with eigenvector J¢'. By the reality of A, we clearly have Ap = pp and
Ap =1,
Remark 1.11.3 Property (1.11.32) has the consequence that an algebraically
simple eigenvalue (Ag) = ikg of A(Xg) is perturbed to a simple eigenvalue
w(X) of A(X) according to (1.8.6) that stays necessarily on the imaginary axis
for all X € (Ao — 0, Ao +9). Therefore, the transversality Rep'(Ao) # 0 required
in (1.8.7) is excluded, which means that a Hopf Bifurcation in the sense of
Section 1.8 (or in a degenerate sense of Section 1.17) cannot occur to a Hamil-
tonian system.

The bifurcation function (I.11.20) or in its reduced form (I.11.21) for real
Pz depends on the projections P and (), which, in turn, are defined by the vec-
tors ¢, ©g, 1, ;s cf. (1.11.13). Properties (1.11.25), (1.11.26); depend, there-
fore, on a suitable choice of these vectors.

Choose ¢q according to (I1.11.8). Then

A/ J@ = —B()JJ¢ = B0¢ = Z'I{0J¢ by
1.11.33 0~ 70 S P 0
( ) Aopo = JBopy = —ikoPo-
Therefore, Jg, is an eigenvector of Af, with eigenvalue ixg.

Let ikg be an algebraically simple eigenvalue of Ag.

In this case, we have to normalize (¢g, ¢() = 1. By (o, JBy) = — (@, J¢o)
this product is purely imaginary, and we choose

I — 3 — — \—1
(1.11.34) e zﬂJgaO/ Wllth B =—i{po, Jg,) 't €R,
Y1 = $o, L1 = ¥o-

(Recall that { , ) is the bilinear complexification of ( , ).)



I1.11. CONSTRAINED HOPF BIFURCATION 59

Let irko not be an algebraiclly simple eigenvalue of Ag.
This means that (¢, ;) = 0, and we can choose ¢ = ¢Jp, with any
c € C\{0}. We take

(1.11.35) 0o =1JPy, 1, asin (1.11.8), (1.11.9).

The infinite-dimensional equation of the Lyapunov—Schmidt decomposi-
tion (cf. (1.2.7), (1.2.8)),

(1.11.36) (I — Q)G(Px + (Px,k,\), K, \) = 0,

yields the identity

d
— (P P, K, A
(1.11.37) v (Pr 9o )

= K Qe (P (P, X)) + (T = Q)P (P -+ (P, 1), A).

By 2m-periodicity,

27
/ diH(Px—i—w(Pm,K;,)\),)\)dt =0
(1.11.38) Jo

27
— [ (FuH(Pa (P ), 2), G (P + (P V).
0
Inserting (I1.11.37) into (I.11.38) gives by (1.11.31),

27
[T H (P (P, 3). 0. QG (P 4+ (P, X))
(L11.39) Jo
+/ (VoH (Pa + (P, k, \), N), SV, H(./.))dt = 0.
0

In view of (z, Jz) = 0 for all z € Z, the second term in (1.11.39) vanishes, and
the first term, involving the bifurcation function QG(Px + ¢(Px, k, \), k, A),
cf. (1.2.9), is of the following form when the projection @ is used explicitly, cf.
(L11.13):

27
L[ L H(Pa + 0 (P, N, N), )
27

(1.11.40) ></ (G(Pz +(Px, K, N), K, \), 1) dt
0

VLH () Tyt / (GO Tyt = o.

27 Jo

=
For real Px = r(vg + 1) the terms V,H(Pz + ¢ (Px,k,\),\) and G(Px +
Y(Px,k,\), Kk, \) are real, so that the second summand in (1.11.40) is the
complex conjugate to the first one. If we define
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27
h(r, K, ) = %/ (Vo H(Pa + (P, 5, \), ), )t
0] ~
for Pz = (o + 1), 7 € (—6,6), (k, \) € Vo C R2,

(L11.41)

where V3 is a neighborhood of (Ko, o), the identity (I1.11.40) implies, in view
of (I1.11.21),

Re[h(r, k, \)@(r,k,A)] =0 or
(I.11.42) Reh(r, &, \Re®(r, K, \) = Imh(r, &, MNImd(r, &, \)
for all r € (—46,6), (k,\) € Vo C R%

By definition (I1.11.41) we have h(0, s, A) = 0 and

1 2 -
D;h(0, ko, Ao) = g/ (Bo(¥o + 1), ¥1)dt
0
(11143) = <B0¢O7 (p1> = ’L'K,()<J¢0, kpl> by (1.11.33)
= ko3 o1, ¢p) by (1.11.34) or (1.11.35) with 3 =1
= ko1 # 0 and real by (1, }) = 1.

(For (1.11.43); observe that (0, k,\) = 0, D,1(0, ko, Ag) = 0 for v = Pu;
cf. Corollary 1.2.4, and By = D, V,H(0, \g).) Therefore, Reh(r, k, \) # 0 for
r € (—06,0)\{0} and (k,\) € Vs, which proves (I1.11.25), (1.11.26), in view of
(L11.42).

For the nondegeneracy (1.11.27) we compute

(D2, F(0, Xo)wo, £0) ;

[.11.44 d

= iﬁ(aB()\o)goo,@)) is purely imaginary

by the symmetry of B()) and therefore of -4 B()o).

The first case of Theorem 1.11.2 then implies the Lyapunov Center The-
orem, generalizing Theorem 1.10.3:

Theorem 1.11.4 For a parameter-dependent Hamiltonian system

(I.11.45) Ccll—j =JV.H(x,\) inR",

we assume that V,H(0,\) = 0, that irg(# 0) is an algebraically simple eigen-
value of Ay = JD,V,H(0,)\), and that imky is not an eigenvalue of Ao
for all m € Z\{1,—1}. Then there exists a continuously differentiable surface
{(x(r,A\),A\)|r € (=6,0),A € (Ao — d, A0 + 0)} of nontrivial (real) 27 /K (r, X)-
periodic solutions of (I.11.45) through (x(0,A),A) = (0,\) and (0, \g) = Ko
m 0217\'//{(7“,)\) (R,R™) x R with the properties stated in Theorem 1.11.2.
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The surface is fibered into vertically bifurcating curves of 27/k(r, A)-
periodic solutions for each fixed A near \g. As stated in Remark 1.11.3, the
simple eigenvalue perturbation p(A) of A(\) = JD,V,.H(0,)) consists of
purely imaginary eigenvalues near ixg given by ix(0,\). Therefore, clearly,
45/(0,X0) = Imp'(Xo); cf. (I.11.53) below. For the parameter-dependent
Hamiltonian systems it is not necessary to distinguish between Ay and
A € (Ao — d, 0 + 0), since the spectral properties of A(\) are identical for
all A € (A9 — d,\g + ). Therefore, Lyapunov’s Center Theorem is usually
stated without any parameter.

The second case of Theorem 1.11.2 implies the Hamiltonian Hopf Bi-
furcation:

Theorem 1.11.5 If under the same hypotheses as stated in Theorem 1.11.4
the eigenvalue ikg of Ag is geometrically but not necessarily algebraically sim-
ple, and if the nondegeneracy of the Hessian

d

(L11.46) (=

D.KVQLH(Oa )‘0)()007¢0> 7é 0

holds for the eigenvector pg of Ag with eigenvalue ikg, then there exists a con-
tinuously differentiable surface {(x(r,k), N(r,k))|r € (=9,6), k € (ko — 6,
ko + 0)} of nontrivial (real) 27/k-periodic solutions of (I.11.45) through
(2(0,K),A0,K)) = (0,A(0,rK)) with X\(0,k9) = Ao in Czlﬂ/n(R, R™) x R with
the properties stated in Theorem I.11.2. Note that the algebraic multiplicity of
the eigenvalue ikg is arbitrary.

As mentioned after Theorem 1.11.2, for any fixed k € (kg — 9, ko + 0)
each point on the bifurcation curve {(x, A(0, ))} in the (x, \)-plane gives rise
to a curve of 27w/k-period solutions of (I.11.45) with A = A(r,x), and the
surface stated in Theorem 1.11.5 is fibered into theses curves. The shape of
the bifurcation curve follows from Bifurcation Formulas.

Theorem 1.11.6 For the surface of the Lyapunov Center Theorem, Theorem
1.11.4, the following formulas hold (if the Hamiltonian H is in C*(U x V,R);
cf. (1.11.30)):

d

— ik (0,\)t
%x(r’)\)‘(r,A)_(O,)\)( ) - QRe(one (0.2) )7
_ 2 50
(1.11.47) 5“(“ )‘)‘(m):(o,x) g ‘ (rN)=(0.20) = ~ 10D 27,
if—@(r /\)| ,\D V H(O Ao)o, Po)
A N=(030) = {0, JPo)

where the quantity D2,®° is given by (1.9.11) with @} as defined in (I.11.34).
Proof. Formula (I.11.47); follows from

(1.11.48) z(r, A)(t) = 2rRe(poe™ ™M) 4 4 (2rRe(poe™ ™M), k(r, X), A)
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by its construction (cf. (1.8.47)), where x(r, \) satisfies the bifurcation equa-
tion

(1.11.49) Tm®(r, k(r,A\),\) =0 for all 7 € (—=6,6), A € (Ao — &, Ao + 9).

Since k(—r,A) = k(r, A), we obtain as in (1.9.1),
2 ~
—Im®(r, k(r, \), \) _

(L.11.50) ar2 |<~r,A>7<o7Ao> P
= ImD?T@) + DN(Imé(O, Ko, Ao))ﬁlﬂj(o, )\0) = 0,

which implies (1.11.47)5 by (1.11.29);. Differentiating (I.11.49) with respect
to A gives

(L11.51) (0, X0) + Da(Im@(0, 59, o)) =0,

d
ﬁ:‘ﬂ?
proving (1.11.47)3 by (1.11.29)5 and (1.11.44) with (1.11.34). O
Remark 1.11.7 As stated in Remark 1.11.3, the simple eigenvalue perturba-
tion ((A) of A(N) = JD,V,H(0,\) with u(No) = iko is purely imaginary. By
(1.8.44) and (1.11.44),

. d _ .
(L.11.52) (M) :zﬁ<aD$VIH(O,)\0)<p0,<pO> € iR,

so that formula (1.11.47)s can be restated as

d

d
(1.11.53) 5%(7‘, A)’m):(o,m - Imd—Xu(A)]A:AO.

Theorem 1.11.8 For the surface of the Hamiltonian Hopf Bifurcation Theo-
rem, Theorem 1.11.5, the following formulas hold (in case H € C*(U x V,R)):

d ikt
d—m(r, H)‘(T’H):(O,H) (t) = 2Re(poe"™),

E)‘(n H)|(r,m):(0»'€) =0,

d2 )\( )| IszTéO

— A1, R _ = 7.\’
(L11.54) df (rm)=(0.50) = (D 7 H(0, \o) 0, Po)

d—@)\(ﬁ ) )= (0me) = O )

d 2(5, JPo)

—5A ] - )
dr? (r HH(T’K):(O’NO) <dil)\Datva(Oa AO)‘PO;@O>

where (ikol — Ag)py = wo. If iko is an algebraically double eigenvalue of
Ag, then the last second derivative with respect to r is nonzero. The quantity
D2,.®° is given in (1.9.11) with ¢f, as in (1.11.35).



I1.11. CONSTRAINED HOPF BIFURCATION 63

Proof. By its construction,
(1.11.55) Im®(r, K, \(r, ) =0 for all r € (=6,8), K € (Ko — 0, ko + 6).

Since A(—r, k) = A(r, k), we obtain as in (1.9.1),
~ - d?
(1.11.56) ImD2,¢° + ImD@OFA(o, ko) =0,
r

which proves (1.11.54)5 by (1.11.29), (I1.11.44), (1.11.35). ~
If irg is not an algebraically simple eigenvalue of Ay, then ImD,®° = 0,
cf. (I1.11.23), (1.11.24), which implies (I.11.54)4. Therefore,

- ~ 2
(I.11.57) ImD?2, &% + ImD,\dﬁ(’%)\(O, ko) = 0.

For the computation of Dfmdgo we proceed as in Sections 1.6, 1.9. By the def-
inition @(r, k, \) = ®(r, K, \)/r we have D2 _¢° = D3,_ ¢°. Following (1.9.4),

TRK

(v, K, A) = QG(v + Y(v, K, A), K, A),
v =r(tho + 1) , Do = 1o + vy,

we get by definition (I.11.21),

(L11.58)

. 1 2m
D(r, Kk, \) = 2—/ (D(v, K, \), 1 )dt, whence
(1.11.59) ) T
D@ = 5 | (Durw®(0, 50, Ao) o, V) -
0

By G(z,k,)\) = vz — F(z,\) we have D3

dt TRK

(use (I.5.12) replacing A by &),

G(z,k,\) = 0, and therefore

(I.11.60) D3

VKK

®(0, ko, Ao)Bo = 2QD2,.G(0, ko, o) D2,.1(0, Ko, o) o.

Since (v, K, A) solves (I — Q)G(v + ¥(v,k,A),k,A) = 0, we obtain as in
(1.6.6)—(1.6.8),

D’LQ]N’(/}((LK 7>\ )ﬁ
(L11.61) ~v _(} —OP)(()D,UG(O, K0, Ao)) "L (I — Q) D2, G(0, Ko, Ao) .

Inserting (I1.11.61) into (I.11.60), we get

(I 11 62) ng@((), Ko, )\0)170
" = —2QD2,G"(I — P)(D,G°)"\(I — Q)D2,G %,

where, as usual, “?” denotes evaluation at (0, kg, Ag). In our particular case
we have D2, G% = 4 and D,G° = ko4 — Ay = Jo.

By assumption, ixg is not an algebraically simple eigenvalue of Agy. This
means that (oo, 7)) = (Pg, Ph) = 0, and as in (1.8.18) we have also (v, ) =
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(Bo, ) = 0, so that the projections (I1.11.13) satisfy QP = 0 or R(P) C
N(Q). Since 9y = thg + ¥y € R(P), also %09 € R(P), so that QD2 G%y =0
and (I — Q)D?,.G%g = ity — ihy. Choose @} as a generalized eigenvector
solving (ikol — Ap)pg = po. Then

(L1.63) (1~ P)Jg it — i) = (I — P)(ighe” — ihe™),
and by %P = P% and QP = 0 we obtain for (1.11.62),

D3 %y =2 10t —1_—it b
(1.11.64) e AOUO ?(@/06 <,200€~0 ), whence
Dy, P° = 2<Lp0,<p0> = D2, 9"

Formula (I.11.54)5 then follows from (I.11.57), (I.11.44), (I.11.35), since
(b, Jpy) is real. 0

If the algebraic multiplicity of the eigenvalue irg of Ag is larger than two,
then (0}, ¢f) = (0§, J§y) = 0 and %/\(0, ko) = 0. The computation of higher
derivatives follows the same lines but is tedious.

We discuss the case in which ik is a geometrically simple and an al-
gebraically double eigenvalue of Ay. By (1.11.54)5, the bifurcation curve
{(r, A(0,k))} through (Ko, Ag) is of the form sketched in Figure 1.11.1.

R

Ao A

Figure I.11.1

By formula (I.11.54)3, each point (x,A(0,x)) on that bifurcation curve
gives rise to a standard — when D2.®° # 0 — or degenerate pitchfork of
27 /k-periodic solutions z(r, k) of (I1.11.45) with A = A(r, k). The direction
of the pitchfork is given by the sign of Dfrqgo; cf. Figure 1.9.1. The surface
{(r,k, A(r,k))} in R3, or {(z(r, k), , A(r, k))} in CQIW/N(R, R") x R?, is fibered
by all bifurcating pitchforks. A sketch of these surfaces is given in Figure
I.11.2.
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Figure I.11.2.

A necessary condition for bifurcation of 27 /k-periodic solutions of (I.11.1)
at (0,\) is that A(A) = D, F(0,A) have the purely imaginary eigenvalue ix.
This means that for A < Ao (or A > A¢) the two values of x on the bifurcation
curve, giving rise to 27 /k-periodic solutions, correspond to two simple eigen-
values ik of A(X) for A = A(0, k). For A > A\g (or A < Ag), however, there is no
bifurcation of 27 /k-periodic solutions (for k near kg), so that the eigenvalues
of A(X) are no longer on the imaginary axis. We sketch the eigenvalue per-
turbation for the two cases of Figure I.11.1 in Figure 1.11.3, where the arrows
point in the direction of increasing A when \ passes through Ag.

. C
1K0
e T~
7’L.l€0

Figure 1.11.3

Two pairs of simple purely imaginary eigenvalues of A(\) collide at +ikg
and form a quadruplet of complex eigenvalues when A passes through g,
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where we take account of (I.11.32). This spectral scenario is referred to as
Hamiltonian Hopf Bifurcation in the literature. Note that we give only
heuristic arguments for the eigenvalue perturbation sketched in Figure I1.11.3.
In order to apply Theorem 1.11.5 the eigenvalue perturbation does not have to
be verified. The only hypotheses are the geometric simplicity of the eigenvalues
+iko and the nondegeneracy (1.11.46).

In the general case of Theorem 1.11.5, however, when the algebraic mul-
tiplicity of ikg is arbitrary, the eigenvalue perturbation of A(A) near +ikg
can be much more complicated. There are two restrictions: Depending on the
shape of the bifurcation curve {(k, A(0,k))}, at least one pair of eigenvalues
of A(X) stays on the imaginary axis near +ikg for A < g and/or A > )y,
and those eigenvalues that leave the imaginary axis do so in quadruplets to
the right and left half-planes; cf. (I.11.32). We do not know whether the non-
degeneracy (1.11.46) has more implications on the eigenvalue perturbation of
A(N) = D,F(0,\) = D,V ,H(0,\).

1.11.2 Reversible Systems

We consider (I.11.1) under a structural constraint called reversibility. The
mapping F : U xV — Z, where 0 € U C X, g € V C R, is called reversible
if

F(Rxz,\) = —RF(z,\) forall z € U A €V,
(I.11.65)  and for a reflection R € L(X, X) N L(Z, Z) such that

R*=1.

For a function z : R — Z we define the time reversal
(1.11.66) (82)(t) = z(—t).

Then the evolution equation (I.11.1) for a reversible mapping F' has the
following property:

For z € CY(R,Z) N C(R, X),

(111.67) RS(Z—f P ) = —(%RS:C — F(RSz, ).

If F' is differentiable, we obtain from (I.11.65) by the chain rule
(I11.68) A(MR=—RA(\) for A(\)=D,F(0,\) € L(X, Z).

For any real A € L(X, Z) satisfying (I.11.68) the point spectrum o, (A) has the
symmetry (1.11.32) in C. For this reason, there is a great similarity between
Hamiltonian and reversible systems. This fact was discovered by many people
in KAM Theory (see [141] for a survey and references) and in Equivariant
Bifurcation Theory (see [53] and the references therein).
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Remark 1.11.9 The spectral symmetry (1.11.32) of Ay is an obstruction to
the generation of a holomorphic semigroup if the (point) spectrum is un-
bounded in C. Therefore, reversibility requires X = Z and Ag € L(X, X),
and the compactness of the semigroup might have only reasonable applications
if X = Z = R"; ¢f. Remark 1.10.1. Nonetheless, we stay with our infinite-
dimensional setting, and we keep the notation of the general Theorem 1.11.2.
Remark 1.11.8 holds accordingly also for reversible systems: a simple eigen-
value of A(\) = D,F(0,)) cannot cross the imaginary azis, so that a Hopf
Bifurcation in the sense of Section 1.8 (or even in its degenerate version of
Section 1.17) is not possible for a reversible system.

In order to apply Theorem 1.11.2, we make its general assumptions on the
reversible mapping F'. Before proving (I.11.25), (I.11.26);, we have to take
care of the choice of the vectors g, ¢f, ¢1, ¢} for the projections P and @ in
(I.11.13). Extend the reflection (I.11.65) to the complexified spaces in keeping
R? = 1. By (1.11.68), if g is an eigenvector of Ag with eigenvalue irg, then
Ry is an eigenvector of Ay for —irg. Therefore, by (1.11.3), Ry = ¢, for
some ¢ € C with |¢| = 1. Replacing ¢ by e~y if ¢ = €, then Ry = By-
By AR = —R' A}, and (R')? = I for the dual operators, the same arguments
hold for an eigenvector ¢, of A{, for iky. We summarize:

(1.11.69) Rypo =3y, R'¢y =70

For the choices of ¢; and ¢}, note that the ranges R(+irkol — Ag) are
invariant under the involution z +— RZ. Therefore, if for some 1 € R(—ikol —
Ap) spanning Zy we have (¢1,¢() = 1, cf. (1.11.8), (1.11.9), then also Rp; €
R(—ikol — Ag) and (R, , () = 1 by (1.11.69). Replacing ¢1 by 3(¢1+ Rg,),
we have a vector ¢y satisfying (I1.11.8), (I1.11.9), and Ry = 7.

For the choice of ¢} we have to choose the complement X satisfying
(L11.5) and (L11.6). Let X = N(irol — Ao) & N(—irol — Ag) & X1 with
projection P; : X — X; along N(ikgl — Ag) & N(—ikol — Ap). Since the
kernels N(+irxgl — Ag) are invariant under the involution z — RZ, the space
X, = {Piz + RP Rz|z € X} is a complement of N (irgl — Ag) & N (—ikol —
Ap) in X, too: From « = (I — Py)x + Piz and RZ = (I — P,)RZ + P\RZ
we conclude that = R(I — P;)RT + RP; Rz, and the first summand is in
N(ikol — Ag) @ N(—ikol — Ap). Choosing Xy = N(—irol — Ay) ® X1, we
have a complement satisfying (I.11.5), (I.11.6), and Xy is invariant under the
involution z — Rz. If ¢] € X' is chosen according to (I.11.9), then 1 =
(po, 1) = (B0, 1) = (Rpo, 1) = (w0, R'P1), and (po, R'Py — ¢}) = 0. For
x € Xo we have (x,¢}) =0, and since RT € X, it follows that (RT, ) = 0.
Therefore, (z, R'g) — ¢}) = 0 for all z € Xy, which implies R'g] — ¢} = 0.
We summarize:

(L11.70) Ro1 =9, Ry =7

Inserting the vectors o, ¢f, @1, ¢} satisfying (1.11.69), (I.11.70) into the
projections P and @ given in (I.11.13), we obtain the equivariance
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(L11.71) PRS=RSP and QRS = RSQ

for the time reversion S given in (I.11.66). For the function G defined in
(I.11.4), the property (I.11.67) implies the “skew-equivariance”

G(RSz,k,A\) = —RSG(z, kK, \)

(L.11.72) for all (z,k,A\) € U xV C (ENY) x R2,

By the uniqueness of the function ¢ solving (I—Q)G(Px+1(Px, k,\), £, \) =
0 (cf. (1.2.7), (1.2.8)), the equivariances (I1.11.71), (I.11.72) imply
(I.11.73) Y(RSPx,k,\) = RSY(Px,k,\)

for all (Px, k, \) near (0, ko, Ao).
A real function Px = (¢ + 1) has the “isotropy”

(I.11.74) RSPz = Px

by (I.11.66), (I.11.69). This has the following consequences for the complex
bifurcation function given in (I.11.21):

Red(r, k, \)
1 27

T on
{T 027r

(G(Px + ¢(Px, K, \), k, \), Reyy)dt

== (G(RS(Pz + (Pxz, K, \), K, \), Reyy)dt

(L11.75) 7o o

=—5- ; (RSG(Pz + (Px, K, \), Kk, \), Reyg)dt
1 27

5 (SG(Px + (Px, K, \), K, \), SReyy)dt
™ Jo
= —Red(r, K, \)

by (1.11.74), (1.11.72), and R'y}, = Sty; cf. (1.11.69). This proves that
(111.76) Red(r,x,A) =0 forall re (=6,8),(x,\) € Vo C R,

which clearly implies (1.11.25) and (I1.11.26);.

Therefore, the Constrained Hopf Bifurcation Theorem, Theorem
1.11.2, applies to reversible systems (I.11.1):

If iko is an algebraically simple eigenvalue of Ay = D, F(0,\g), then a
Center Theorem for Reversible Systems holds.

If ixq is not necessarily an algebraically simple eigenvalue of Ay and if the
nondegeneracy
(1.11.77) (D2, F(0,\0)0, ) #0

is valid, then a Hamiltonian Hopf for Reversible Systems holds. Observe
that we choose the eigenvectors ¢, ¢f according to (I.11.69) and by
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@an7s)  PF0 X)eo,00) = (RDLF(0, )eo, Riop)
= *<Dm/\F(07 Ao) Repo, R pq) = 7<Dm/\F(07 A0)Po P0),

the nondegeneracy (1.11.77) is purely imaginary.

The Bifurcation Formulas are the following:

For the surface of the Center Theorem the formulas (I.11.47) hold accord-
ingly with the following modifications: By (I.11.76), the quantity D?.¢° given
in (I.9.11) is purely imaginary. Formula (1.11.47)3 reads in this case

d
aff(r, M a)=(0,30) = (D2, F(0, M) 0, ©5)

(I.11.79) d
=1 o

md}\u( )|)\7)\0’
cf. Remark I.11.7. (Note the normalization (o, () = 1.)

For the surface of the Hamiltonian Hopf Bifurcation we have again the
formulas (1.11.54), which are modified as follows:

d2 D2 éO
7)\ T K)|(r,x)=(0,r =
22 M7 ) m)=(0,10) (DZAF(0, Ao)go, )
(1.11.80) >
<800aS00>

A N (PHERE

where both quotients are real, since numerator and denominator are purely
imaginary. The vector ¢} is a generalized eigenvector satisfying the equation
(ikol — Ao)ey = @o-

If the eigenvalue ixg of Ag is algebraically double, then the last second
derivative with respect to x is nonzero, yielding bifurcation curves as sketched
in Figure 1.11.1. The eigenvalue perturbation p(A) of A(M\) near +irg is
sketched in Figure 1.11.3.

Remark 1.11.10 In case of the Hamiltonian Hopf Bifurcation the eigenvalue
ikg of Ag is not necessarily algebraically simple, which means that possibly
(v0, ) = 0. These eigenvectors have to satisfy (o, 1) =1 and (p1, ) = 1;
cf (1.11.9). In the Bifurcation Formulas (1.11.54) and (1.11.80), only the
vectors o, (or Py via (1.11.35)) and the generalized eigenvector o} ap-
pear. Whereas formula (I1.11.54)s (or (1.11.80)3) is invariant for any choice
of wo,¢h, formula (1.11.54)s (or (1.11.80)1) does not have this invariance
with respect to the choice of ¢o. Note, however, that v = Pz + ¥ (Px, Kk, \) is
represented in terms of 1o (t) = @oe', so that formula (1.11.54)y also depends
explicitly on the vector pg. Therefore, the second derivative of A\ with respect
to r depends on the choice of o, too; cf. (I.11.54)3. The same holds also for
formulas (I.11.47)y and (I1.11.47)y when (po, p) = 1.
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I1.11.3 Nonlinear Oscillations

We apply the results for reversible systems to nonlinear oscillations

where
(i1gg) JUXV R (0,0 €UCR xR, eV CR

and f(0,0,A) =0 for all A € V.

Clearly, f € C3(U x V,R") is enough for the subsequent analysis; cf. the
remarks after (1.10.14). We write (I.11.81) as a first-order system

&=y, d(x
L.11. . — =F A
( 83) Y= f(-T7y,)\)7 or dt (y) ($7y7 )7

and if F is not reversible, then a Hopf Bifurcation (in a nondegenerate or
degenerate sense) is clearly possible for the system (1.11.83); cf. the example
(I.17.56). In particular, one-dimensional oscillations (I.11.81) with a linear
part & = —x + d(\)& such that d(\) changes sign at A = A\ give rise to Hopf
Bifurcations: At A = A\¢ the damping d(\) switches to a forcing, which creates
nontrivial oscillations, as for the example (1.17.56), where d(\) = A”. (This
is also true for higher-dimensional nonlinear oscillations; cf. Remark 1.11.13.)
For reversible systems, however, Hopf Bifurcations are excluded; cf. Remark
1.11.3.
The system (I.11.83) is reversible under the following conditions:

For R = EO if f( x,Y, ) f('rayvA)a
(1.11.84)
0
—F

0
E .
fOI‘ R = 0 lf f(xa 7ya)‘) = f(xvya A)a

where E denotes the n-dimensional identity matrix. In both cases in (1.11.84),
D, f(0,0,A) =0, and for Ag = D, ,yF (0,0, Ag) we obtain

O E n n n n
(1.11.85)  Ap = (Dwf(o 0.20) 0) € L(R" x R*,R" x R™).

A simple calculation shows that

w is an eigenvalue of D, (0,0, A\g) <

(I.11.86) +./i are eigenvalues of Ap,

and the spectral assumption (I.11.3) is satisfied if

—rk% < 0 is an eigenvalue of D, f(0,0, o) € L(R",R")

(11187) and N(K/(Q)I + sz(()’ 07 )\0)) = Span[.’l','()].
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Let ( , ) denote the Euclidean scalar product in R™. Its complexification
( , ) is the bilinear duality between Z = C" and its dual Z’ = C™. Then
—k3 is also an eigenvalue of the dual (D, f(0,0,\g))’ with eigenvector z{, and

; : /
—1T0 1ROT
Yo = ( ) ) SO{) = ( / 0

RoZo Ty
are eigenvectors of Ay, A € L(C™ x C™*,C™ x C™)
with eigenvalue ikg, respectively.

(111.88)

For R as in (1.11.84); we have Rpg = @y, R’ v}y = ; for R as in (1.11.84)2 we
replace g, @), by ipo, i), respectively; and we have again Rypg = §y, R [, =
®o; cf. (1.11.69).

Therefore, the Constrained Hopf Bifurcation Theorem, Theorem
1.11.2, applies to nonlinear oscillations (I.11.81) satisfying (1.11.84). For con-
venience we give the two cases in separate Theorems: A Center Theorem
for Nonlinear Oscillations reads as follows:

Theorem 1.11.11 For the nonlinear oscillation
i=f(z,z,\) nR"
assume (1.11.82), f € C3(U x V,R"), and that

f is odd in x or
f is even in .

If

—k3 < 0 is an algebraically simple eigenvalue of D, f(0,0, \o)
2

and if —m?k2 is not an eigenvalue for all m € Z\{1, -1},
then there exists a continuously differentiable surface {(x(r,A),\)|r € (=6,9),
A€ (Mo — 6, 0+ 0)} of nontrivial (real) 2w /k(r, N)-periodic solutions of
(1.11.81) through (x(0,\), A) = (0, \) and (0, \g) = kg in C%ﬂ/n(m\) (R,R™) x
R. Furthermore, k(—r,\) = k(r,\), and x(—r,\) is obtained from x(r,\) by
a phase shift of half the period 7w /k(r,\). The bifurcation formulas are given
in (1.11.47) and (1.11.79), where

<D(z7y))\F(O7 0, )\0)9007 90{)> :1_Z'<D12;)\f(07 07 )‘O)x(h £L'6>,

1.11.89
(LLL89) g o) =1 & (o, 2 = 5=

Note that the parameter A can be frozen in (Ag —d, \g + ), or in other words,
a parameter \ is not necessary for the Center Theorem.

The Hamiltonian Hopf Bifurcation for Nonlinear Oscillations:
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Theorem 1.11.12 If under the same hypotheses as stated in Theorem 1.11.11
the eigenvalue —k3 of D, (0,0, o) is geometrically but not necessarily alge-
braically simple and if the nondegeneracy

(1.11.90) (D2, £(0,0, X\g)xo, 7)) # 0

holds, then there exists a continuously differentiable surface {(x(r, k), A(r,K))]
r € (=6,0),k € (ko — 6,0 + 9)} of nontrivial (real) 27 /k-periodic solu-
tions of (1.11.81) through (z(0, k), A(0,k)) = (0, A(0, k)) and X0, kg) = Ao in
CQQW/H(IR, R™) x R. Furthermore, A(—r,k) = A(r, k), and x(—r, k) is oblained
from x(r,k) by a phase shift of half the period w/k. The bifurcation formu-
las are given in (I1.11.54) and (1.11.80), where we use (1.11.89),. For D2,&°

given in (1.9.11) use definition (1.11.83) for F, (I1.11.85) for Ay, (I1.11.88) for
©o, Py, and finally,

<<p67306> = —%i<$é,l‘6>,
(L11.91) where (k31 + D, £(0,0, X\o))x¢ = zo.

(The translation of (1.9.11) using only f, D, f(0,0,Xo), and zo,x{ is left to
the reader.)

As discussed before, if —£3 is an algebraically double eigenvalue of the op-
erator D, f(0,0, \g), the second derivative of A\ with respect to & is nonzero,
and the bifurcation curves {(x, A(0,x))} are sketched in Figure 1.11.1. The
eigenvalue perturbations of A(\) shown in Figure 1.11.3 correspond to eigen-
value perturbations of D, f(0,0, Ag) sketched in Figure 1.11.4.

Note that Theorem 1.11.12 does not require that —k3 be an algebraically
double eigenvalue of D, f(0,0, \o).

Figure 1.11.4
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1.11.4 Conservative Systems

There is another class of systems (I.11.1) for which the crucial assumptions
(I.11.25) and (I.11.26) of the Constrained Hopf Bifurcation Theorem can be
verified. Assume that a scalar product ( , ) is defined on the Banach space
7 satisfying (I1.3.1). For a function

H:U xV — Rin C*(U x V,R), where

(111.92) 0eUCX, \geV CR,

the gradient V, H (x, A) with respect to the scalar product ( , ) is defined

as in Definition 1.3.1. Then (I.11.1) is called conservative if

(VoH(z,\), F(z,\) =0

(1.11.93) for all (z,A) € U x V.

Let x = z(t) be any solution of (I.11.1) such that (z,A) € U x V. Then

%H(m(t), A) = D, H (x(t), A)z—f(ﬂ
(1.11.94) = (V. H(z(t),\), F(z(t),\)) = 0 or

H(x(t),\) = const.

Therefore, the function H gives a first conservation law or a first integral
for solutions of (I.11.1). As seen in Section 1.10, (1.10.8), Hamiltonian systems
are special cases of conservative systems.

The spaces X and Z are complexified as described in Section 1.8, and
(, ) denotes the bilinear pairing of Z and Z’. The real scalar product on Z
is also complexified to a bilinear product on Z x Z, and in order to distinguish
it from ( , ) we keep the notation ( , ) (in contrast to Section 1.10 and
the paragraph about Hamiltonian Systems in this section).

For the Lyapunov—Schmidt reduction of (I.11.4) to (I.11.20) and (1.11.21)
we use the projections (I.11.13); i.e., we choose g, ¢(), p1,¢) according to
(I.11.8), (I.11.9). In order to prove the assumptions (I.11.25) and (I1.11.26),
we follow the lines of the proof for Hamiltonian systems. For the function H
defined in (1.11.92) we obtain (I.11.38), where ( , ) isreplaced by ( , ).
In view of assumption (I1.11.93), the second term in (I.11.39) vanishes, and
(1.11.40) holds accordingly: In the first integrals the pairing ( , ) is replaced
by the scalar product ( , ). Defining h(r, k, \) as (I.11.41), i.e.,

1 27
Lites) A= g/o (Vo H(Px +¢(Px, £, A), A), ¢1)dt

for Pz = (1o + 1), € (—0,6), (k, ) € Vo C R,
then (I.11.42) holds, and we obtain as in (1.11.43),

D,.h(0, ko, No) = (BoPy, 1), where

(1.11.96) By =D,V,H(0,)\) € L(X,Z) is the Hessian of H.
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If ikg is an algebraically simple eigenvalue of Ay = D,F(0, o), then
w1 = @o and (po, ) = 1; cf. (I.11.5)—(1.11.9). Since the Hessian By is
symmetric with respect to the scalar product ( , ) (see Proposition 1.3.3),
the derivative (I.11.96) is real, and if it is nonzero, (I1.11.42) implies (I.11.25).
Therefore, the first case of the Constrained Hopf Bifurcation Theorem,
Theorem 1.11.2, is applicable to conservative systems if

It gives a Center Theorem for Conservative Systems, providing vertical
bifurcations of 27 /k(r, \)-periodic solutions of (I.11.1) for each A near Ag.

If ikg is a geometrically but not necessarily an algebraically simple eigen-
value of Ag, then (I1.11.42) and (1.11.96) imply (1.11.26), provided that

Re(D, V., H(0,\0)P; 1) # 0 and
(L11.98) Im(D2, F(0, Ao)o, @) # 0, or
o (D, V. H(0, \o)Zo: 1) # 0 and
Re(D2, F (0, X0)%0, ) # 0

The second case of the Constrained Hopf Bifurcation Theorem then implies
a Hamiltonian Hopf Bifurcation Theorem for Conservative Systems.

The Bifurcation Formulas (1.11.47), (I1.11.79) in the first case and (I.11.54),
(I.11.80) in the second case hold accordingly. If irg is an algebraically double
eigenvalue of Ay = D,F (0, \g), then formula (I.11.80)s proves a bifurcation
curve as sketched in Figure I.11.1 with the typical eigenvalue perturbation
shown in Figure I.11.3.

Remark 1.11.13 Hopf Bifurcation for parameter-dependent evolution equa-
tions (I.11.1) takes place in a generalized sense under much more general
spectral assumptions than (1.11.3). We give a result of [96], and we refer to
the literature mentioned below.

Assume that forn; €N, j=1,...k, ni =1<mng <--- < ny,

+injko are all the eigenvalues of Ag = Dy F(0, Ao)

(I.11.99) that are integer multiples of ikg.

Let mj denote the algebraic multiplicity of injrkg. Then the eigenvalue injkg
of Ay perturbs to an m;-fold family of eigenvalues of Dy F(0,\) = A(X) near
injko when the parameter X varies near Ao (the so-called injro-group).

Assume that for all A € (Mg — 6, A0) U (Ao, Ao + ) there is no element of
the injko-group on the imaginary axis. Then define for those A,

n]>()\) = sum of the algebraic multiplicities
(1.11.100) of all perturbed eigenvalues of A(\) near
injkg with positive real parts,

which is constant for A € (Mg — 0, Ag) and for A € (Ao, Ao + 0), and define
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TL7> ()\0 — 5) - TL7> ()\0 + 6) = X5 (/1()\)7 )\0),

(I.11.101) the crossing number of the family A(X\)
at A = Ao through in;ko;

cf. Definition I1.7.1. Assume that

(L11.102) Y- (A, Ao) # 0.

Then (0, Xo) is a bifurcation point of a continuum {(z,\)} of nontrivial (real)
27 / k-periodic solutions x of (I.11.1) with periods 27 /k emanating from 2w /kg.
(The periods are not necessarily minimal as in all cases treated in Sections
18-111).

This result is in the spirit of Theorems 11.5.2, I1.4.4, and I1.7.3. In The-
orem 1.17.3 we assume k = 1,m; = 1,x1(A()N),0) = £1, but in contrast to
Theorem 1.8.2, the crossing of the simple eigenvalue through ikg is degener-
ate; i.e., Rep/(0) = --- = Repu™ 1 (0) = 0 and Rep™ (0) # 0 for some odd
m. We obtain at least one and at most m bifurcating curves of 2w /k-periodic
solutions with k near ko. The proof of the general result given in [96] uses only
analytical tools and is very involved. It admits also an interaction with station-
ary bifurcation, which means that 0 can be an eigenvalue of A(\g) = Ao, too:
If the crossing number of A(X) through 0 is odd, then according to Theorems
11.3.2, 11.4.4, stationary solutions of (I.11.1) bifurcate; if the crossing number
through 0 is even and (I.11.102) holds, then stationary or periodic solutions
bifurcate from the trivial solution at A = X\g. Simple examples show that under
the same spectral assumption the latter alternative actually occurs; see [93].

In [99] a global version of the above general Hopf Bifurcation Theorem
is giwen. In contrast to Theorems I1.3.3, 11.5.8, the global alternatives are
richer: The continuum of nontrivial periodic solutions emanating at (0, Ko, Ao)
is unbounded in (x, \)-space, it meets the trivial solution at (0, k1, A1) where
(K1, A1) # (njko, Ao), j=1,...,k, and ik, is an eigenvalue of A(\1), it meets
some nontrivial stationary solution, or its “virtual period” is unbounded.

It is worthwhile to mention that the method of proving global Hopf Bi-
furcation is different from the method of proving global stationary bifurcation
(although the sources are the same, and global stationary bifurcation could be
proved in the same way). The idea is to perturb the operator G as defined in
(1.11.4) on a space of periodic functions so that 0 becomes a regular value;
cf. Remark 1.13.6. Then the solution set G=1(0) is a two-dimensional mani-
fold without boundary, and being locally proper (due to its nonlinear Fredholm
property according to Definition 1.2.1), G=1(0) indeed exists globally. With-
out constraint this perturbation of G exists due to the Sard—Smale Theorem.
The main difficulty, however, arises in keeping the S'-equivariance (1.8.51)
of G under perturbations. In this case, G=1(0) consists of so-called “snakes”
fibered by group orbits, cf. (1.13.51), and it turns out that for S'-equivariant
mappings, Hopf bifurcations and period doubling bifurcations are “generic” in
the sense that no perturbation can avoid them; see [96], [99], for example,
and our naive explanation in Remark I.14.5. Nonetheless, G~1(0) exists glob-
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ally, but the snakes might split at period-doubling bifurcations or end at Hopf
bifurcations in steady states.

We emphasize that the general local and global Hopf Bifurcation Theorems
are not exclusively proved in [96], [99]. In [3], [19], [120], [T7], [44], [79], for
example, one finds equivalent results, all of which appeared before [96], [99].
We quote from [96], [99], since the terminology and the language are closest
to those of this book.

Note finally that Hamiltonian Hopf Bifurcation is not included in the ge-
neral Hopf Bifurcation Theorems cited above, since the crossing number of the
family A(N) at X = X\g through ikg is not defined: At least one eigenvalue of
the ikg-group remains on the imaginary axis for all X near Ao, and those that
leave the imaginary axis do so in pairs to the right and left half-planes; cf.
Figure 1.11.3. Therefore, the Constrained Hopf Bifurcation is a special track
in bifurcation theory.

1.12 The Principle of Exchange of Stability
for Hopf Bifurcation

Let x = z(t) be a p-periodic solution of the evolution equation

dx
(112.1) o = Fla.),
where we assume the general setting of Section 1.8. The Principle of Lin-
earized Stability for a periodic solution is usually proved within “Floquet
Theory” if (I.12.1) is an ODE, and it is generalized to semilinear parabolic
PDEs in [71], for example. It is briefly described as follows.

The (nonlinear) Poincaré map around a p-periodic solution yields by lin-
earization in its fixed point x(0) = x(p) the period map of the linear nonau-
tonomous evolution equation % — D, F(xz(t),\)y = 0, called the “variational
equation.” In general, any solution of the variational equation is given by
y(t) = U(t)yo, where U(0) = I, and U(p) is, by definition, its linear period
map. Since (formally) y = % is a p-periodic solution of the variational equa-
tion, we have U(p)y(0) = y(p) = y(0), so that 1 is an eigenvalue of U(p). If
all other eigenvalues of U(p) are of modulus less than 1, then the fixed point
2(0) of the Poincaré map is (linearly) stable, which implies the orbital stabil-
ity of the p-periodic solution z = z(t) of the autonomous evolution equation
(L12.1).

The eigenvalues of the period map U(p) are called the Floguet multipliers of
the p-periodic solution, and they are related to the so-called Floquet exponents

as follows.



1.12. THE PRINCIPLE OF EXCHANGE OF STABILITY (PERIODIC CASE) T

The eigenvalues y of the variational operator & — D, F'(z(t), A) in the space
of p-periodic functions are, by definition, Floquet exponents, and they give
by e P# the Floquet multipliers of the p-periodic solution z = z(t) of (I.12.1).
The eigenvalue p = 0 with eigenfunction y = fli—”t” gives the multiplier e = 1,
and the Principle of Linearized Stability is equivalently stated as follows:

The p-periodic solution = = z(t) of (1.12.1) is (linearly) stable
(I.12.2) if the Floquet exponent = 0 is simple and if all its Floquet
exponents i # 0 have positive real parts.

We use (1.12.2) as a definition, since we do not know a proof for our general
setting that linear stability indeed implies nonlinear orbital stability. We apply
the Principle of Linearized Stability to the bifurcating curve {(x(r), A(r))} of
27/ k(r)-periodic solutions of (I.12.1) given by the Hopf Bifurcation Theorem,
Theorem 1.8.2. Again, the substitution ¢/ (r) for ¢ fixes the period to 27, and
the stability problem amounts to the study of the eigenvalues p of

(5() 0~ DoF(a(r)(0), X)) = e or of
(1.12.3) DyG(x(r), k(r), A(r))Y = pap, where

G is defined by (1.8.10), (I1.8.12) and

D,G(.[.) : C3f (R, Z) N O3 (R, X) — C8:(R, Z).

We introduce again the notation W = C¢ (R, Z), E = C$.(R,X), and ¥ =
L™ (R, 2).

For r = 0, the operator D,G(0, ko, Ao) = K()% — Ag = Jy has a geo-
metrically double eigenvalue 0 with eigenvectors v, 1, (cf. (1.8.17), (1.8.22)).
Therefore, the Principle of Linearized Stability does not apply for » = 0, but
we show that it applies for r # 0 under the nondegeneracy condition of Section
L.8 and the smoothness assumption of Section 1.9: F € C*(U x V, Z).

Assume now that apart from the two algebraically simple eigenvalues +ikg
of Ag = D, F(0, \g) (cf. (I.8.5)), the entire spectrum of Ay is in the stable left
complex half-plane (cf. (I1.7.2); our assumptions (I.8.8) imply that the spec-
trum of Ay consists only of isolated eigenvalues). Then the same arguments
as in (I.8.17) prove that

(1.12.4) (50% — Ao = p,  Y(0) =(27) &

inkg — i is an eigenvalue of Ay for some n € Z.
This implies by our assumption that

Rep > 0 for all Floquet exponents p # 0 of

(1.12:5) DG (0, ko, M) = Jo.

Therefore, the (linear) stability of the bifurcating curve {(z(r),A(r))} of
27 /k(r)-periodic solutions of (I.12.1) is determined by the sign of the real
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part of the perturbed critical eigenvalues pu(r) of D,G(x(r), k(r), A(r)) near
1(0) = 0, at least for small r € (=4, 4). The difference between this and the
situation of Section 1.7 is that p = 0 is not a simple but a double eigenvalue
of DxG(O, Ko, )\o) = J().

Here “double” means geometrically and algebraically double, which, in
turn, is defined by a two-dimensional eigenspace with a two-dimensional
eigenprojection. In the case in question, the eigenprojection is given by @
(cf. (1.8.21)), which commutes with Jy (by (1.8.22), (1.8.28)). Recall that
Qlyne = P. An alternative way of characterizing the doubleness of the eigen-
value 1 = 0 of Jy is the fact that both geometric eigenvectors 1,1, are not
in the range R(Jy) (cf. also (I1.7.4)). In this case, the eigenvalue p = 0 is
also called double but semisimple. As shown in [80], the two-dimensionality
of the eigenspace is preserved under a perturbation: There are two perturbed
eigenvalues 11 (r), ua(r) such that p1(0) = p2(0) = 0 (the so-called 0-group;
cf. [80]).

We start with the trivial Floquet exponent pi(r) = 0 of (1.12.3), which
is certainly among the perturbed eigenvalues near p = 0. By construction,
z(r) = r(bo + o) + ¥ (r(o + o), k(r), A(r)) (cf. (1.8.47), where t is replaced
by t/k(r)). Then La(r) = ir(ho—tg)+4(./.), and “Lx(r)|,—0 = 1o+ (cf.
(1.8.45)) in the topology of C37*(R, Z) N CS. (R, X) implies &L x(r)|,—g =
i(1)o — 10,) in the topology of C§ (R, Z), so that

(1.12.6) () = %%x(rl for r # 0 and
¥1(0) = i(po — ) is in C((—6,9), C5.(R, Z)).
dx

Differentiating k¥ — F(\,2) = 0 with respect to ¢ is a (formal) proof that

dt
‘z—f is an eigenfunction of (I.12.3) with trivial Floquet exponent. This proof
is correct in finite dimensions, i.e., for an ODE, but it might cause problems
in our general setting. We have to assume that the periodic solution x(r)

possesses the trivial Floquet exponent 4 (r) = 0 with a curve of eigenfunctions

{1(r)|r € (=0,9)} C ENY that is twice
continuously differentiable such that

Py (r) = i(tho — o) and wi(r) = (I = P)ha(r)
satisfies wq(0) = 0.

Here P = Q|gny, and Q is defined in (I1.8.21). Assumption (1.12.7) is proved
in Proposition 1.18.3. In the context of parabolic differential equations the
eigenfunction ¢ (r) is indeed given by (I.12.6); i.e., it can be shown that the
periodic solution z(r) is regular enough that ;(r) as given by (1.12.6) is in
ENY;cf. [71], Chapter 8. In any case,

DyG(x(r), £(r), A(r))¢ (r) = 0
for r € (—4,6) and p1(r) = 0.

(1.12.7)

(1.12.8)

Next, we are interested in a linearly independent (possibly generalized)
eigenfunction 9 (r) with eigenvalue po(r) such that ps(0) = 0.
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For reasons that will be clear in the sequel, we introduce the following real
vectors and projections:

01 = i(to — o), 02 = 2o f_%)’

¥ = =5 —Fo)s % = 5 (b + ),
(L.12.9) o

Qjz = o o

Qjlyne = F;.

Then Q = Q1+ Q2 (cf. (1.8.21)), Q1Q2 = Q2Q1 = 0, both Q1 and Q5 are real
for real z, and ¥1(0) = 01, Q2w () = 0 for all r € (=6,0).

2,00 dtv;, j=1,2, z&W,
J J

Proposition 1.12.1 There is a unique twice continuously differentiable curve

{p2(r)|r € (=4,9), p2(0) =0} in R such that
(L12.10)  DyG(a(r), (r), A(r)) (92 +wa(r)) = po(r) (b +w2(r))+v () (r),

where {wa(r)|r € (=6,9),w2(0) =0} C (I = P)(ENY) and
{v(r)|r € (=4,6),v(0) = 0} C R are twice continuously differentiable, too.

Before proving Proposition 1.12.1, we show that pus(r) is the second per-
turbed eigenvalue. If pa(r) = 0 and v(r) = 0, then y(r) = U2 + wa(r) is a
second eigenvector with eigenvalue 0, which is geometrically double in this
case. If pa(r) = 0 and v(r) # 0, then o(r) = 02 + wa(r) is a generalized
eigenvector with eigenvalue 0, which is algebraically double in this case. Fi-
nally, if p2(r) # 0, then we set 1)2(r) = 09 + wa(r) + :2((7;)) P1(r), and o (r) is
by (I1.12.8) an eigenvector with eigenvalue ps(r).

Proof. We define a mapping

H:(I-P)ENY)) xRxRx(=6§,0) =W by
(1.12.11) H(we, p,v, 1)
= D, G(x(r), k(r), \(r)) (02 + wa) — pu(de + wa) — vy (r).

Then H(0,0,0,0) = 0 and

DMQH(O’()?O?O) = DwG(OaK‘Oa)\O) - J07

(1.12.12) D, H(0,0,0,0) = —i, D, H(0,0,0,0) = —oy,

so that (I.8.28) implies that
(L12.13) Dy, ) H(0,0,0,0): (I— P)(ENY) x Rx R — W

is an isomorphism. The statement of Proposition 1.12.1 then follows by the
Implicit Function Theorem.

Under the regularity assumptions of Section 1.9 we know that the curve
(x(r), k(r), A(r)) as well as that ps(r), ws(r), and ¥ (1) are twice continuously
differentiable with respect to r. a
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Since Py (02 + wa(r)) = 0 and 91 (r) = 01 +wi(r) (cf. (1.12.7)) equation,
(1.12.10) implies

(I = Qu)DaG(x(r), w(r), A(r)) (B2 + ws (r))
(112.14) = 12(r) (B2 + w3 (1)) + v(rYun (r).
(

Since N((I — Q1)D,G(0,k0,X0)) = N((I — Q1)Jo) = span[iz], equation
(I.12.14) is similar to equation (I.7.10) of a simple eigenvalue perturbation:
It differs only in the additive term v(r)w;(r). We show that this term is of
higher order, which does not have any influence on fi2(0) nor on jio(0)(" = ).
Therefore, we can apply Proposition 1.7.3 in order to determine jiz(0), which
will give us the sign of pa(r) for r near 0. First, we claim that

dp dv
—2(r)] _, =0 —0.

1.12.1 —
( 5) dr r ’ dr (7") ‘r:O

To prove (I1.12.15) we make use of the equivariance (1.8.31). By the chain
rule we obtain from (I.8.31),

(I.12.16) D,G(Spz,k,\)Sp = Sp D, G(x, K, \),
which shows that (1.12.10) is equivalent to

D, G(Sex(r),k(r), A(1))Se (D2 + wa(r))
= pi2(r)Sp (2 + wa(r)) + v(r)Sev (r).

We choose 8 = 7. Since Srx(r) = x(—r), w(—r) = &(r), A-—=r) = Xr)
(see Theorem 1.8.2 and the arguments given after it) and also Sr(r) =
—11(—1), Spta = —0g, equation (1.12.17) shows the following:

(112.17)

If pa(r), v(r) solve (1.12.10) with wa(r),
(I.12.18) then pa(r),v(r) solve (1.12.10) also for —r
with wa(—r) = —Srwa(r).

By uniqueness, we conclude that

(1.12.19) po(=1) = p2(r), v(-=r)=uv(r),

which proves (1.12.15). Using also ws(0) = 0, we see that the additive term
v(r)wi(r) in (I.12.14) has the properties

d d?

(L12.20) v(r)wi(r)], _, = %(y(r)wl(r))’rzo =3

(v(r)wy(r)) ‘r:O = 0.

As mentioned before, the third order of v(r)w;(r) in (1.12.14) allows to
apply Proposition 1.7.3, in particular formula (I1.7.19). As a matter of fact,
the second derivative of pa(r) at r = 0 is obtained in Proposition 1.7.3 by
differentiating equation (1.12.14) twice with respect to r at » = 0, and in
view of (I.12.20), the additive term v(r)w;(r) in (1.12.14) has no influence
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on that procedure. Therefore, we can apply formula (1.7.19) when we define
the function ¥ in such a way that it is related to the “simple eigenvalue
perturbation (1.12.14)” (without the additive term v(r)wy(r)) as definition
(1.7.16) is related to (I1.7.10). To that purpose, we define

C}Y(,T,NT) = (I —Q1)G(x(r) + z,k(r), A(r)),
(I.12.21) G:U; x (=6,0) — (I —Q1)W,
0eU,c(I-P)ENY), (=66 CR

Obviously, G/(0,0) = 0, and through (0,0) € U, x (—4,6) there is the solution
curve {(0,7)|r € (=4,0)} of G(x,r) = 0. Equation (1.12.14) is then rewritten
as

(I.12.22) D, G(0,7) (02 + wa(r)) = p2(r)(v2 + wa(r)) + v(r)wy (r).

The method of Lyapunov—Schmidt for G(z,r) = 0 near (z,r) = (0,0) is
described as follows. By

(112.23) D,G(0,0) = (I —Q1)Jo we obtain
o N(D,G(0,0)) = R(P,) = span[is].

Since Q1Jy = JoP1 = 0, we have also

(1.12.24) R(D,G(0,0)) = R(Jy),

which gives us the decomposition

(I = QU)W = R(Jo) ® N((I — Q1)Jo)
(1.12.25) = R(D,G(0,0)) & N(D,G(0,0))
with projection @, onto N (D,G(0,0)) along R(D,G(0,0)).

The reduced equation (cf.(1.2.9)) is then

d(v,7) = (U+¢( \T),T) =
(1.12.26) where v — pr € N(D,G(0, ))

The function ¢ is defined by (cf. (1.2.8))

(I = Q2)G(v+P(v,7),7) =0,
(11227) o RD.G0.0) N (ENY) = (I — P)(ENY),

Inserting definition (1.12.21) into (I.12.27), we obtain by @ + Q2 = @ and
Q201 =0,

(1.12.28) (I —Q)G(x(r)+v+(v,r),&(r),A(r)) =0.

Now v = Pyx = yig for y € R, x(r) = rog + 1(roe, k(r), \(r)), which implies
by uniqueness (cf. (1.8.30)),

(112.29)  $(v,r) = ((r + y)iz, 6(1), A1) — $(ri, 5(r), A1),
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and finally,

qv)(y{ﬁQar)
= Q2G((r + y)%?ﬂ'i_ ’(/J((’I“ +y) 0o, H(T>7 )‘(T))v ’%(T)7 )‘(T))7

(1.12.30) Uy, r) = L/ (P(yva, ), Vy)dt

=—/ﬂ (r + y, 5, A1), 85t
:Resﬁ(r—l-y, (),/\(T)),

where we use definition (1.8.35) of @ and @, = Ret,. Since the function ¥ in
(1.12.30) is related to (1.12.22) in the same way as the function ¥ in (1.7.16) is
related to (I.7.10) (up to terms of order two), formula (I1.7.19) of Proposition
1.7.3 for y = y(r) = 0 now reads as follows:

d2

(1.12.31) Re i —D ¢(7" KJ( ) )‘(T))|T:0 dr2'u2( )|r:0'

dr2
Here obviously D,&(r + y, &(r), A\(r)) = D,®(r + y, x(r), A(r)). In Theorem
1.17.4, formula (1.12.31) is considerably generalized. The arguments of its proof
are accordingly refined; cf. (I 17.31)—(1.17.49).

For the evaluation of jrzD &(r,k(r), A(r)) at 7 = 0 we make use of the

computations in Sections 1.8 and L.9. By r®(r, , \) = ®(r, s, \) (cf. (1.8.39))
we obtain

- D(0, Ko, Xo) = @(0 K0, Ao),
43(0 ko, Ao) = 3D;,.D(0, Ko, Ao) (cf. (1.9.3))
1.12.32 ”“’“
( ) (0, 0, Ao) :DN?(O,KQ,)\Q),
D%qﬁ(o K0, Ao) = Dr®@(0, kg, Ao)-

Next we use @(0, kg, Ao) = 0 (cf. (1.8.40)), £(0) = 0, A(0) = 0 (=
(1.8.46)), and also (1.8.41), (1.8.44). Thus (1.12.31) gives

(1.12.33) ji2(0) = 3ReD2,8(0, ko, Ao) — Rep/ (M) A(0).

d
dr’

Using the bifurcation formula (1.9.12)4 for A(0) we end up with the crucial
formula

(1.12.34) ji2(0) = 2Ren (Ag)A(0) ( = diA) :
‘We summarize:

Theorem 1.12.2 Let {(z(r),\(r))|r € (=6,0)} be the curve of 2mw/k(r)-
periodic solutions of (1.12.1) according to the Hopf Bifurcation Theorem, The-
orem 1.8.2. Let ps(r) be the nontrivial Floquet exponent of x(r) such that
12(0) = 0. Then f12(0) = 0 (and also A(0) = 0). The second derivatives
of pe and X\ are linked together by formula (1.12.34). Here Reu/(Ng) # 0 is
the assumed nondegeneracy (1.8.7) for the eigem/alue perturbation p(X) of
D,F(0,)\) near irg, and X\(0) # 0, provided that ReD2, ®(0, ko, Ao) # 0 (cf.
(1.9.12)4).
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By Theorem 1.12.2 we easily obtain the following Principle of Exchange
of Stability.

Corollary 1.12.3 Assume that apart from the two simple eigenvalues tikg
of Ao = D, F(0, ), the entire spectrum of Aqg is in the stable left complex
half-plane and assume that Rep'(Ag) > 0; i.e., the trivial solution {(0,\)} of
(1.12.1) is stable for X < Ao and unstable for X > Ao (locally, cf. (1.7.2)).
Then

(I.12.35) sign(A(r) — \g) = signuo(r) forr € (=4,4),

which means that the bifurcating periodic solution {(x(r), A(r))} of (I.12.1) is
stable, provided that the bifurcation is supercritical, and it is unstable if the
bifurcation is subcritical (cf. (1.12.2), (1.12.5)). If Rep/(No) < 0, the stability
properties of the trivial solution are reversed, and in view of

(1.12.36) sign(A(r) — Ng) = —signua(r) forr € (=4,0),

the stability of the bifurcating periodic solution is reversed, too. Thus, we have
the situations sketched in Figure 1.12.1.

amplitude of z(r)

‘*a\\\unstable K \

Figure 1.12.1

Remark 1.12.4 Formula (1.12.34) is valid under the hypotheses of Sections
L8 and 1.9. In particular, we need only (1.8.5) and the nonresonance condition
(1.8.14). However, without any knowledge of the entire spectrum of Ay, neither
the stability property of the trivial nor that of the bifurcating periodic solution
can be determined. Formula (1.12.34) describes only the relation between the
critical eigenvalue p(X\) near ikg and the critical Floquet exponent ps(r) near
0 depending on the bifurcation direction \(r) — Xg.
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I1.13 Continuation of Periodic Solutions
and Their Stability

It is a natural question whether the local curve {(x(r),A(r))} of p(r) =
27 /k(r)-periodic solutions of the evolution equation

dx

(1.13.1) = Fla),

given by the Hopf Bifurcation Theorem, has a (global) continuation. A first
step to answering that question is an Implicit Function Theorem for periodic
solutions of (I.13.1). We assume that ¢ = zo(r) is a po-periodic solution of
(I.13.1) for A = Ag. In order to apply our setting of Section 1.8, we make a
substitution t/kg for ¢, where pg = 27/kg, and then (without changing the
notation for x)

/ifl—j — F(z,\) =G(z,k,A\) =0
has a solution (xg, kg, Ag) in
(CQI;rFa(R’ Z) N CéXﬂ'(RaX)) X R+ xR

(1.13.2)

by assumption. A continuation of that solution for A near Ay involves also a
continuation of the period 27/k near 27 /kg.

The derivative D,G(zo, ko, \o) = Ho% — D, F(zg, \o) is not a bijection,
since the trivial Floquet exponent py = 0 is an eigenvalue with eigenfunc-
tion %xo € N(D,G(xo, ko, Ao)). Since Proposition 1.18.3 is not applicable, in
general, we assume that

d ~
%0 = Yo € C3T*(R, Z) N CL.(R, X)

R d
(1.13.3) is an eigenfunction of Jy = Koa — Dy F (20, Ao)

with eigenvalue ;1o = 0 that is the trivial Floquet exponent of xg.

(We do not pursue the regularity of the periodic solution zq, but we remark
only that under reasonable assumptions, a formal differentiation of (I1.13.2)
is allowed, which proves (1.13.3); cf. our comments in Section 1.12. For this
reason, we change our notation from that of (1.12.8).)

The natural assumption for an Implicit Function Theorem for periodic
solutions is that

the trivial Floquet exponent ug = 0 of z( is algebraically simple;
(1.13.4) i.e., N(D,G(x0, ko, \o)) = N(Jo) = span[ihg] and
Yo & R(D,G(xo, ko, \o)) = R(Jp), where v is given by (1.13.3).

_ For our subsequent analysis we need the Fredholm property of the operator
Jo. Recall that zg = xo(t), and therefore, the operator D, F(zq, Ag) depends
on t, which makes a difference to the operator Jy considered in Section 1.8,
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in particular in Proposition 1.8.1. The assumption (I.8.8) on the operator
Ao = D, F(x0,\o) has to be replaced by an assumption on the

2m-periodic family of operators
Ap(t) : X — Z defined by

(1.13.5) |
AO(t) = KODmF(‘TO(t)v)‘O)'

This assumption reads as follows:

Ap(t) generates a holomorphic semigroup for each fixed

t €10,T], and this family of semigroups, in turn, generates a
(1.13.6) “fundamental solution” Uy(t,7) € L(Z,Z) for 0 <7 <t <T

such that Uy(t,t) = I, Uy(t,7)Uo(7,s) = Up(t,s), and any

solution of CC% = Ao(t)z is given by z(t) = Uy(t,0)z(0).
For a construction of Uy(t,7) (which is also called an “evolution operator”)
we refer to [145], [48], [7], for example. It requires some additional regularity
of the family Ag(¢) with respect to ¢, which is satisfied for ODEs or parabolic
PDEs under reasonable assumptions on D, F(x, ). In analogy to (1.8.8) we
assume also that

(I.13.7) Uo(t,7) € L(Z, Z) is compact for 0 <7 <t <T.

(The time T > 27 is arbitrary but finite. The compactness of (1.13.7) is given
by a compact embedding X C Z (cf. (1.8.4).)

As mentioned before, we need the Fredholm property of Jy = Ko(4—Ao(t))
as a mapping
(1.13.8) Jo:ENY - W,

where we again use the notation W = C¢ (R, Z),E = C$. (R, X), and Y =
L™ (R, Z).

The mapping (1.13.8) makes sense only if Ag(-)z € W for all z € E. This
is satisfied by a Hélder continuity of the family Ao(¢) in L(X, Z). (Observe an
inconsistency in the notation: Whereas we write « for a function = x(t), we
note explicitly the time dependence of Ay = Ag(¢) in the differential equation
‘ji—f = Ao(t)z or in the operator Jy = /@0(% — Ap(t)). This is in agreement with
a long tradition in differential equations.) For the Fredholm property of Jo we
need the following assumption:

For f € C*(]0,T),Z) and ¢ € Z the solution of

dr = Ao(t)z + f and x(0) = & is given by

(1.13.9) d :
2(t) = Uo(t,0)¢ + / Uo(t, 3)/(s)ds

0
and z € C*([e,T],X) for any € > 0.
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For a Holder continuous family Ag(t) (with respect to the topology of L(X, 7))
that satisfies (1.13.6), the property (I.13.9) is proved in [7], Chapter II. As men-
tioned before, all conditions on D, F(xg, Ao) can be satisfied for a reasonable
large class of parabolic PDEs.

By the assumption (I.13.9) we show that we can characterize the range of
Jo (cf. (1.13.8)) as follows:

feRUJ)CWe Jux=fe
(I'— Uo (2, 0))
(I.13.10) 1 Uo(2m, s) f(s)ds for some z(0) = ¢ € Z &

R0
2 0

Uo(2m, ) f(s)ds € R(I — Upy(27,0)).

Indeed, (I.13.10)2 implies that the solution given by (I.13.9) satisfies 2(0) =
x(27). By the 27-periodicity of Ag(t) as well as of f, and by the uniqueness
of the solution of the initial value problem (I1.13.9), the equality =(0) = x(2n)
implies the 2m-periodicity of 2, and the regularity assumption (1.13.9) finally
gives

(1.13.11) vep, o

E:Ao(t)x—l—feW, orxz €Y.

Proposition 1.13.1 Under the assumptions (1.13.6), (1.13.7), and (1.13.9)
the operator Jy as given in (1.158.8) is a Fredholm operator of index zero.

Proof. By (1.13.10), z € N(Jo) is equivalent to 2(0) = ¢ € N (I —Uy(2x,0)).
The compactness of Uy(2m,0) (cf.(1.13.7)) implies that I — Uy (27, 0) is a Fred-
holm operator of index zero in L(Z, Z) (Riesz—Schauder Theory). By (1.13.3)
dim N(I — Up(27,0)) > 1, and assuming dim(I — Up(27,0)) = n + 1, the
Fredholm property implies

N(I —Uy(2m,0)) = span[@o, - - . , Pnl,
(1.13.12) R(I — Up(27,0)) ® Zo = Z, and
Zy = span[@g, ..., ¢

By the Hahn—Banach Theorem we find vectors

&0y -+, @l € Z' (the dual space) such that
(I.13.13)  (#},4%) =0 (=1 for j =Fk,=0 for j # k), and
(z,¢))=0for k=0,....,n << z€ R —Uy(2m0)).

We set )
14]‘ (t) = Uo(t,O)(ﬁj and
(I.13.14) P (t) =Us2m, t)@), 4,k=0,...,n, te][0,2n],
where Uj(2n,t) € L(Z', Z') is the dual operator.

Then (again by (1.13.10))

(11315) N(JO) = Span['l/;l)w"awn]
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and

27
/ (F), dp(t))dt =0 for k=0,...,n <
0
(1.13.16) </02 Uo(2m,t) f(t)dt, §},) = 0 by definition (I.13.14)

2
@/ U (27, 8)(t)dt € R(I — Up(27,0)) by (1.13.13)
o f € R(Jy) by (L13.10).
We show that (1.13.16) implies codimR(Jy) = n + 1. By the choice of ¢}, in
particular by (I1.13.13)s,
(1.13.17) span[@y, ..., L] € N(I — Uj(27,0)),

which is the easy part of the Closed Range Theorem (cf. [152]). Therefore,

P1.(0) = Uy (2m,0)@), = @), = ¢} (2r) and 9, ... 4", are n + 1 linearly inde-

pendent functions in Cg ([0, 2], Z") (which we can extend to CS (R, Z")).
We leave it as an exercise to prove the existence of

ﬁo,...,ﬂﬁ* € C%(]R Z) such that
(L.13.18) ,
—/ (t)dt =0, j,k=0,...,n

(Hint: By (@;,1%(277)) = J,k, the real-valued function <¢;‘,1/3;(t)> is not in
span[{(@j,iﬁkﬂk # j}] C C%.(R,R). Therefore, there is some f; € C5 (R, R)

such that f( gpj,wk( ))dt = &, and zﬁj*(t) = fi(t)p; satisfies
(1.13.18).) )
Then the (n + 1)-dimensional projection @ € L(W, W) defined by

(1.13.19) (Q2)(t 27T / ' t))dtapy(t)

has the property that
R(Jy) = N(Q) by (1.13.16) and
(1.13.20) W = R(Jp) ® R(Q), whence codimR(Jy) =n + 1.
This completes the proof of Proposition 1.13.1. a
As usual, we set Q|pny = P € L(ENY,ENY).
Corollary 1.13.2 Let N(jo) = span[zﬁo, . ,1,2”] Then
(L.13.21) b; ¢ R(Jo) & ¢; = ¥;(0) ¢ R(I — Up(2r,0)).

If zZ;j ¢ R(jo) for j =0,...,m < n, then we can choose 1[); = z/;j for j =
0,...,m in formula (1.15.18) and for the definition (1.13.19) of the projection
Q.
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Proof. If ¢); € N(Jy), then by (1.13.10), 9;(t) = Up(t,0)@;, so that
¢; € N(I —Uy(2m,0)), which means that Uy(2m,0)¢; = ¢;. Therefore,

2m 27
Uo(2r, t); (t)dt = / Uo(2m, O)Us (1, 0) 5t
0 27 0
(L13.22) /O Uo(2m,0)@;dt = 21, ¢ R(I — Up(27,0)) <
;¢ R(Jo) by (L13.16).

Thus the complement Zy of R(I — Uy(27,0)) can be spanned as

(11323) ZO = Spa’n[@()? ceey ¢m7 Sé;kn-‘rl? U] @;]a

or ¢7 = ¢; for j = 0,...,m. We choose again ¢} according to (I.13.13),
and we define @ZAJ;C by (I.13.14) for k = 0,...,n. Then, for j = 0,...,m and

k=0,...,n
27

% (4 (£), Wy (1)) dt
0
= L T w0, Ul 2m. 1) )dt

(1.13.24) 21” 0,

<U0(27T t)U()(t O)L,DJ, >dt

27r
_/ @Ja dt_ jk

which proves that we can choose wj( ) = wj (t) for j =0,...,m. (The choice
Yi(t) = Uo(t,0)¢; for m +1 < j < n does not work, since 7 is not 27-
periodic, or ¥ ¢ W in this case: We tacitly assume that the number m
such that ¢; = ¢;(0) ¢ R(I — Uy(2m,0)) for j = 0,...,m < n is maximal
or that dim(N(I — Uy(27,0)) N R(I — Up(2m,0))) = n — m. Therefore, the
remaining n — m vectors @3 for m +1 < j < n spanning the complement
Zy of R(I — Uy(27,0)) cannot be in N(I — Uy(2m,0)), which means that
Uo(27,0)¢5 # ¢F for m +1 < j < n. Nonetheless, there exist such functions
Y7 € W for m +1 < j < n such that (1.13.18) is satisfied.) O

Now we are ready to prove the Implicit Function Theorem for Peri-
odic Solutions of (I.13.1).

Theorem 1.13.3 Assume that (1.15.1) has a po-periodic solution xq for
A = Ao with a simple trivial Floquet exponent po = 0 in the sense of (1.153.4)
(after normalization of the period py to 2m). Under the assumptions (1.13.6),
(1.13.7), and (1.13.9), the periodic solution xo has a continuation described
as follows: There are continuously differentiable mappings x(\) and p(\) de-
fined on (Ao — 0, Ao + 0) such that x(Xo) = zo, p(Xo) = po, and z(\) is a
p(A)-periodic solution of (I1.13.1). All periodic solutions of (1.13.1) in a neigh-
borhood of (xg, o) (in the topology defined in the proof) having a period near
po are given by a phase shift of (z(\), \).
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Proof. Substituting t/kg for ¢t where pg = 27 /K¢, we prove the unique con-
tinuation of the solution (zg, ko, Ao) of G(z,k,A) = k% — F(z,\) = 0 in
(ENY) x Ry x R; cf. (I.13.2). We define

(1.13.25) Gl \) = <G(as, KA, /0 T mo,qﬁ@dt) ,

where G is given by (1.8.10), (1.8.12), with 2 € U, and ¢}, is given by (1.13.13),
(L.13.14).

By assumption (I.13.4), we have N(jo) = span[zzjo] o = xo, and v ¢
R(jo). Therefore, we can apply Corollary 1.13.2; and the prOJectlon

1

(113.26)  (Q)(1) = 5=

2
/ (z(t), 0y (t))dtpo(t)  (cf. (1.13.19))
projects W onto N (.Jo) along R(Jy). R
By G(xq, ko, Ao) = 0, we clearly have G(z0, ko, Ao) = (0,0), and the deriva-
tive
D(w7H)G(I0, KO, )\0) € L((E n Y) X R, W x R)
is given by the matrix
(1.13.27) R DG (o, Ko, No)
D(x,n)G(‘xmKOvAO) = 2m 5,
|6

4
dt
0

Zo

We claim that D(I’H)G(xo, Ko, Ao) is bijective. Indeed,

D (4.)G (20, K0, No) (2, k) = (0,0) &

2

Jox + Kibg = 0 and / <x,1ﬁ6)dt =

0

(1.13.28)

Since ¥ ¢ R(Jo) by assumption (I.13.4), the first equation of (1.13.28)y im-
plies R
(I.13.29) x € N(Jy), k=0,

and by the second equation of (1.13.28)a,
(1.13.30) = Qx=0.

Thus N (D (4G (0, ko, Ao)(z, k) = {(0,0)}.

Again by assumption (1.13.4) we have W = R(jo) & Span[zﬁo], and by
= 5”(1,20, 1%>dt =1, we see that R(D(w’,{)é(axo, KosAo)) = W x R, or that
D(my,{)é(xo, Ko, Ao) 18 surjective.

To summarize, the assumptions of the Implicit Function Theorem are satis-
fied for G at (0, ko, o). (If F € C2(U xV, Z), then G and G € C*({U XV, W),
where U is a neighborhood of {zo(t)[t € [0,27]} € X, o €V C R,z € U C
ENY, and (ko, o) € V C R2))
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Therefore, there exists a continuously differentiable curve {(z(\), k(\), A)|
A€ (Ao —9, )\0—1—6)} in (ENY) xRy x R such that (z(Ag), k(No)) = (0, ko)
and
(x(A),k(A),A) = (0,0), or, by (1.13.25),
(x(A),£(A),A) = 0 and

27
/ <$C()\) — S(}(),’l;(lﬁdt =0 forall A € ()\0 — 9,0 + (5)
0

G
w33 ©

Substituting finally ()t for ¢ in () (¢), we obtain a continuously differen-
tiable curve (z(X), A) of p(\)-periodic solutions of (I.13.1) through (zg, Ag) and
the continuation of the period p(\) = 27/k(A) satisfies p(Ao) = 27/Kko = po.

The last equation in (1.13.31) links the phase of z(\) to that of 2. Due to
the equivariance (1.8.41), any phase shift in z(\) provides another solution of
G(z,k,\) =0. O

In Section 1.4 we pursue a curve of “stationary” solutions of F'(z,\) =0
around a turning point (or a fold) by an Implicit Function Theorem with a
one-dimensional kernel. We extend this to periodic solutions of 4 = F(x, \).
We stay in the setting of (I1.13.2); i.e., we fix the period to 27 by introducing
a second parameter k. We do not assume the simplicity of the trivial Floquet
exponent o = 0 in the sense of (I.13.4). Therefore, we have to distinguish
two cases:

(1.13.32) 1) o= %{o ¢ R(Jo),
(2) o € R(Jp).

We begin with case (1); i.e., we are in the situation of the proof of Theorem
1.13.3. We define G as in (1.13.25), and if D(, .)G(z0, ko, Ao) has a trivial
kernel {(0,0)}, we are precisely back to Theorem 1.13.3. Therefore, we assume
now

(1.13.33) dim N(D(y )G (20, 0, \o)) = 1
By (1.13.27), (1.13.28), this is equivalent to

(113.34) N(Jo) = sApan[dAJo,zf)l], ie., dim N(Jy) =2, and
N(D(z,x)G (20, K0, Ao)) = span(t1, 0)].
Furthermore,

(L13.35)  R(D(y.)G(x0, k0, Ao)) = (R(Jo) @ span[i]) x R
which proves by codimR(Jy) = 2 (cf. Proposition 1.13.1) that
(1.13.36) codimR(D(W/v)G(xo, Ko, o)) =1

Therefore, D, R)G (0, Ko, Ao) is a Fredholm operator of index zero. Choosing
Ui = o accordlng to Corollary 1.13.2 and ¢, according to (1.13.13), (1.13.14),
we have fo (1ho, 4 )dt = 0 and finally by (1.13.16),
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(f’QO) ¢ R<D(Z,n)é(‘r07 Ko, >‘0)) g

(113.37) /0 it £0.

Theorem 1.4.1 is then applicable if
DG (w0, 0, M) = (—DAF(z9, X0),0) ¢ R(D(y,)G (w0, Ko, M)

1.13.38 2 5
(L13.38) / (DrF (20, Ao), &, )dt # 0.

0

Next we consider case (2); i.e., 1y € R(Jy). Now we cannot apply Corollary
1.13.2, and in particular, 1% # 1/30,f02ﬂ<’(/}0,’(/;6>df = 0 according to (I.13.16).
Nonetheless, we find a function ¢}, € Cg, (R, Z') such that

1 2

(1.13.39) o/, (Yo, Yp)dt =

(The proof is similar to that of (I.13.18): Consider the 2m-periodic real-
valued function (¢o(t),2') for some 2z’ € Z' such that (¢(t),2') # 0.) W
now define @ as in (L.13. 25) but we replace 1)) by 1) satisfying (I.13.39).
By assumption Yo € R(Jo) the corresponding equations (1.13.28) imply
dlmN(D(x’,ﬂ)G(xo,mo,)\o)) > 1. Again we assume (1.13.33), which is equi-
valent to

N(Jo) = span[ty], i.e., dim N(J) = 1, and

1.13.40 A 0 .
(L1300 (D G, o, Ao)) = sprnl(dn, 1), 1 # 0.
Furthermore, . R
(11341) R(D(w)N)G(Jfo, Ko, /\0)) = R(Jo) X R,

which proves, by codimR(jo) =1, that
(1.13.42) codimR (D, )G (20, ko, No)) = 1

Therefore, D(:C,H)CAJ(xO, Ko, Ao) is a Fredholm operator of index zero, and by
(1.13.16),

(f’QO) ¢ R(D(Iy,{)é(l'm Ko, )‘0)) And
[ i o

Thus Theorem 1.4.1 is applicable, provided that

(1.13.43)

2
(1.13.44) /0 (DyF (20, Xo), Uh)dt # 0.

Remark 1.13.4 In both cases (1.13.52), the trivial Floquet exponent g = 0 is
at least algebraically double: In case (1) it is geometrically double by (1.13.34),
in case (2) it is algebraically double, possibly of higher multiplicity if 1/;1 m
(1.13.40) is in R(Jy), too.
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We summarize our results to an Implicit Function Theorem for Peri-
odic Solutions with Two-Dimensional Kernels: Turning Points (and
we recall that our conditions are given when the period is normalized to 2).

Theorem 1.13.5 Assume that (1.15.1) has a po-periodic solution xq for
A = Ao with a double trivial Floquet exponent puy = 0 in the sense of
(1.13.34) or (1.13.40). Furthermore, we assume that the 2m-periodic function
Dy F(xo, No) satisfies (1.13.38) or (1.13.44). Under the remaining assump-
tions (1.13.6), (1.15.7), and (1.15.9) of this section there are continuously
differentiable curves {(x(s),A(s))|s € (—0,6)} and {p(s)|s € (—0,9)} through
(2(0),A(0)) = (x0, Ao) and p(0) = po, respectively, such that x(s) is a p(s)-
periodic solution of (1.13.1) for A\ = X(s), and any periodic solution of (1.13.1)
in a neighborhood of (xo, Ao) having a period near py is obtained by a phase

shift of (x(s), A(s)).

We recall that we prove the existence of a curve of solutions of G(z, k, ) =
k92 — F(z,\) = 0 through (o, Ko, Ao) in (C37*(R, Z)NCE (R, X)) x Ry x R.
This is achieved by applying Theorem 1.4.1 to G(x, k,A) = 0, where the pair
(z, k) is combined to one variable and A is the only parameter. Corollary 1.4.2

then also gives the tangent vector of the solution curve at (xg, kg, Ag), namely,
by (1.13.34) or (I1.13.40),

d . d
—x(s)| o =1, d—H(s)’ _o = 0or 1, respectively,
S= S s=

(113.45) 9§
% (8) }s=0 =

Assuming more differentiability of G (which means more differentiability of
F, namely, F € C*(U x V, Z), where U C X is a neighborhood of {z¢(t)} and
Ao € V C R), the solution curve {(z(s), x(s), A(s))|s € (=0,8)} of G(z, k, \) =
0 through (xo, ko, Ao) is twice continuously differentiable.

In order to determine A(0) (and also #(0) in the first case; =~ = 4 we
follow the lines of (1.4.16), and we obtain in case (1) (cf. (1.4.23)),

A0) = — o (D2, F (w0, o)1, th], ¥4 )dt
(1.13.46) ) 2T (DAF (20, Ao), 0} )t

§0) = o [ (D20, )b, ] + DaF (a0 A)A(0) G

where we used 3- | <1/10, byt =1, f (1o, })d
In case (2) we obtaln by fo (tho, ) dt = 0,

f027r<D22? (I0,>\0)[1[}171[)1] dtqulaq/}0>
<D,\F(.130, )\0) ¢o>dt

Observe that the denominators are nonzero by assumptions (I.13.38) and
(1.13.44), respectively. If the numerators are nonzero, too, then A(0) # 0,

(113.47)  A(0) = —
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and in this sense the curve {(z(s), A(s))} of p(s)-periodic solutions has a non-
degenerate turning point (or fold) at (2(0), A(0)) = (2o, Ag). (Here it makes
no sense to call it a “saddle-node bifurcation.”) For a different expression of
the numerator of (I1.13.47), see (1.13.59).

A closer look reveals that the turning points are “generically” of two differ-
ent types: The turning point in case (1) has an extremal period at (z, ko, \o),
since £(0) = 0 and %(0) # 0. At the turning point of case (2), the period
p(s) = 2w /k(s) is a monotonic function, since 4(0) = 1.

Remark 1.13.6 We can unify all cases of a continuation described in Theo-
rems 1.13.3 and 1.13.5 to a single point of view. In any case, G(z(s), k(s), A(s))
=0 for s € (=0,0) (where s = X in case of Theorem 1.13.3). Differentiating
this equation with respect to s at s = 0 gives

) DwG(.T(), R0, )\0).’]&‘(0) + %l‘o;‘i(O) — D)\F<.’170, )\0))\(0) = 07 or

(1.13.48) A _
Joi(0) + 1hoi(0) — Dy F(z0, Ao)A(0) = 0.

The total derivative D(, . )G (20, ko, Ao) as a mapping from (ENY) xRy xR
into W is given by the matriz

(1.13.49) D45 G (w0, K0, 00) = (Jo 1o — DaF (w0, X))
having the kernel vectors

(0),£(0), A0))
= (33( ), %(0),1) in case of Theorem I1.13.3,
= (¢

1,0,0) in case (1) of Theorem 1.13.5,
= (41,1,0) in case (2) of Theorem 1.13.5, 11 # 0,
and in all cases it has the kernel vector (19,0,0), g = %xo.

(1.13.50)

Thus dim N (D (g2 G (0, ko; Ao)) = 2 in all cases. On the other hand, by the

assumptions on 1[)0 or on Dy\F(z0, o), the total derivative D, . »)G(xo, Ko, Ao)
1s surjective in all cases.

In this sense, 0 is a “reqular value” of G at its zero (xo, ko, No), and
since the kernel of its total derivative is two-dimensional, the solution set
of G(x,k,\) = 0 near (xg, ko, \o) is a two-dimensional manifold (=surface)
through (xq, ko, Ao) described by

(I.13.51) {(z(s)(- +0),k(s),\(s))|s € (—=6,0),0 € [0,2n]}

(For more details we refer to [96], [99].) We obtain a curve by fixing the phase
0 to O = 0. For obvious reasons, the surface (1.13.51) is called a “snake” in
[120].
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1.13.1 Exchange of Stability at a Turning Point

At the end of this section we investigate the stability of the curves of periodic
solutions of (I.13.1) given by Theorems 1.13.3 and 1.13.5. Clearly, “stability”
means as usual “linear stability,” which is determined by the Floquet expo-
nents of the p-periodic solution x. To be more precise, only the nontrivial
Floquet exponents play a role, provided that uy = 0 is a simple Floquet expo-
nent of = in the sense of (I1.13.4) (cf. the comments at the beginning of Section
1.12).

In case of the Implicit Function Theorem for periodic solutions (Theorem
1.13.3), the stability of z()) is the same as that of x(\g) = x¢ for A € (Ao — 9,
Ao +9) (if 6 is sufficiently small). Indeed, the simplicity of the trivial Floquet
exponent pg(A) = 0 is preserved for A near \g if we assume (1.13.3) not only
for zo (i.e., for A = Ag) but also for z:()) for A near Ag. Then o(\) = 4 2(N)
is the eigenfunction of D,G(x(A), k(\), \) with eigenvalue ug(A\) = 0, and by
the closedness of R(D,G(z(N),k(A),N)) in CS(R,Z) = W (cf. Proposition
1.13.1), the simplicity of 11o(A) = 0 is inherited from the simplicity of po(Ag) =
0, since R(D,G(z(\),x(\),\)) as well as ¥(\) depend continuously on X in
the topology of W.

Next we investigate the linear stability near a turning point; i.e., we con-
sider the stability of the curve {(z(s), A(s))|s € (=9, 0)} of p(s)-periodic solu-
tions of (I1.13.1) given by Theorem 1.13.5. Again we focus only on the critical
Floquet exponents emanating from the double Floquet exponent py = 0. To
do so we have to be sure that py = 0 is an algebraically double eigenvalue of
Jo = D,G (20, Ko, Ao) such that the so-called 0-group of the perturbed Floquet
exponents is twofold (cf. [80]). Therefore, assumptions (1.13.34) and (1.13.40)
have to be sharpened in the sense that

(1.13.52) 1 ¢ R(Jo)

(cf. also Remark 1.13.4). Assumption (I.13.52) implies by (I.13.34) or (1.13.40)
that

W % R = R(D(y 1) G20, K0, X)) ® N(D(z )G (0, K0, X))
(I.13.53)  or 0 is a simple eigenvalue of D, )G (o, Ko, Ag) in the
sense of (1.7.4) with eigenvector (¢1,0) or (1, 1), respectively.

Proposition 1.7.2 gives the simple eigenvalue perturbation as follows

(for Dy )G (2, &, A) see ((1.13.27)):

L1351 Doy G(a(s), (), A(5)) (@1 + w(5)> = p1(s) <¢1 * “’(3)) > :

v(s) v(s

(w(s), (5)) € R(D(z.x)G (0, K0, A0)) N (ENY) x R).

For s = 0 we have w(0) =0, v(0) =0 or 1, and y4(0) = 0.
The first equation of (I1.13.54) is
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D, G(a(s), #(s), A(5) (1 + w(s)) = p(s) (1 +w(s)) = v(s)do(s),

(1.13.55) where 9y(s) = ix(s)

dt
We assume (1.13.3) not only for zo = x(0) but also for x(s) for s € (=4, 9).
Therefore, o (s) is the eigenfunction with eigenvalue pio(s) = 0, which is the
trivial Floquet exponent. Equation (I.13.55) is then the analogue to equation
(I.12.10), and the arguments given after Proposition 1.12.1 prove that p;(s)
is the nontrivial perturbed Floquet exponent.

If G and therefore (z(s), k(s), A(s)) are smooth enough (which is guaran-
teed under the assumptions on F in Section 1.9), we can differentiate equation
(1.13.55) with respect to s at s = 0, and using w(0) = 0, 41 (0) = 0, as well as
(I.13.45), we obtain

— D2, F(x0, Ao)[1, 9] + DyG (o, ko, Ao)(0) + %JJW(U)

(1.13.56) ) ’ 0
= (1 (0)1 — 2(0)3hg — V(O)E%(O)

First we treat case (1) when £(0) = 0, v(0) = 0, and where we can choose
1[}8 = 1o, ¥} = 1y in view of Corollary 1.13.2. For the choices of 7,/36,1%7 for-
mula (1.13.18) is valid. Using also (I.13.16) for D, Gz, ko, Ao)w(0) € R(Jy),
equation (1.13.56) yields

1 2m

,ul(O) = 2 <D92;xF(x0; /\0)[1[)1,1;1],’(@96%
(1.13.57) s

= 35 . (DaF(0,20), $1)dtA0) by (113.46) (= ).

In case (2), £(0) =1, »(0) =1, and fozﬂ(qﬁo,i%)dt = 0. Furthermore,

d d d d d -
Sy by (1.13.45),

d ~

and the relation jol&l +z/30 = Iio%l&l — D, F(xo, )\0)1&1 +1/A)0 =0 (cf. (1.13.40))

implies
27 d 27

(1.13.59) / (b, i)t = — [ (DuF (w0, Mo, )t
0

Equation (I1.13.56) finally yields

27 d
n0) = 5 [ @20y~ D2, P, Ao, ), g
(1.13.60) TSy o
=5 (DF(z0, Xo), 04)dtA(0) by (1.13.47).

Therefore, [1; # 0 at a nondegenerate turning point in case (1) and also in
case (2). Thus the critical (nontrivial) Floquet exponent 4 (s) changes sign at
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s = 0, i.e., at the turning point (zg, \g). If the remaining Floquet exponents
are in the stable right half-plane of C (cf. (I.12.2)), then the stability of the
p(s)-periodic solution z(s) of (I.13.1) for A = A(s) changes at the turning
point (z(0), A(0)) = (xg, A\o). We summarize:

Theorem 1.13.7 If a nontrivial periodic solution xq of (I1.13.1) for A = X\g is
continued via the Implicit Function Theorem for periodic solutions (Theorem
1.13.3), then the stability does not change. If it is continued around a nonde-
generate turning point via the two cases described in Theorem 1.13.5, then its
stability changes at the turning point.

The possibilities are sketched in Figure 1.13.1, where each point on the
curves represents a periodic solution of (I.13.1).

stable
- unstable / \

Ao

Figure 1.13.1

Remark 1.13.8 Usually, the continuation of periodic solutions is proved by
the continuation of fixed points of the Poincaré map associated with (1.15.1).
This fine geomelric setting, however, requires the definition, existence, and
smoothness of the Poincaré map generated by the nonlinear flow in a neigh-
borhood of a periodic solution xo (for the parameter o). Although that causes
no problems for ODEs, for parabolic PDFEs the existence of a nonlinear flow
usually requires more assumptions on the mapping F (cf. (1.8.2)). We men-
tion that typically, the nonlinear remainder of F (i.e., F(x,\) — D,F(0,\)x)
is defined on a domain of a fractional power of Ay = D,F(0,)\) that is an
intermediate (or interpolation) space between X and Z (see [82], [84], [71],
[126], for instance). In other words, (1.13.1) represents a semilinear parabolic
PDE. Then the derivative of the Poincaré map at the po-periodic solution xq
is Up(po, 0), which is the period map of the variational equation. The contin-
uation of a fized point of the Poincaré map is then guaranteed if the trivial
Flogquet multiplier 1 of Uy(po,0) is simple. The occurrence of the two types of
turning points is proved in an analogous way.

We restrict our investigations a priori on periodic solutions, or in other
words, we do not need the entire nonlinear flow in a neighborhood of a pe-
riodic solution. Therefore, our assumptions on F seem to be weaker. On the
other hand, we need the regularity assumptions (1.13.3) on the periodic so-
lution xo, and (1.13.6) on the periodic family of operators D, F(xo, o). We
do not know whether these assumptions require the same conditions on F
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as the construction of the Poincaré map around the periodic solution xqy. In
any case, that construction requires some additional steps, and it certainly
uses the linear fundamental solution (or evolution operator) Uy(t,T) gener-
ated by D, F(xo, o) as well. In order to avoid these additional steps we do
not prove the continuation of periodic solutions in the common way by using
the Poincaré map, but we stay in the setting of a Fourier analysis.

The same comments refer also to the next section: Typically, the period-
doubling bifurcation is proved by a continuation of a fixed point of the iterated
Poincaré map (which is not a fixed point of the Poincaré map itself). For the
same reasons explained before, we stay in our setting and study (1.13.1) in a
space of periodic functions.

1.14 Period-Doubling Bifurcation
and Exchange of Stability

We resume the situation of Section .13, where we prove the existence of a
smooth curve of periodic solutions of

dx

(I.14.1) i F(z,\)

parameterized by A or having a turning point and therefore parameterized as
{(x(s),\(s))|s € (—9,0)}. The continuation of the period p = p(s) is part of
the problem, and some remarks on that period are in order. Obviously, any
integer multiple of a period is again a period, and so far, we did not require
that the period be the minimal period. (In case of the Hopf Bifurcation,
the emanating path has the minimal period 27/k(r), where x(0) = ko is
determined by the imaginary eigenvalue irg of Ag = D, F(0,Ag) (cf. Theorem
1.8.2).) In the situation considered in Section I.13, however, the following could
happen: A pg-periodic solution zq of (I.14.1) can be continued by the methods
of Section 1.13, but the same solution xy cannot be continued as a kpg-periodic
solution for some integer k£ > 1. Thus it could make a difference whether we
consider some period of xy or the minimal period of xzy. We make this more
precise now.

We define kg by po = 27 /kkg for some k € N, and as usual, we substitute
t/ko for t in zy. Without changing the notation for x, the equation G(x, k, \) =
k92 — F(z,A) = 0 has a solution (2o, Ko, Ag) in (C;:/‘Z(R, 2)nCs, (R, X)) x
R4 x R by assumption.

That solution has a unique continuation if the assumptions of Section
1.13 are satisfied (when 27 is replaced by 27/k). These assumptions are sum-
marized in Remark 1.13.6: The total derivative D, .. x)G(zo, Ko, Ao) has a
two-dimensional kernel, and it is surjective.
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Since zg is also 2m-periodic, we can consider G(z, K, A) also as a mapping
in the corresponding space of 2m-periodic functions having a zero (2o, ko, Ag)
in (C3F*(R,Z) N C$.(R, X)) x Ry x R. The assumptions of Section I.13
are violated if the total derivative D(, . x)G (20, ko, Ao) (see (1.13.49)) is no
longer surjective in the space of 2m-periodic functions. By the Fredholm
property of Jy (cf. Proposition 1.13.1), this is equivalent to the fact that
D(Iyn)A)G(mo,mo,)\o) has a kernel of dimension greater than 2. (It is easy
to show that the total derivative D, . )G (%0, Ko, Xo) as given by (1.13.49) is
a Fredholm operator of index 2, cf. Definition 1.2.1, since Jo is a Fredholm
operator of index 0.)

If D4 .0, 2)G(0, Ko, Ao) has a kernel of dimension greater than 2 in the space
(C3F*(R, Z) N O (R, X)) x Ry x R, we expect a bifurcation from the curve
of 27 /k-periodic solutions of (I.14.1) into the space of 2m-periodic solutions,
which means a multiplication of the period by k. A “simple” bifurcation,
however, occurs only if the dimension of the kernel is 3, i.e., if its dimension
is increased by 1.

Remark 1.14.1 We give arguments for our assumption (1.14.17) below on a
simple period-doubling bifurcation; i.e., we explain why we restrict the factor
k of a period multiplication to 2. To that end we choose the setting of a Hilbert
space as in [88], [96], [99], where

G DQ.,TXRXR—)HQTH
= L2[(0,2m), H] with scalar product

( ) )Oii 0%( , Jmdt, ( , )g = scalar
(1.14.2) product in H, D C H (densely, continuously),

r={ze€ H27r L ¢ Hop,x € LQ[(O 27), } x(()) =z(2m)}
with scalar pmduct (, n=(L L)+ 2+ f , )pdt
( , )p = scalar product in D.

Choosing a complete orthonormal system { fm }men tn H, we expand x € Hay
into a Fourier series (after a natural complexification) as follows:

'T(t) = Z Cmnf'meinta Cmn = ('ra fmeint)m
(L14.3)

Cm,—n = Cmp for real .

(If © € Doy, the expansion (1.14.3) holds as well with a stronger convergence
of the Fourier coefficients.) It is crucial in this Hilbert space setting that the
closed subspaces Hayj, and Doy jy, of 27 /k-periodic functions have closed or-
thogonal complements. We decompose
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x(t) = Z Cmnfmeint + Z Cmnfmeint

meN meN
n=kl,LEL n#kl

which yields the decompositions

Hoyr = Harjie © Hagji,  Dax = Danie © Danyi
with projections Qy, Q. such that Q. + Qi =1,
P = Qk|py,, Pr = Qklp,, -

(L14.4)

The total derivative D, ,. »)G(xo, ko, Xo) given by the matriz (jo Po
- DAF(a:O,)\o)) (cf. (I 13.49)) has the following property: Since xo € Do /g,
the functions o = mg, DAF(zO,)\o) and D, F(xo, o) are in Har i, and
since by definition, JO = Ko % dt — D, F(xg, o), the subspace of 27 /k-periodic
functions is invariant:

(1.14.5) D(z,n,/\)G(xOMan)\O) : Dgﬂ-/k XRxR— H27r/k-

Whereas this invariance is true in the Banach space formulation as well, i.e.,

D(m,n,A)G(ﬂUO,HOy)\O) (021;/0;9@& Z) N ng/k(RaX)) XRXxR — CQW/]C(R7 Z)7

the following invariance of the complement can hardly be stated in that setting.
We claim that

Jo : D27r/k — Hypyp,, or equivalently,

1.14.6
( ) QrJoPy = 0.

Let Sor sy, be the shift operator (1.8.81). By the 27 /k-periodicity of xo, we see
easily that . .
(1.14.7) SQw/kJO = Josgﬁ/k.

The action of Sor /i on I;IQW/;C 18 described by

Sorpa(t) = Y €™/ ke, fre™ such that

meN

n#kl
(1148) eiZTrn/k 7§ 1 fOT all n 7é k¢ and

I — Sy /1 is an isomorphism in L(ﬁgﬂ/k,fl%/k).

(Obviously, I — Syr )y, is also an isomorphism in L(ﬁzﬂ-/}c,ﬁgﬂ-/k).) We now
prove (1.14.6). By definition of Qy, we have

(114.9) Sk Quo P = QudoPr, and by (1.14.7),
Sor/kQrJoPr = Qi Jo P Sor /i
(The projections commute with any shift operator.) Therefore,

(I.14.10) QuJoPi(I = Sory1) = 0 in L(Doy sy, Hom i),

which proves (1.14.6) by (1.14.8). Identifying “®” and “x” in an obvious way,
we see that the matrixz of
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D(m,n,)\)G(anKOa)‘O) : D27r/k X ﬁ?ﬂ"/k‘ XRxR— H27r/k X I;[27r/k
(I.14.11)

Jo 0 o DAF(I07>\O)> .

is therefore given by ( 0 J 0 0
0

This proves, in turn, the following:

N(D(x,m,/\)G(xm Ro, >\O))

[.14.12 %
( ) = N(D(m,n,)\)G(IovK07A0))|D2”/kaXR) X N(‘]O‘ﬁ%r/k)'

Returning to the theme of this section, if the first part of that kernel is
two-dimensional, we expect a “simple” period-multiplying bifurcation from
the curve of 2m/k-periodic solutions of (I.14.1) into the complement of 27-
periodic functions (which are not 27 /k-periodic), provided that the dimension
of N(Jobw/k) is one.

Next we investigate when this one-dimensionality is possible, or when

(1.14.13) N(Jo| Do) = span(is] for some o € Doy .

By (1.14.7),

U and Szﬂ—/k'(;Q are both in N(j0|b2,,/k)’
(I.14.14) and (1.14.13) is true only if
Yo and Sor 2 are linearly dependent over R.

By (I.14.8), this, in turn, is true only if

ei2mn/k — _1 for all n +ki, L €Z,
(I.14.15) which requires that k be even and that
(12, fme™)o # 0 only forn = 5(20+1).

Therefore, necessarily,

(1.14.16) Son k2 = —42 and
o is 47 /k-periodic.

This finishes the proof that in the Hilbert space setting the only sim-
ple period-multiplying bifurcation is the period-doubling bifurcation. For
ODEs the Hilbert space setting and the Holder space setting (which we choose)
are equivalent. For parabolic PDEs, however, the Hilbert space formulation
(1.14.2) restricts the class of nonlinear operators (cf. [83], [88]), which is why
we prefer the Banach space formulation in Sections 1.8—1.14.

We return to our usual definiton of G(z, k,\) = k% — F(z, A) defined in
(C3T*(R, Z) N CS (R, X)) x Ry x R and having values in C§. (R, Z). Again,
we use the notation W = C% (R, Z), E = C$ (R, X), and Y = C; (R, Z).

We give the assumptions for a simple period-doubling bifurcation moti-
vated by Remark 1.14.1.
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Since the normalization of the period py of 2 to 27/k (via pg = 27/kko
and substitution t/kg for t) is arbitrary, we now choose k = 2, so that the
period of x( is normalized to m. We assume that

G(xo, ko, Ao) = 0 for some

((E(), K0, )\()) S (C%+Q(R7 Z) n C?(R, X)) X R+ X R,

N(D(w,m{)G(xOv ”0: >‘0)|(C7£+Q(R,Z)mc;: (R,X))X]RX]R)
(1.14.17) = span[(¢o, 0, 0), (¢1, k1, A1)] (cf. (1.13.50)),

N(D(xm{)G(mOv "501 AO)|(C;:Q(RA,Z)HC;F(]R,X))X]RX]R)

= Span[(w()a Oa 0)7 (¢17 K1, A1)a (¢27 07 O)]a

and STI'dJQ = 77/}2-

The three possible cases of ({1, k1, A1) are summarized in (1.13.50), and the
vector (11, k1, A1) = (&(0),%(0), A(0)) is the tangent vector of the curve of
m-periodic solutions {(z(s),k(s), A(s))|s € (=6,9)} of G(z,k,\) = 0 through
(20, Ko, Ao) (and an arbitrary phase shift generates a surface with the second
tangent vector (1, 0,0)).

We draw some conclusions from assumption (1.14.17). As mentioned be-
fore, D4 ..,x)G(%0, Ko, Ao) is a Fredholm operator of index two when consid-
ered in the space of m- as well as of 2m-periodic functions.

Therefore, D, . »)G(Zo, ko, Ao) is surjective when restricted to the space
(Cf7ll_+a(R’Z) N C?(R, X)) x R x R7 and COdimR(D(r7K7A)G("E(],H(], )\())) =1
when 7 is replaced by 27. Thus

R(D(g,1,0)G (20, Ko, >\20))
—{zecp®.2) [ (bt =0}
A 0
for some ¢4 € C$ (R, Z’) (cf. (1.13.16)), and in particular,

27
/ (z,4p4)dt = 0 for all z € CX(R, Z).
0

(114.18)

The last relation can be restated as follows, where we use the m-periodicity of
z and the shift operator S;:

(1.14.19) / (2,00 + Spb)dt =0 for all z € C2(R, Z),
14 0

which implies Sy, = —i)).

Next we choose functions z%, 1[)’1 € C2(R, Z’) such that

L O B
—/0 (o, Byt = 1, zT/O (e =1,

T
(1.14.20) whence in view of S;thy = —1)s,

27 . R 2 R R
/ <w2,wa>dt=/ (o, )t = 0.
0 0
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(The functions ), 1| exist by the argument following (1.13.39).)

We now prove a simple period-doubling bifurcation from the curve of 7-
periodic solutions passing through (zg, ko, Ag). That curve (whose existence
is proved in Section 1.13) is locally parameterized as {(x(s), x(s), A(s))|s €
(=0,6)} € (CH*(R,Z) N C2(R, X)) x R x R, where (x(0),x(0),\(0)) =
(0, Ko, Ao). We define

Glu,s) = (()+fvf€()+ff)\()+>\)7
Where u=(z,R, and
(1.14.21) ( zﬁo>dt,/0 <x,q&’1>dt) ,
G:U x( — W x R x R,

OGUC(EHY)XRX]R.

The Fredholm property of Jo = D,G(x0, ko, \o) (cf. Proposition 1.13.1) in-
duces the Fredholm property to

Dué(oa 0)(1}, R, )‘)
27 2m

(11422) = (D(z,r@,)\)G(xm Ko, )\0)(1’, R, )‘)7 / <£L‘, 12}(l)>dt7 / <£L‘, 12)/1>dt) 5
0 0
where D, . »)G(20, ko, Ao) is given by (1.13.49).

To be more precise, DUG(O, 0) is a Fredholm operator of index zero.
Obviously, G(0,s) =0 for s € (—4,0) (which is the “trivial” solution line),
and in view of (1.14.17) and (1.14.20),

N(D,G(0,0)) = span|(12,0,0)] and

1.14.23 N
L2 R(DLG0,0)) = R(D(uor) Gl ko, do)) X R x R

We can apply Theorem 1.5.1, provided that the nondegeneracy condition
(I.5.3) is satisfied:

(1.14.24) D?2,G(0,0)(1h2,0,0) & R(D,G(0,0)).

(If F e C3(U x V,Z), then G € C2(U x (=6,6), W x R x R), where U is a
neighborhood of {zy(t)|t € [0,7]} C X, A0 € V C R.) In view of (I.14.18) and
(1.14.23), this condition (I.14.24) reads as follows:

D2,G(0,0)(12,0,0)

H(0) iy — D2, P (0, 30)#(0), 2] — A(0) D2\ Pz, Mo}t
d’ -

= K1 @1/12 — D2, F(20, o) [th1, 2] — A1 D2\ F (0, Ao)hs

(1.14.25) <<o> (0), <>> wl,m,Ao( =%) and

/O<H1 d Py — D2, F(x0, M) [, 7702] — M D2, F (20, o) 2, %) dt
2.
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Theorem 1.5.1 then yields the following Period-Doubling Bifurcation
Theorem.

Theorem 1.14.2 Assume the general hypotheses of Sections .13 and 1.14 on
G(z,k,\) = k% — F(z,\), and in particular, assume (1.14.17) and (1.14.25).
Then two continuously differentiable curves of solutions of G(x, k, \) = 0 pass
through (xo, Ko, Ao):

{(z(s),k(s),A(8))|s € (—0,9)} is the curve of m-periodic solutions through
(2(0), 5(0), \(0)) = (20, o, o) B

and (o) 430) () RN € () e cure of
om-periodic solutions through (z(s(0)) +#(0), £(s(0)) 4+ &(0), A(s(0)) + A(0)) =
(w0, Ko, Ao)-

All 2m-periodic solutions of G(x, k,\) = 0 near (xo, ko, Ao) (in the topology of
(ENY) xR xR) are given by arbitrary phase shifts of solutions on these two
curves.

For a proof we solve by Theorem 1.5.1 the equation G’(u, s) = 0 near (0,0)
by a nontrivial curve

{(u(r), ()7 € (=6, 5), (u(0), 5(0)) = (0,0)},
(L426)  here u(r) = (3(r), &(r), A(T)).

(We place a “~” on (&(7), #(1), \(7)) in order to distinguish this curve from
the curve (x(s), x(s), A(s)).) We insert {(u(r),s(7))} into G (cf. (1.14.21)),
and by G(U(T),NS(T)) 0 we obtain the curve {(x(s(7)) + Z(7),k(s(T)) +
K(7), A(s(7)) + A(7))} of 2m-periodic solutions of G(z, k, \) = 0. O

Next we study the tangent vector of the curve of 2m-periodic solutions at
(20, Ko, Ao)- By Corollary 1.5.2, we obtain

(1.14.27) %u(f)\TZO _ (%j(@), %R(O), %x(o)) = (4}2,0,0).

We have to evaluate %S(O) in order to give the tangent vector of the period-
doubling bifurcation curve.

The nontrivial solution of G(u, s) = 0 is found by the Lyapunov—Schmidt
reduction (Theorem 1.2.3). We decompose u = 7(1&2,0,0) + 1/)(7'(1&2,0,0), ),
and the reduced equation is

(1.14.28) /O W(G(r(qﬁg, 0,0) + ¥(7(1)2,0,0), 5), 5), 4% ) dt =

(cf. (1.2.9), (1.4.21), (L.4.22), (1.14.18), and (1.14.23)). By definition (I.14.21),
equation (1.14.28) is equivalent to

(11429) /O ﬂ<G(1‘(5) + 7"&2 + ¢1a H(S) + ¢27 A(S) + ¢3)7 ¢é>dt = 07

where 10(7(1&27 07 0)7 8) = (1/117 1/127 ¢3)(T(1/;27 07 0); S)
according to the three components of u (cf. (1.14.21)).
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Next we make use of the equivariance (1.8.31) of G.

Since Dy, G(%0, Ko, o) (2, K, A) = Sx D5 2)G (20, ko, o) (, K, A), the
range R(D,G(0,0)) is invariant under S, (cf. (I1.14.23)). Since N(D,G(0,0))
is obviously invariant under S;, too, the Lyapunov—Schmidt complements of
N(D,G(0,0)) and R(D,G(0,0)) can be chosen invariant under S, as well.
(Choose the complement {z + S;Z|z,Z are in a complement}.) This means
that the Lyapunov—Schmidt projections commute with S,. Replacing x(s) +
Ta+11 by Sx(2(s)+Tha4101) = 2(s)—Ttha+Sx1b1, we see by the equivariance
of G and the uniqueness of the function 1) = (1,19, 13) (cf. (1.2.8)) that

Swwl (7(1/327 07 0)7 S) = ¢1(—T(l@2» 07 0)7 8)7
1.14.30 ’ -
(L1300 (0 0,0), ) = t(—7(4,0,0),5), j=2,3

Inserting this into (1.14.29), we obtain by Sy, = S_ 0, = —i} (cf. (1.14.19)),

(1.14.31) W(—7,5) = —W(r,s) for s € (=0,8),7 € (=0,0).
In other words, the bifurcation function ¥ is odd in 7, so that ¥(r,s) = 0
implies ¥(—7,s) = 0. By uniqueness of the nontrivial solution curve this
implies that

d
(I.14.32) s(—7)=s(r) and d—s(T)\TZO =0.

T

Therefore, the tangent vector of the period-doubling bifurcation curve
at (2o, Ko, Ao) 1s given by (cf. (1.14.27))
d B B ~
Liag) g @)+ ET) () + RAG(T)) + M)l
= (wQ’ 0, 0)

Furthermore, by (1.14.30) and (1.14.32),

Sﬂj(T) = 5}(7:1&2 + 1/}1(7(¢ ),8(7’)))

= i 61 (— (02,0, 0),5(—7)) = H(—7),
L3 R0) = a(r(92,0,0), 5(7)) = (—7),
A7) = a7 (12,0,0), (1)) = A(—7).

so that we obtain for the period-doubling bifurcation curve

(Su@(s(7)) + F(r)), A(s()) + () A(s(r)) + A7)
B8] a(s(=r)) + #(r), w(s(—7) + R(—7), As(—r)) + A(—7))

by Srx(s(1)) = x(s(1)).

Property (1.14.35) is restated as follows: The functions on the curve for
negative 7 are obtained by a phase shift of half the period from those functions
for positive 7. Therefore, we sketch period-doubling bifurcations as in Figure
1.14.1. The second case shows a period-doubling bifurcation at a turning point
of the primary branch.
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Figure 1.14.1

Needless to say, the substitution x(s)t for ¢ on the primary 7-periodic curve
and the substitution (k(s(7))+#&(7))t for ¢ on the bifurcating 27-periodic curve
gives curves

{(x(s),A(s))|s € (=6,0)} of p1(s) = w/kK(s)-periodic

solutions of (I.14.1) through (xo, Ao) and

{(2(s(r)) + (1), A(s(7)) + A(7))|7 € (=9,0)} of

p2(7) = 27w /(K(s(7)) + &(7))-periodic solutions

of (1.14.1) through (x, Ag) such that

p2(0) = 27 /Ko = 2p1(0).

If p1(0) is the minimal period of xg, then 2p;(0) is the minimal period of
the bifurcating curve in the limit: By Z(7) = Ty + o(1) and sz(T)/QTZJQ =
—ty (cf. (1.14.17) and the substitution (k(s(7)) + #(7))t for ), the solution
x(s(7)) + Z(7) has indeed the minimal period pa(7), and p2(0) = 2p1(0).
Therefore, the nomenclature Period-Doubling Bifurcation is justified.

(1.14.36)

1.14.1 The Principle of Exchange of Stability
for a Period-Doubling Bifurcation

Next we prove a Principle of Exchange of Stability at a “generic” period-
doubling bifurcation point. Here, genericity means that the primary curve
of m-periodic solutions of G(z,k,A) = 0 is given by the Implicit Function
Theorem for periodic solutions (Theorem 1.13.3); i.e., we exclude a turning
point at (xg, ko, Ao). This means for assumption (1.14.17) that

(1.14.37) (Y1, K1, A1) = (1, k1, 1), which implicitly
implies that Dy F(zg, \g) # 0.

In this special case we can prove a period-doubling bifurcation in an abbrevi-

ated way that is more convenient for our stability analysis. Define instead of

(1.14.21), that
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Gu,\) = G(z(\) + x, k(\) + K, \),

where v = (x, k) and

{(x(N), 6(A), \)|A € (Mg — &, Ao + &)} is the curve
of m-periodic solutions given by Theorem 1.13.3,

(1.14.38) ) Sren
Gu,N) = ( . [ <x,wa>dt),
G:UX (A —8X0+0) — W xR,
0el c(ENY)xR.

Obviously, N (D, G(0, \g)) = span[(¢)2, 0)], and all arguments (I.14.22) through
(I.14.25) in their modified versions allow the application of Theorem I.5.1.
(In the nondegeneracy condition (I.14.25) we replace (u,s) = (0,0) by
(u,A) = (0,X0),\y = 1, and = = -£.) The nontrivial solution curve of

Glu, \) =

{(u(r), M7))|7 € (=0,0), (u(0), A(0)) = (0, o)}
(LI439)  Chere u(r) = (#(r), 5(r), ’

gives the period-doubling bifurcation curve by

(1.14.40) {(x(A\ (7)) + Z(7), k(A (7)) + &(7), A(T)) }.

Its tangent vector at the bifurcation point (zg, k0, Ao) is again given by
(I.14.33), and the symmetry with respect to 7 is analogous to (I1.14.35). In

particular,
d\
(1.14.41) E(T”T:O =0.

As usual, stability means linear stability, and for the periodic solutions
this is determined by the real parts of the Floquet exponents that are the
eigenvalues of D,G(z,k,\) (see our comments in Section 1.12). For the pri-
mary curve of m-periodic solutions we have to insert (z, K, A) = (x(\), k(N), N),
which corresponds to the trivial solution line (u,\) = (0,A) of G(u,\) =
Accordingly, (x,k,\) = (x(A(7)) + Z(7), K(A(T)) + &(7), \(T)) represents the
bifurcating pitchfork (u, \) = ((Z(7), (&(1)), A(T)) of G(u,\) = 0.

In order to apply the results of Section 1.7, we assume that

0 is a simple eigenvalue of DUG(O, Ao)s
1Ae., (¢2,0> € R(DuG(O, )\0)) =
(1.14.42) thy & R(D(z,m,/\)G(l“m K0, A0)), sin(~:e
D)\F(.’Bo, )\0) S C;:(R, Z) C R(DUG(O, )\0)) =
2m

/0 (1ha, P4)dt # 0 (cf. (1.14.18)) (= 1 w.Lo.g.).

We focus on the critical Floquet exponent 0, which is an eigenvalue of
Jo = D,G (20, Ko, Ao) with eigenfunctions wo and 1/12 A perturbation analysis,
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however, requires that this Floquet exponent be not only geometrically but
also algebraically double, which means (by assumption) that

Yo, 2 & R(Jy), where
1.14.43 .
( ) JOZDIG(CI:()’HO’)\O) ENY — W.

Whereas 1, ¢ R(Jy) follows from (1.14.42), the assumption (1.13.4) for The-
orem 1.13.3 means that ¢y ¢ R(Jy) when Jy : C¥(R,X) N C:HH*(R,Z) —
C2(R, Z). However, in the Hilbert space setting as expounded in Remark
1.14.1, the subspace of m-periodic functions as well as its complement are in-
variant for Jy (cf. (1.14.5), (1.14.6)), which means that ¢ & R(Jo) in (1.14.43)
follows from our assumption (I.13.4) on the primary curve of m-periodic solu-
tions. Thus it is reasonable to assume (1.14.43) for our Banach space formu-
lation as well.

We relate the simple eigenvalue perturbations of DuCAr’(u7 A) along the pitch-
fork to the perturbations of the nontrivial Floquet exponent along the period
-doubling bifurcation. Equation (I.7.10) of Proposition 1.7.2 now reads as fol-

lows:

D, G(u(r), M(7)) (12, 0) + (i(7), 4(7)))
(1.14.44) — u(r)(2,0) + (i), ().

where 1(0) =0, (@(0),&(0)) = (0,0),

and (i(7), #(7)) is in the complement of N (D, G(0, Ag)). Under the assump-
tion (I.14.42), this complement can be chosen as R(D,G(0, Ao))N((ENY) xR)
which, by (1.14.18), allows us to rewrite (I1.14.44) as follows:

Daéf(T)(lﬁZ + (7)) + &(1)ho(T) = p(1) (b2 + (7)),
/0 (i (7), B)dt = p(r)i(r) (cf. (1.14.20)),

2
(1.14.45) ((7), Yh)dt = 0, where
)

DOQCG’(T EdeG(ZC()\(T)) + z(7), K()\(T)C% + R(7),A(7)) and
tdo() = T (x(\(r)) + E(7)), 10(0) = —z0 = P.

dt

The function t(7) is the eigenvector of D,G(r) with trivial Floquet expo-
nent po(7) = 0, and according to Proposition 1.12.1, the perturbation of the
nontrivial Floquet exponent p4(7) is given by

D, G(r) (o +w(r)) = s () (W + w(r) + ¥(r)o ),

(1.14.46) /0 (w(r), dp)dt =0, /O ﬂ<w(7)7¢§>dt =0
(cf. (1.12.10)),
where £1(0) =0, w(0)=0, v(0)=0.

Thus the perturbations (I.14.45) for pu(7) and (1.14.46) for ui(7) are nearly
identical when we set v(7) = —&(7). The difference is only between (1.14.45),
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and (1.14.46),. Nonetheless, we show that p = py up to order 2; i.e., u(0) =
11(0) = 0, /1(0) = 12(0) = 0, i(0) = jir (0), "= 4-.

To this end, we use the equivariance (I.8.31) of G. Taking the derivative
of (I.8.31) with respect to u = (x, k), we obtain
(11447) D(I7H)G(ng, R, )\) (Sg.f?, I%) = S@D(w,N)G(I, R, )\)(.f?, IA{)
In view of (1.14.35) this implies, for § = 7,

D(x,;{)G(—T)(S.,raA’:, /%) = ST{'D(mJ{)G(T)(:ﬁ, /%)

(1.14.48) for every (#,k) € (ENY) x R.

In particular, 1o(—7) = Szt (7), which also follows directly from (I.14.35).
By S_z9{ = ¢{ and S_ vy = —1) we obtain

27 R 27 R
| eyt = [ @bt and
02# 0 27
/ (S, )t = — / (&, ) dt
0 0

for every & € W.

(1.14.49)

The observations (I.14.48), (I1.14.49), together with the uniqueness of the
eigenvalue perturbations (1.14.45) and (I1.14.46), yield the following symme-
tries:

W(=7) = =Sxi(r), RK(=7)=—R(1), p(=7)=p(r),

(1.14.50) w(—7) = =S;w(r), v(-7)=-v(1), pi(-7)=pi(7).

These properties of the eigenvalues 1(7) and pq(7) are in natural accord with
the fact that a transition from positive to negative 7 means a phase shift by ,
which does not change the stability. Properties (1.14.50) imply in particular,

dp - dpy B
(11451) E(T”T:O = 07 W(T”T:O = O
We claim that P2 2
H M1
(1.14.52) ﬁ(T)h:o = W(TNT:O-

Indeed, taking the derivatives of (1.14.45)s with respect to 7 at 7 = 0 gives

(L14.53) / " (0), Gyt = / Cib(0) dgydt =0 (= 4y,

so that up to derivatives (with respect to 7) of order 2 at 7 = 0 the eigenvalue
perturbations (I.14.45) and (1.14.46) are identical. This observation proves
(1.14.52).

We now do the same analysis along the primary curve of m-periodic solu-
tions {(z(\),x(A),A)} that corresponds to the trivial solution line {(0,\)}
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of G(u,\) = 0. We obtain the same eigenvalue perturbations (I.14.45)
and (1.14.46) with the only differences that G(7) is replaced by the family
G\) = G(z(\), K(\), N), and o (7) is replaced by ¥o(N) = 4 3(A) for A near
Ao- Accordingly, we denote the corresponding eigenvalues p(\), and pq (M) and
1(Ao) = p1(Xo) = 0.

However, there is obviously no analogous symmetry to (I1.14.50) of the
functions depending on A. Nonetheless, < (u(A)&(N)[a=r, = 1'(Xo)R(Ao) +
w(Ao)R'(Ng) = 0, since R(Ng) = p(Xo) = 0 ('= %), and we obtain from
(1.14.45),,

(1.14.54) /0 ﬂ(w’(Ao), Ph)dt = 0,

so that up to the first derivative (with respect to A\) at A = Ay the two
eigenvalue perturbations (1.14.45) and (1.14.46) are identical. This proves that

dp _dm
a()‘)b\:)\o - d)\

As shown in Section 1.7, the nondegeneracy condition (1.14.24) or (1.14.25)
is equivalent to

(L.14.56) B Mlrsa #0

(see (1.7.32)—(1.7.36)). For the pitchfork bifurcation of G(u,\) = 0 at (u, \) =
(Q, o) given by {(u(7), (7))} with %(0) =0 (cf. (I.14.41)), formula (1.7.45)
gives

(1.14.55) (Ma=xo-

L ) . d o d
(1.14.57) 24/ (Ao)A(0) = —ji(0), where '= N and = I
The condition for /\(O) # 0 (i.e., for a nondegenerate pitchfork) is given by
(I.6.11), and in (1.6.9) the mapping F has to be replaced by G,z by u= (x, k),
and 9 by (12,0). We abstain from a translation of condition (I.6.11) to our
situation, but we simply assume that \(0) # 0.
By (1.14.52) and (I.14.55), relation (1.14.57) gives the crucial formula

(L14.58) 2015 (30)A(0) = i1 (0),
which links the two nontrivial critical Floquet exponents p1(\) and pq(7)
along the primary and bifurcating curves, respectively, via the bifurcation
direction A(0) (recall that A(0) = 0).

Assume that 1/ (Ag) = p(Xo) < 0, which means a loss of stability of the -
periodic solutions at A = g in the space of 27-periodic functions (cf. (1.12.2)).

(Here we tacitly assume that all noncritical nontrivial Floquet exponents are
in the stable right half plane of C.) Then, by (I.14.58),

(I.14.59) sign(A(1) — Ao) = signyuy (1) for 0 < 7 < 6,

which proves an exchange of stability as sketched in Figure 1.14.2. If 1} (A\g) >
0, the stability properties of all solution curves are reversed.
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Theorem 1.14.3 At a Generic Period-Doubling Bifurcation the Principle of
Ezchange of Stability is valid. Formula (I1.14.58) links the critical nontrivial
Floquet exponents to the bifurcation direction.

Remark 1.14.4 As pointed out in Remark 1.13.8, the period-doubling bifurca-
tion is commonly proved by studying the iterated Poincaré map near a periodic
solution of (I.14.1). Fized points of the Poincaré map itself stay fixed points
of its iteration (but not vice versa), and in this setting a period-doubling bifur-
cation is a pitchfork bifurcation for the iterated Poincaré map combined with
a continuation of fized points of the Poincaré map itself.

That means for the derivative of the Poincaré map at the critical periodic
solution that 1 and -1 are simple eigenvalues. The existence of the Poincaré
map causes no problems for ODEs of type (I.14.1). However, since it requires
a careful analysis of the complete nonlinear flow, its existence is not so obvious
if (I.14.1) represents a parabolic PDE (cf. our comments in Remark 1.15.8).
That is why we stay in the setting of a Fourier analysis that restricts the
nonlinear flow to a periodic one.

Remark 1.14.5 In Remark 1.14.1 we give the arguments why we confine our-
selves to a period-doubling bifurcation and why we do not study any other
period-multiplying bifurcation. In a Hilbert space setting we show that it is the
only simple period-multiplying bifurcation in the sense that it is created by a
one-dimensional kernel.

Usually, one refers to a period-doubling bifurcation as well as to a Hopf
bifurcation as “generic” bifurcations. What does that mean? We make some
comments on it that are without mathematical rigor but that explain our point
of view.

There are two properties that make a bifurcation generic:

e an unavoidable spectral property of a family of linear operators along the

primary solution branch and
e a robustness of the primary solution branch.

Consider a path of algebraically simple eigenvalues of a one-parameter fam-
ily of real linear operators having endpoints in different half-planes of C. Then
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that path necessarily crosses the imaginary azis at some iky # 0 (and then
there is also a complex conjugate path) or at 0. In the first case, the eigen-
value 0 is avoided, whereas in the second case, the entire path is real, and the
(simple) eigenvalue 0 is unavoidable.

We know that both crossings of the imaginary azis “with nonvanishing
speed” (or in a nondegenerate or transversal way) entail a Hopf bifurcation
or a steady-state bifurcation from the primary solution branch, respectively
(see our comments at the beginning of Sections 1.8, 1.16, 1.17). Are these
bifurcations under those “generic” linear assumptions unavoidable? In the
theory of “imperfections” or “unfoldings” the diagrams of Figure 1.14.3 are
well known: They show that bifurcations are easily avoided by an arbitrarily
small perturbation of the operator even under generic spectral assumptions on
its linearization.

h

Figure 1.14.3

Looking at Figure 1.14.3 reveals that an abolition of bifurcations breaks up
the primary (or trivial) solution line (and also breaks the symmetry of the
diagram). Note that due to the Lyapunov—Schmidt reduction, thal scenario
indeed takes place in a plane. In the case of the Hopf bifurcation as well as of
the period-doubling bifurcation, however, the total derivative along the station-
ary or w-periodic solutions is surjective in the space of stationary or w-periodic
functions, respectively. Therefore, the primary solutions form a robust curve
or surface that cannot be broken up by a small perturbation. (That robustness
1s also reflected by the oddness of the respective bifurcation function, which
vanishes necessarily at zero for all parameters.) Accordingly the unfolding of
a pitchfork cannot be realized by a bifurcation function.

These naive arguments for the genericity of the two bifurcations help us
to understand the following result: Generically, the global “net” of a contin-
uation of any periodic solution of an evolution equation (1.14.1) consists of
smooth surfaces (“snakes”) having turning points, splitting at period-doubling
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bifurcations, ending at Hopf bifurcations in steady states, or being trapped in
loops with unbounded “virtual periods” (see [120], [44], [96], [99]). We refer
also to Remark 1.11.13 about global Hopf Bifurcation.

1.15 The Newton Polygon

Bifurcation with a one-dimensional kernel is discovered via the method of
Lyapunov—Schmidt by studying a one-dimensional bifurcation equation de-
pending on two variables. If we introduce coordinates by choosing suitable
basis vectors, the bifurcation equation can be written as

@(s,\) =0, where
(I.15.1) ¢:UxV —Rand
(0,X) €U xV CR xR (cf. Section 1.5).

In Section 1.5, this bifurcation equation is nontrivially solved by the Implicit
Function Theorem, whose validity is guaranteed by the nondegeneracy (or
transversality) condition (1.5.3). In the next section we give up that condition,
and we study “degenerate bifurcation.” The Implicit Function Theorem has
to be replaced by a more general tool, which is called the Newton polygon
method.

Replacing A by A — A\g, we can assume w.l.o.g. that Ao = 0, and we study
(I.15.1) in a neighborhood of (s, A) = (0,0). The main difference to the Implicit
Function Theorem is that we assume that

& : U x V — R is analytic near (0,0); i.e.,
(L.15.2) D(s,A) = D Ciks" M, where ¢, € R,
and convergence holds in U x V.

We assume that ¢(0,0) = 0 (i.e., cgo = 0), and we look for curves of solutions
of &(s, \) = 0 passing through (0, 0).

To this end we mark the powers j of A on the ordinate and the powers k
of s on the abscissa, and we mark a point (k, j) whenever c; # 0.

If ¢jp, = 0 for all j € Nog,k =0,...,ky — 1, i.e., if the first nonvanishing
coefficients exist only for k = kg, then we can divide by s, and for the new
equation we find a smallest point (0, jo) on the ordinate.

If kg = 0 then, jo > 1 by ¢gp = 0.

If ko > 1, we have the solution curve {(0,\)}, and if jo = 0, it is the only
solution curve through (0, 0).

Thus we assume in the following that jo > 1. Next, only coefficients c;j,
with 0 < j < jo— 1, k > 1, are of interest. If all such coefficients vanish, we
can divide by A, and {(s,0)} is the only solution curve through (0,0).
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Otherwise, we find coefficients c;i # 0 with 0 < j < jo — 1, and we
may assume that cop, 7 0 for some smallest &k, > 1. If ¢;, = 0 for all
0<3j<jn<jo—1,k>1, wecan divide by M~, and for the new equation
there is some coi, # 0 for a smallest k, > 1. Note that j, > 0 implies the
existence of the solution curve {(s,0)}.

Now we are in the situation that there are a smallest point (0, jo),jo > 1,
on the ordinate and a smallest point (ky,0),k, > 1, on the abscissa. Then

the polygon forming the convex hull of all points (k, j) such that

cjk 7 0 and jk, + jok < jok, is called the Newton polygon.
(I.15.3) It joins (ky,ju), v=0,...,n, jo >J1 > -+ > jn =0,

0=Fko <kl <---<kyp, and ¢jp =0 if (k,j) is

below all lines passing through two consecutive points (k,, j,).

We sketch a Newton Polygon in Figure 1.15.1.

Jo

g 1

Ja 1
J5

]{io ]'ﬁ kzg k‘3 k';4 k5 k
Figure 1.15.1

In the following, we confine ourselves to s > 0. For s < 0 set —s =
and repeat the procedure for the new equation &~ (—s,\) = D(s, \)
Furthermore, we set c;,x, = ¢, # 0 for v =0,...,n.

Then (1.15.2) is rewritten as

D(s,\) = > 0_cus™ MY + R(s, ),

where R contains all remaining terms.

(L15.4)

Let —1/~ € Q be one of the negative slopes of the Newton polygon. Then
for all, say, r + 1 points (k¢, j¢), ... (ketr, jotr) on the line with slope —1/7,
we have
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(1.15.5) Yie+ ke = =Yjerr + ker = 0,
and the ansatz
(1.15.6) A=s"A in (1.15.4)

yields for (s, A) the equation
(1.15.7) s (Z;:OCg+p5\je+p + Ri(t, X)) -

Here t = s'/7 > 0 when vy = 71 /72 with 71/7 € N, and R; is analytic in
(t,A) near (0,0). By the substitution (I.15.6), the analyticity of Ry is true in
(=01,01) x (=L, L) for every L > 0, provided that d; > 0 is small enough.
Therefore, we need no restriction on A in the subsequent analysis. Further-
more, by the definition (I.15.3), the exponents vj + k of s in R (cf. (1.15.4))
are all positive, so that R;(0,A) = 0 for all A where it is defined.

Let Ao be a real zero of the polynomial

(1.15.8) Py(X) = 300 _gcop N,

and let ¢ > 1 denote its multiplicity.
If ¢ = 1 the Implicit Function Theorem for (1.15.7) (after division by s7)
gives a solution

(1.15.9) {(&, M(0)[0 < t < 81, M(0) = Ao}

which is analytic in ¢.

After inserting A(t) = A(s'/7) into (1.15.6) we obtain a solution curve of
&(s,\) = 0 through (0,0) in the following form:

(1.15.10) {(5,87 (Mo + o2 ans™ 2|0 < s < d2 ).

Remark 1.15.1 If Ao = 0, there is a first nonvanishing coefficient in the
expansion (1.15.10) such that A(s) = A\is7 + o(s7) with \; # 0 and 7 > 7.
Recall that there is no solution curve {(s,0)} if the Newton polygon ends
at (kn,0). An easy proof shows that —1/7 is then necessarily a slope in the
Newton polygon, and A1 is a zero of the corresponding defining polynomial P .
Thus only nonzero roots Ao of the polynomial (1.15.8) are of interest, which
give by (1.15.10) the lowest order term of the solution.

Next let Ao # 0 be a real zero of (1.15.8) of multiplicity ¢ > 1. Then
(1.15.11) P,(A) = (A= X)P,(N), where P,(\) #0.

After division by s, equation (1.15.7) becomes

(115.12) (A=) = —Rut, ?)/E@

for (t,A) near (0, X

If Ry = 0, then {(

t~5\ )0 < ¢t < 61} is the unique solution curve of
(I.15. 12) through (0, \o).

Otherwise, by Rl(O,S\) = 0, we have R;(t, 5\) =
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tho (X — Xo)# Ry (t, \) for some ko > 0,jo > 0, so that Ry (0,Ag) # 0. If jo > 0,
we have again the solutions {(t, Xo)}, and if jo > g, it is the only solution curve
of (I.15.12) through (0, \g). Assuming 0 < jo < ¢, we can divide (1.15.12) by
(A — Xo)?°, and we obtain

(5‘ 7~5‘0 ~tk0f(~ ’ ) ~Where P =q— jos
(I.15.13) ftA) = —Ri(t,\)/P,()\), so that
f(0,A0) # 0.

If p > 0 is even, then for nontrivial solutions for ¢ > 0, necessarily

(0, )\0) >0, and (I.15.13) becomes

(L (A 2o) = £189/2(7(1, )17

If p > 0 is odd, then in any case,
(1.15.15) (A= Xo) = tFo/P(f(t,A)V/P.

Since f(t, )\) is analytic by its definition (1.15.13)3 and f(0, Xo) # 0, the func-
tion (f(t,A))'/? is analytic in (¢, \) near (0,Xo). Setting 7 = tl/p we see
that the right-hand sides of (I.15.14)5 and (I.15.15), respectively, are analytlc
functions of the variables (7, \) ‘near (0, o).

Finally, since D5 (7% (f(r7, A))"/?)] - 5y= (0.5, = 0> the Implicit Function
Theorem gives solution curves of (1.15.14)5 and (I1.15.15),
tA(1))]0 < t < 61, M0) = Ao},

1.15.1 i
(1.15.16) which are analytic in ¢1/7.

After inserting A(t) = A(s'/7?) into (I.15.6), we obtain solution curves of
&(s,\) = 0 through (0,0) in the following form:

(1.15.17) {(5,57 (Ao + 252 aps®/P12))|0 < 5 < 82}, p € N.

The locally convergent series of A(s) in terms of rational powers of s > 0 with
a common denominator are called Puiseux series.

For every real root Ao # 0 of (I.15.18) of odd multiplicity ¢ > 1 we obtain
at least one solution of the form (I.15.17).

Finally, if the number j, found for (I.15.3) is odd, at least one of the
polynomials (I.15.8) for all slopes in the Newton polygon has a nontrivial real
root Ag of odd multiplicity.

Taking into account that all real solution curves of @(s,\) = 0 through
(0,0) can be found this way (see [35]), we may also state that at most jy such
solution curves (I.15.17) can exist.

So far, we have done this for s > 0. The same arguments hold also for
P~ (—s,A) =P(s,\) = 01if s <0; in particular, the number jj is the same for
@ and @~. Thus an odd jp yields at least one solution curve through (0,0)
for positive and negative s. In the next section we apply these observations
to degenerate bifurcation at a simple eigenvalue.
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Remark 1.15.2 If the Newton polygon (1.15.3) is established, then it is not
necessary that the remainders R in (1.15.4) or Ry in (1.15.7) be analytic. If
they vanish at the same order as in the analytic case, we obtain continuously
differentiable solution curves of the form

(1.15.18) {(s,a08” +o(s7))}

that are mot necessarily Puiseux series in that general case. However, if in-
finitely many coefficients cji, of (1.15.2) are used in order to establish solution
curves of the form {(0,\)} or {(s,0)}, then even in the C* case one has to
be careful. Nonetheless, a complete picture of all local solutions of (1.15.1)
(where Ao = 0) can be obtained by the Newton polygon method in nonanalytic
cases, too (cf. [35]).

1.16 Degenerate Bifurcation at a Simple Eigenvalue
and Stability of Bifurcating Solutions

We resume the situation of Section 1.5, where we prove bifurcation from the
trivial solution line {(0, \)|X € R} for

(116.1) F(z,A) =0.

In addition to assumption (I.5.1), we assume a continuous embedding X C Z
and (I1.7.4); i.e., 0 is an algebraically simple eigenvalue of D, F (0, \g) for some
Ao € R. Replacing A by A — )\g, we can assume w.l.o.g. that A\g = 0. The
regularity of F near (x,A) = (0,0), however, is much stronger than assumed
before:

F:UxV—=Z 0e€UcCXcZ, 0eV CRisanalytic,

which means that F(z, \) = 3275 _; M Fji(2), where
(L16.2)  Fj, : X* — Z are k-linear, symmetric, and continuous,

and convergence holds in Z for x € U = {x € Ul||z|| < d}

and A € V={AeR| |\ <d} for some d > 0.

Since F(0,\) = 0, we assume that Fjp = 0 for all j € Ny. Furthermore, the
linear family D, F(0,)\) is given by

(1.16.3) where A; € L(X,Z) forall je N.

The assumption of a simple eigenvalue of D, F(0,0) = Ag is that

0 is an algebraically simple eigenvalue of Ay;
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We recall the meaning of vectors g € X and 9 € Z’ from (1.7.8):

N(Ap) = span[tg], (0o, 0}) =1,
(1165) R(Ao) = {z € Z|(z, ) = 0}.
The Lyapunov—Schmidt projections

P:X — N(4) along R(Ap) N X and
Q:Z — N(Ap) along R(Ay) are then

(1.16.6) given by Qz = (z,7()0¢ for z € Z
and Pz = (x, ()0 for x € X, i.e.,
P=0Q|x.

The simple eigenvalue perturbation

(I.16.7) where {w(A\)|A € (—4,0)
and {,U,()\)‘)\ € (_67 6)) H

1(A) (Do + w(N)),
Lw(0) =0} © R(Ag) N X
(0) =0} CR,

given by Proposition 1.7.2 will be crucial in this section. Since w(\) and p(\)
are obtained by the Implicit Function Theorem, the property (I.1.7) guaran-
tees that both functions are analytic in A:

w()\) = Zggle/\j, w; € R(Ao) nx,

(1.16.8) =2 2N, pj €R,

and convergence holds for |A\] < § < d (w.l.o.g.).

In Section 1.7 we showed that under assumption (I.16.4), the nonde-
generacy (1.5.3) is equivalent to £/(0) # 0 (here A\g = 0 and ' = %; cf.
(I.7.34)—(1.7.36)). Thus a crossing of () of the imaginary axis at ;(0) =0
“with nonvanishing speed” causes bifurcation of a unique nontrivial curve of
solutions of (I.16.1).

The crossing of (M) of the imaginary axis implies a loss of stability of
the trivial solution at A\ = 0, and by the Principle of Exchange of Stability
(cf. Section 1.7), that stability is taken over by the bifurcating solution. What
happens to that plausible physical scenario if the loss of stability of the trivial
solution is “slow” or degenerate? Mathematically, this means that p(0) =
1 (0) = - = pum=D(0) =0, but x"™(0) # 0 for some odd m. One expects
that there should be some bifurcating solution to take over the stability. In this
section we prove this expectation; i.e., we show that any possibly degenerate
loss of stability gives rise to bifurcation of nontrivial curves of solutions that,
however, are not necessarily unique. A first step is the computation of the
coefficients 1 in the perturbation series (1.16.8).

Proposition 1.16.1 The coefficients of the eigenvalue perturbation (1.16.8)
are recursively given by



118 CHAPTER 1. LocAL THEORY

M1 = <A1{}Oa/ﬁ6>7
My = <A[1A)0,1A)6> + Z <AjAk0ﬁ07ﬁ6>

jtk=£—1
(I.16.9) i>1,k>0
-3 £—2—n o
+2 2 > (AjApmdo, 0) > Py o s,
n=0 m=1 Jjtk=ntl i Av=—2-n

for £ > 2. The vectors Apmto for n,m > 0 are defined by

Agotio = —Ag (I — Q)Artg,  Aombo = Ay Ao m—190,
Ano’lA}O = 7A0_1 Z (I — Q)AjAk—l,OﬁO where A—l,O{JO = @0,
(1.16.10) e
jHh=n
521,620
forn,m > 1. Here we agree upon Ay : R(Ag) — R(Ao)NX; ie., PAy,, =0
for all n,m > 0.

Proof. Let the eigenvector expansion be 0 + w(\), where w(\) is given by
(I.16.8). Then, by (1.16.5),

e = > (Ajwg, 7)), where wy = Do,
jHh=t
321,k>0
Agwe = (I =Q)Agwe = — > (I =Q)Ajwr+ > pjwg,
(1.16.11) J];lkk:;l J;kk:ze1
wy =—Ay! (I-Q)Ajw,— > pjwg | for £>1.
jt+k=t jt+k=¢t
J>1,6>0 J>1,6>1

Using this recursion formula for the vectors wy and the defining formulas for
Apm, we can prove by induction that

wy = Ago?o,

1.16.12 et R
( ) Wy = Aéfl,OUO + Z Z Apmo Z Koy = By, s
n=0 m=1 Vit tvm=L—1-n

for ¢ > 2. We omit the lengthy but elementary proof. O

These expressions show that the perturbation series of p(A) in terms of
the operators A; and the vectors 99, ¥ is rather complicated. For matrices,
for instance, evaluation of the characteristic equation det(A(\) — u(A)I) =
0 (A(A\) = D,F(0,)\)) might be simpler, especially in low dimensions. For
differential operators there might be a simpler method for computing p(\),
too (see our example below).

Next, we relate the perturbation series p(A) to the bifurcation equation
obtained by the method of Lyapunov—Schmidt. Using the projections (1.16.6),
we see that problem (I.16.1) is equivalent to
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QF(v+w,\) =0, z=Prx+ (I —-Plz=v+w,

(1.16.13) (I —Q)F(v+w,\) =0, (cf. (1.2.6)).

The second equation solved by the Implicit Function Theorem yields w =
(v, A), which is analytic in (v, A) near (0,0). We compute its expansion by
(I.16.13)5, which is, in view of (1.16.2) and (1.16.3),

> /\ijk(U +w) = 0.

(116.14) Agw + (T~ @) S N A; (0 + w) + (I - Q)

Vo

B

With the ansatz

w =37 MGjk(v), where
(1.16.15) Gk : N(Ap)* — R(Ap) N X are k-linear,
symmetric, and continuous,

we obtain, by insertion into (I.16.14) and comparing like powers,

Gj() =0 forall j€&Ng, Go1 =0,
Guv =—Ay'(I - Q)Av,

(1.16.16) Guiv=—A (I - Q)Aw— Y A7 (I - Q)A;Griv, n > 2.

For later use we give also the recursion formula for Gy,,:
Go2(v) = —Ag (I — Q)Foa(v), and for n > 2,
_ k
Gon(v) = =4 (1= Q)Y > )3 () o L/ ).

(11617) k=2 m=0 v1+--+v,;,=n—k+m

where [./.] = [Goy, (v),...,Gou,, (v),v,...,0]

and FO(Z) [v,...,v] = Fog(v) is symmetric.
For m = 0 we agree upon v; + -+ + v, = 0 (ie., K = n) and that
Gov, (v),...,Goy,, (v) are not present in FO(:).

We leave the general recursion formula for G, to the reader; in principle,
it is clear how to construct it, but it is tedious to write it down.

When w = (v, \) is inserted into (I1.16.13);, we obtain the bifurcation
equation (cf. (I.5.6)). Setting v = sty € N(Ap) and using the explicit rep-
resentation (1.16.6) of the projection @), we see that this equation reads as
follows:

(1.16.18) (F(sto 4+ Y_55—oN 5" Gk (0), A), 8) = 0.

Using (1.16.2) and Fjo = 0,G,o = 0 for all j € Ny, we write it as
)

S, A
Z <Aj’ﬁo,’f)6>)\j8 + Z E <Aij1’lA)0,1A)6>)\"S
(1.16.19) =1 n=2

+> ij)\jsk =0 with coefficients Hj, € R.
j
k

o(

O
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(The mapping @ is not identical to the bifurcation function @(v, A) of Section
I.5. Here &(s,\) is real-valued for real s, since we simply identify v with
s = (v,0}) and @ with (P, v).)

In particular,

Hyy = (Fo(g) [00, o], D)), and for n>2,

(1.16.20) Ho, = an Zk) > (EVES1,04),

k=2m=0vi+-+v,=n—k+m
where [/] = [Gol,l (’I_A)()), ey Goym (@0), ’lA)(), e ,’I_A)()],

with the same agreement as for (1.16.17).

Remark 1.16.2 For n =3, formula (I1.16.20) give in view of (1.16.17),

Hos = (F3 [0, %o, o], 0) + 2(F3 [G02(@0) ol 770)
= (Fg3 [0, b, o], 86) — 273 [Ag (I = Q)F3 [, do], bol, 86)-

(1.16.21)

Here Ay = D, F(0,0) : (I — P)X — (I —Q)Z, ¢f. Proposition 1.16.1, and
formula (1.16.21) seems to be different from (1.6.9) for A\g = 0: The structure
of the formula is the same, but instead of a factor 2, formula (1.6.9) has a
factor 3. Since this has led to unnecessary confusion, we reveal the mystery:
Insert

Hog = 3:D2,,(0,0) = 3, D3,,9(0,0)[o, b0, 0],
(1.16.22) 03 (0,0) oo (0, 0)[o, Do, Do)

5 58S 3
R = kDLF0.0). FS - 4D%,,F(0.0)
into (1.16.21), and we regain formula (1.6.9).

Equation (I.16.19) has the solution {(0,\)} for all |\| < d, which recovers
the trivial solution. After dividing (I.16.19) by s, we obtain

(s, ZcJoAJ + Z cirN 8% = 0 (cf. (1.5.10)), where
j_ k:l
(1.16.23) c10 = (Ao, 0p),
cno = (Ando, 0p) + - <Aij1f)o,l76> for n > 2,
jtk=n
Ji>1,k>1

Cik = Hj7k+1 for j Z O,k Z 1.

Comparing the recursion formulas for A, (I1.16.10) and for G,; (1.16.16), we
see that
(11624) Gm@o = An,170ﬁ0 for all n Z 2.

Finally, we can use the coefficients ¢y in (I1.16.23) for the expansion of the
eigenvalue perturbations p(A); cf. (1.16.9):

1 = C1o, and for {>2,

fe = ceo + Z Z > (A Aemo, 0) > [y - - Hasy, -
n=0 m=1 Jtk=nil Vit v =0—2—n
(1.16.25)

We summarize the result:
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Theorem 1.16.3 Let pu(\) = Z;’il wiN be the perturbation series of the
critical eigenvalue = 0 of A(N\) = Z?io NA; = D,F(0,\), which is the
linearization of F(x,\) along the trivial solution {(0,\)}. Let ®(s,\) be the
bifurcation function ®(s, \) divided by s. Then $(0, \) = Py cjoN along the
trivial solution. If jn = -+ = pty—1 = 0, then u; = cjo forj=1,... ., m+ 1.
Conversely, if cio = -+ = cm—1,0 =0, then p; = cjo forj=1,....m+1. If
all pj are zero, then all cjo are zero and vice versa. In other words, the first
two nonvanishing coefficients cyo and cpy1,0 of Q~5(0, A) are precisely the two
first nonvanishing coefficients iy, and pim1 of ().

If m is odd, then u(A) changes sign at Ag = 0, which means that the trivial
solution line loses or gains stability (provided that all other eigenvalues in
the spectrum of D, F(0,0) are in the stable left complex half-plane). Now we
prove that any degenerate crossing of p(\) of the imaginary axis at p(0) =0
causes bifurcation. By Theorem 1.16.3, the bifurcation equation to determine
nontrivial solutions is of the form

- [ee] ) (oo} .
D(s,\) = cijoN + cipN st =0
(1.16.26) (50 = 2 é ’

for some odd m > 1 and ¢0 = fin-

We apply the Newton polygon method to solve (1.16.26) locally near (s, \) =
(0,0) (cf. Section 1.15). We have a smallest point (0, m) on the ordinate (which
corresponds to (0, jo) of the previous section). After possibly dividing by \/»
(if j, > 0, a solution curve {(s,0)] |s| < d} exists), we also find a smallest
point (k,,0) on the abscissa. The two points (0, jo) and (ky,0) are connected
by a convex polygon, which is the so-called Newton polygon. As expounded
in the previous section, an odd m yields at least one and at most m solution
curves of the following form:

{(s,87 > pey ars®/P12)|0 < s < 6} and
[(s. (=57 252 an(—)772| = 3 < s < 0
for some 7,5 € Q, p,p € N, ag,ar € R.

(I.16.27)  The numbers v = 71 /72,5 = 71/72 are given by slopes —1/7,
—1/# of the Newton polygon for &(s, A), ™ (—s, ) = D(s, \),
respectively. The first coefficients ag # 0,ag # 0 are zeros
of the defining polynomials P, I:’@, respectively.

This proves the following theorem:

Theorem 1.16.4 Let u(\) = Z;’;m wiN be the perturbation series of the
critical eigenvalue Dy F(0,X). If m is odd and pu, # 0, then at least one and
at most m nontrivial solution curves
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{(z(s),\(s))| =0 <s<d} of F(,\) =0
bifurcate at (z,\) = (0,0). In particular,
(1.16.28) x(s) = s0g + (500, A(s)) = svo + o(]s]),
(s) = 87> oo ans®/Pi2 for 0 <s <4, and
M) = (=8)T Y i gan(—s)/P2 for =6 < s <0.

The meanings of the parameters is explained in (1.16.27). The function ¢ is
analytic near (0,0). If m > 1 is arbitrary, then at most m nontrivial solu-
tion curves of the form (1.16.28) bifurcate. (We include here possible vertical
bifurcation; i.e., A\(s) = 0.)

We give some special cases.

Case 1. m = 1.

Here we resume the nondegeneracy p/(0) = pg = ¢10 # 0 (cf. (1.7.36)). If all
cox in (1.16.26) vanish, then we have vertical bifurcation A(s) = 0. Otherwise,
we find some first cor, # 0, and the Newton polygon is the line connecting
(0,1) and (k1,0). Here v = ky, and the defining polynomials (I1.15.8) are

clo/:\ +cop, for s >0,
(1.16.29) Py(N\) =< c1o\ +cop, for s <0, if ky is even,
c10A — cor,  for s <0, if ky is odd.

For the nontrivial solution curve (I.16.28) we obtain in all cases

A(s) = = (5" cor, /c10) +of|s|™).
(1.16.30)  where c19 = 1 = (A100,0)), A1 = D2, F(0,0) (cf. (1.16.3)),
and cop, = Ho g, +1 is given by (1.16.20).

For k; = 1 we regain formula (1.6.3), and for ky = 2 we recover formula
(I.6.11) (see Remark 1.16.2). In general, we have a transcritical bifurcation
whenever k7 is odd and a pitchfork bifurcation whenever k; is even.

Case 2. m > 1, (k1,j1) = (1,0).

This case occurs for any degeneracy of the eigenvalue perturbation p(\) =
S22 N and if cor = Hoz = (Fyy [0, 0], 9) # 0 (cf. (1.16.20), (1.16.23)).
The defining polynomial to be solved is

Py(\) = ,um/\ + Hys for s >0,
(1.16.31) Py(A\) = pmA™ — Hoy for s < 0, and
v=1/m.

If m is odd, we obtain without any restriction
(1.16.32) A(s) = —(sY™(Hoa /s ) ™) + o(|s]*/™).

If m is even, then
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A(s) = £(sY™(—Hoa/ptm) ™) + o(|s|"/™) for s >0
if —Hoa/ptm > 0, and

A(s) = £((—8)Y™(Hoa/ ptm) ™) + o(|s|/™) for s <0
if Hoa/pm > 0.

(1.16.33)

The bifurcation diagrams in the (s, A)-plane are depicted in Figure 1.16.1. The
bifurcating curve and the trivial solution line are no longer “transversal.”

\

\ A

Remark 1.16.5 We recall Remark 1.15.2: For these two special cases, analy-
ticity of F' (and thus of @) is certainly not needed. It suffices that @ be of class
C*, where £ > ki or m, respectively.

Figure 1.16.1

1.16.1 The Principle of Exchange of Stability
for Degenerate Bifurcation

Next, we consider solutions of (I.16.1) as stationary solutions of

dz

(1.16.34) i F(x,\),
and we investigate their stability as we did in Section 1.7. As a matter of fact,
only the perturbation of the critical eigenvalue p = 0 of D, F(0,0) is studied
for Dy F(x(s), A(s)), where {(x(s), A(s))} is any curve of solutions of (I1.16.1)
through (z, A) = (0,0).

For the trivial solution line {(0, A)}, Theorem 1.16.3 relates its stability to
the bifurcation function @(s, A). Obviously,

(1.16.35) D(0,\) = D®(0, ),
and Theorem 1.16.3 can be restated as follows: If 1/ (0) = - -+ = p(m=1(0) =0,
then D ®(0,0) = --- = Dy""'¢(0,0) = 0, and vice versa. In this case,
dm d’m,
(1.16.36) —D®(0,\)|x=0 = —,u(/\)‘)\:o.

axm dam
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Formula (I1.16.36) generalizes formulas (1.7.18) and (1.7.19) for the trivial
solution line. We show that the generalization is also valid for all bifurcating
solution curves given by Theorem 1.16.4.

Introducing ¢ = s'/P72 (for s > 0), we see that the curve {(z(s), A(s))} is
analytic in ¢ (cf. (I1.16.28)). Writing that curve as {(Jﬁgt),j\(t))}, we see that
the expansions in ¢ converge not only for 0 < ¢t < ¢ but also for || < .
By analyticity of F(2(t), A()) in ¢, the equation F(z(t), A(t)) = 0 holds for
|t| < 0. Therefore, {(2(t),A(t))| |t| < 8} represents a solution curve through
(x,A) = (0,0) that is among all curves (1.16.28) given by Theorem 1.16.4.
Later, we confine ourselves again to s > 0. Next we define

Fa,t) = F(#(t) + 2, A1),
(1.16.37) which is analytic in the sense of (I.16.2) in a neighborhood
reU={zeX||z|| <dfand t € V ={t € R]| |t| < ¢}.

For the trivial solution {(Z(t),A\(£))} = {(0,\)} we regain for A(t) = X and
t = A the original function F. For any solution curve {(&(t), At ))}, we have

F(0,t) = 0 for all 1t < 6, which is the trivial solution line for F(z,t) = 0.
We obtain also D, F'(0,0) = D,F(0,0) = Ag. Accordingly, we have the simple
eigenvalue perturbation

() (09 + w(t)) (cf. (1.16.7))

(1.16.38) Da1(0.1)(o 1 o) (), A(t)).

for D,F(0,t) = D, F(

=

Thus [(t) = Z]oozl fi;t7 is the perturbation of the critical eigenvalue = 0 of

D, F(0,0) in which we are interested for the stability analysis of {(&(£), A(£))}.
As before, we can relate the perturbation series /i(t) to the bifurcation function
& obtained by the method of Lyapunov—Schmidt. Since DZF’(O, 0) = Ao, the
projections P and @) are the same as before, and an easy computation shows
that for

T = sty + W, wER(Ao)ﬂX,

B(s,t) = B(5(t) + 5, A(t)) with 5(t) = ((t),5p)

is the bifurcation function for F'(x,t) = 0 when
(s, A) is the bifurcation function for F(z,A\) =0

(1.16.39)

We apply Theorem 1.16.3 to the trivial solution {(0,¢)}, which relates ji(t)
to Ds@(0,t) = DsP(8(t), A(t)), as follows (cf. (1.16.35), (1.16.36)):

Theorem 1.16.6 Let {(&(t), \(t))| |t| < 0} be any analytic solution curve of
F(xz,\) = 0 through (z,\) = (0,0), and let ju(t) = Zj’;l fi;t? be the simple
eigenvalue perturbation of the critical eigenvalue pn = 0 of Do F(2(t), \(t)). Let
@(s,\) be the bifurcation function obtained by method of Lyapunov-Schmidt
(cf. (1.16.19)) and let §(t) = (&(t), ) (¢f. (1.16.5), (1.16.6)). Then the fol-
lowing holds:
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p)=--=pmD0)=0 (' =g m>2)&
d . ~
%g;ldi(ls(t)v (t))|t:0 =

(1.16.40) = WJr)sng(g(t),X(t))|t:0 0,

and in this case,

D py@(s5(t), (1))

dt ‘t:O = dt—mﬂ(t)‘t:O'

(The last equation holds also for m +1.)

This is the generalization of Proposition 1.7.3 announced in its proof. (For
a different proof see also Remark 1.18.2.) Obviously, we can draw the same
conclusion as (I.7.48): Under the assumptions of Theorem 1.16.6, we obtain

from 4 fi(t)|,_ /! = f #0,

signji(t) = signD,P(3(t), \(t)) # 0
(1.16-41) for t € (=8,6)\{0}.

Then Theorem 1.7.4 holds for our setting as well. Before stating the general
Principle of Exchange of Stability, we show when [i,5;, # 0 for some m > 1.

We recall that solutions (z(s), A(s)) of F'(z,\) = 0 are obtained by solv-
ing &(s,\) = 0 given in (1.16.26). When the Newton polygon for (s, \) is
established, we write it as

(1.16.42)  D(s,\) = S0 ycs™ A + R(s,\)  (cf. (1.15.4)),

where jo = m, ko = 0 (but possibly j,, > 0 if there is vertical bifurcation). In
the following, we confine ourselves to s > 0.

Let —1/v be a slope in the Newton polygon with a defining polynomial P,
(cf. ((1.15.5)—(1.15.8)). We assume that

(1.16.43) Ao # 0 is a simple zero of P,.

In the nomenclature of Section 1.15, we assume that for Ao we have a multi-
plicity ¢ = 1, and that the solution curve {(z(s), A(s))} is of the form

:L'(S) sUg + T/J(S'UOv (S))
(11644) A(S) ()\0 _|_ Zk; 101]@3]6/72) for 0 < s < 6

where v = 71 /72 (cf. (1.15.10)). Introducing ¢ = s'/72, we obtain an analytic
solution curve {(&(t), A())}.
Since @(s,A\(s)) = 0 for 0 < s < § and D(s, \) = sP(s, \), we have

(1.16.45) D ®(5,\(s)) = sD,D(s, \(s)),

and by A(s) = s7\(s), we get, in view of (1.15.5)~(1.15.7),
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sD.®(s,\(s))

= 57 (SpocerphierpA(s) i + Ra(t,A(s))
where ¢ is defined by (1.15.5),t = s'/72,

and R; is analytic in (¢, \) with R1(0,A) = 0.

(1.16.46)

Switching to the variable ¢, we see that
(1.16.47) D ®(3(t), A(t)) = 1772 Z;:()cupkupj\é“” + higher-order terms.
Now, by (I1.15.5), (I.15.8), and assumption (I1.16.43),

S —oCerphiespNg
= 0 P,(M) — YA Pl (M) = —AoPL(Ag) # 0 ( - %) .

Thus we have proved the following theorem:

Theorem 1.16.7 Let a solution curve {(z(s), A(s))} of F'(x,\) = 0 through
(0,0) be obtained by a simple zero Ao # 0 of a defining polynomial P, for
some slope —1/~ of the Newton polygon for &(s,\) (cf. Theorem 1.16.4). If
v = y1/72 and t = s/, then {(x(s),\(s))} = {(&(t),\(t))} is an analytic
solution curve of F(x,\) =0 (int), and for the simple eigenvalue perturbation
fi(t) = 3272, fuit? of Dy F((t), A(t)), we obtain the following:

(1.16.48)

fir = -+ = fim—1 = 0 for m = y1je + 72ky,
(1.16.49) where yje + ke = -+ = Yjeyr + jerr = 0 (¢f (1.15.5)), and
fiin = —YA0 Py (Ao) # 0.
In particular, fi(t) # 0 fort #0, so that (1.16.41) holds.
We apply Theorem 1.16.6 to the special cases studied before.

Case 1. m = 1.

We exclude vertical bifurcation by assuming cor, = Ho i, 41 7 0 for some
minimal k; > 1. Then v = ky and jo = m = 1,ko = 0, so that by (1.16.49),
m = k. In the first case of (1.16.29) we have t = s; in the two last cases of
(I.16.29) we set t = —s. Therefore, we can unify all cases to fi(t) = fi(s), and
formula (1.16.49) gives, for the first nonvanishing coefficient,

(1.16.50) ey = k1cok, -
Since by Theorem 1.16.3, 1 = c¢19 # 0, we obtain, in view of (1.16.30),

d m dFi )\ dF1 il
—(0 0) =— 0)#0
ld)\()dskl() dskl()# ’
which generalizes formulas (I1.7.40) and (1.7.45). As shown in Section 1.7, the
relation (I.16.51) proves an exchange of stability for a transcritical bifur-
cation (when k; is odd) as well as for a pitchfork bifurcation (when k; is
even). The situation is sketched in Figure 1.7.2 and Figure 1.7.3.

(1.16.51)
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Case 2. m > 1, (k1,71) = (1,0).

Here v = 1/m, jo = m, kg = 0, so that 7 = m. In the first case of (1.16.31)
we have t = s'/™, and in the second case of (1.16.31) we set t = (—s)'/™.
For odd m = m we can unify both cases, and we obtain from (1.16.49), for
(1) = (/). -

Hm = I1g2, OT
(1.16.52) A(sH™) = sHyo + of|s])-

By (1.16.32), A(t) = —t(Hoa/pum )™ + o(|t]), which proves that

(1.16.53) g;—g(()) (%(0)) - —%(0) £0

For the cases (1.16.33) for even m, we obtain

fim = Hog for ju(t) = fi(s*/™) for s > 0,
(1.16.54) fim = —Hos for fi(t) = ji((—s)"/™) for s < 0.

The bifurcation diagrams are sketched in Figure 1.16.1. Possible stabilities are
marked in Figure 1.16.2.

stable
——————— unstable

Figure 1.16.2

If m is even, the stability of the trivial solution does not change at A = 0.
In view of (I.16.33), (I1.16.54), the stability of the bifurcating curve does not
change either. In all cases (1.16.32) and (1.16.33), the stability properties of
the trivial solution line and of the bifurcating curve for some fixed value of

A # 0 are opposite. This Principle of Exchange of Stability is formulated
in the next Theorem.

Theorem 1.16.8 Consider all local solution curves of F(x,\) = 0 through
(x,\) = (0,0) except a vertical curve {(x(s),0)} but including the trivial line
{(0,\)}. The nontrivial curves are given by Theorem 1.16.4, and for fixed A #
0 these curves can be ordered in the (s, \)-plane. Then consecutive curves have
opposite stability properties in a weakened sense: Let u;(s) be the perturbed
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eigenvalues of D, F(x;(s), Ni(s)),1 = 1,2, for consecutive curves in the above
sense. Then 1 (s)u2(s) < 0, with equality only if Ds®@(s,\i(s)) =0 fori=1
or 2 and for all0 < s < § or =) < s < 0. Here @ is the bifurcation function
(1.16.19).

Proof. We refer to the proof of Theorem 1.7.4: If D®(s, \;i(s)) Z 0, then by
(I.16.40), pi(s) # 0, and derivatives of @(-, A) at consecutive zeros cannot be
both positive or both negative. The claim then follows from (1.16.41). O

Thus, if the total bifurcation diagram and the stability properties of the
trivial solution line are known, then the stability of each bifurcating curve
can be derived by Theorem 1.16.8. On the other hand, if a single curve is
computed by the Newton polygon method, Theorem 1.16.7 gives its stability
without any knowledge of other solution curves.

We give an example. Note that in view of (1.16.16), (1.16.17),

if (Fjk+1(00),05) # 0 and Fy, = 0 for 0 < £ < j,
1<m<k+1, ,m)# (G, k+1),

then the lowest-order terms cj; of (1.16.23) for k > 1 are
¢k = Hjpr1 = (Fjr41(00), 0p)-

(116.55)

S

— stable
,,,,,,,, unstable

Figure 1.16.3

Assume (1.16.55) and that the coefficients ¢,,v = 0,...,n, on the Newton
polygon are ¢y = Cmo = fim, ¢ = (Fj, k,+1(00),00) for v = 1,...,n (cf.
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(I.15.3), (I.15.4)). Then the solution curves can be computed directly from F,
and their stability follows from Theorem 1.16.8 or 1.16.7. Let, for instance,

F(LE, )\) = A(A)l‘ + )\4F42({E) + >\2F24(17) + F07($) + h.o.t. such
(1.16.56)  that A(\)(9 +w(A)) = (uz AT+ h.o.t.) (%o + w(N\)) and p7 > 0,
(Fa2(00),0y) < 0, (Fa4(0o),0h) > 0, (For(o),05) < 0.

Then the Newton polygon for @(s, A) = 0 (cf. ((1.16.23)) is given by the points
(0,7),(1,4),(3,2),(6,0) with coefficients cg > 0,¢; < 0,c2 > 0,¢3 < 0. The
values v of the three slopes are v = %,v = 1, and v = 2. The defining
polynomials have simple nonzero roots, so that Theorem 1.16.6 is applicable.
The bifurcation diagram is sketched in Figure 1.16.3. A concrete example is
given in Section II.2 in (III.2.15).

1.17 Degenerate Hopf Bifurcation and Floquet
Exponents of Bifurcating Periodic Orbits

Here we assume the situation of Section 1.8, where we proved Hopf bifurcation

for the evolution equation
dx

(I.17.1) pri F(z,\)
from the trivial solution line {(0,\)|A € R} at some (0, A\g). For simplicity,
we assume now that A\g = 0 and that the mapping F' satisfies the hypotheses
of Section 1.8, in particular, (I1.8.2)—(1.8.6), (I1.8.8), and (I.8.14) with Ay = 0.
Instead of the regularity (1.8.13), we assume now the analyticity (1.16.2) of F'.
Apart from these technical assumptions, the nondegeneracy (1.8.7) of the
simple eigenvalue perturbation u(\) (I.8.6) is crucial for the solution of the
bifurcation equation (1.8.34) or (1.8.35) (cf. (1.8.43), (1.8.44)). A crossing of
the imaginary axis of u(\) at A = 0 occurs also if u(0) = ikg and Rep’(0) =
-+ = Rep™=1(0) = 0 but Reu(™)(0) # 0 for some odd m. As proved in the
previous section, a possibly degenerate loss of stability of the trivial solution
line at A = 0 through u(0) = 0 causes bifurcation of stationary solutions of
(I.17.1). Therefore, one expects a bifurcation of periodic solutions of (1.17.1)
if the stability of the trivial solution is lost at A = 0 through 1(0) = ixo(# 0)
also in a degenerate way. In order to prove this expectation, we have to study
the eigenvalue perturbation (1.8.6) near Ao = 0. Choosing the vector ¢ as in
(1.8.18), we write (1.8.6) as

AN (po + 2272 195M) = (M) (w0 + 3272, 95M) (cf. (116.3)),
p(N) = iko + 352 N, py €C,
(L.17.2) L op) =0 for all j > 1; ie.,
Pisfo J
¢; € R(ikol — Ap) N X (complexified).
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For the subsequent analysis we need the projections

Qo1 : Z — N(ikol — Ag) along R(ikol — Ap)
(I.17.3)  given by Qu1z = (2, () ¢o for z € Z, cf. (1.8.18),
Qo1lx = Po1 : X — N(ikol — Ag) along R(ikgl — Ag) N X.

Then in analogy to Proposition 1.16.1, we have the following result:
Proposition 1.17.1 The coefficients jp for £ > 1 of the eigenvalue perturba-
tion 1.17.2 are recursively given by (1.16.9), where we replace vy by @o, and

04 by @f, and where we substitute Ag by Ag — ikl in the definition of the
vectors Apmpo for n,m > 0.

Proof. Writing (1.17.2) as
((Ao —irol) + 3272, AjAj) (Wo + 2 5m1piA )
= (Zj:1ﬂj/\ )(@0 + Z(;iﬁ%'/\j) )

then we are precisely in the same situation as (1.16.7), (1.16.8) when the
substitutions are made according to Proposition 1.17.1. a

(L17.4)

The Lyapunov—Schmidt reduction for
dx
(I.17.5) G(z,k,\) = Ky = F(z,A\)=0

near (0, kg, 0) follows Section 1.8 completely. Here we use the same notation,
in particular,

Q : W — N(Jp) along R(Jy),
A7, where Jy = kg— — Ap an is given by (1.8.21);
(1.17.6) here J jt A d Q@ by (I
Qlyne =P :YNE — N(Jp) along R(Jy) N (Y NE).

Decomposing x € ENY by x = Pz + (I — P)x = v + w, we see then that
(I.17.5) is equivalent to

QGv+w,k,A) =0,

(1.17.7) (I -Q)G(v+w,r,\) =0,

and the second equation is solved for w = ¥ (v, k, A) by the Implicit Function
Theorem. By the assumed analyticity of F' (which induces analyticity for G),
the function w = ¥ (v, k, \) is analytic, too, and we give some coefficients in
its expansion. Inserting
o0
w= Y MN(k—ro)'Gju(v), where

1.17.8 3:4,k=0
( ) Gjek : N(Jo)* — R(Jo)N(ENY)

are k-linear, symmetric, and continuous,
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into (I.17.7)2, which is

Jow + (K — mo)iw —(I - Q)Z;’il/\jAj(v +w)

dt
(1.17.9) _(]_Q)Z/\ijk(v—Fw) =0,

we obtain, by comparing like powers,

Gj[o = 0 for all j,e € Ny, Goo1 = 0,
G101v = J(;l(_[ — Q)A1U7 GOZI =0 for /¢ > 1,
S d _
G111U = _JO ld_JO 1([ — Q)Alv,
(1.17.10) Gipnv = *J61$G1,e—1,1 for £ > 1,
GnOlv = J()_l(I — Q)Anv —+ Z J(]_l(I — Q)AijOl’U,

jt+k=n
j=1,k>1
1 d .
Gnmlv = *Jo 1$Gn,m—l,1v + Z JO 1(-[ - Q)Aijmlva
jtk=n
J>1,k>1

for n > 2, m > 1. The recursion formulas for Gqg,, for n > 2 are
Gooz(v) = Jy (I — Q) Foz(v),
n k
(L17.11) Goon(v) = J7 /(T = Q)Y ¥ > (M) ST/,

k=2 m=0 vi+---+v,m=n—k+m
where [./.] = [Goow, (v), ..., Goow,, (V),v,...,v]; cf.(1.16.17).

We insert w = (v, k, A) into (1.17.7)1, and we obtain the bifurcation equation
(cf. (1.8.30)). For real v, this two-dimensional system is equivalent to the one-
dimensional complex equation (1.8.34), which by Q%w = %Pw =0, QJow =
0 reduces to

1 27 d o .
— <(/<;f/<;0)£v = =N Aj(v+w)

(oo}
— > N Ej(v+w), ¢p)dt = 0.
ng
Clearly, by (I1.17.8), the function (I.17.12) is analytic in its variables (v, Kk —
Ko, A), but before studying its coefficients we investigate its structure when
we insert v = ¢y + ¢y, ¢ € C. According to (1.8.35), we denote this complex-
valued funtion by 43(0, K, ), and due to equivariance of G, it has the properties
(1.8.36) and (1.8.37). In particular, it is odd in ¢ € C. We rediscover this
oddness as follows: Let G(*) [v,...,v] be a k-linear, symmetric, and continuous
mapping in the expansion of G(v+¥ (v, K, \), k, A). When we insert v = ctbg +
¢thg, we obtain, for k = 2/ + 1,
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1 27
o /. (GPw, ... v],ph)dt
1.17.13 _ _
( ) :C|C‘2£<22Z1)<G(k)[g007"'3@078007""S00]’S06>5
{41 ¢

and 0 for k = 2/ (cf. (1.8.18), (1.8.21)). Therefore, the Bifurcation Equation
for Hopf Bifurcation (1.17.12) is of the form

A ) .
D(c,k,N) =c > HjpN (k — ko)*|c|?

} j.4,k=0
(1.17.14) = cd(c,k,\)  (cf. (1.8.39))

with coefficients H g, € C.

(We know that there is convergence for |c|, | — |, |A| < 4.) From (1.17.12)
we deduct for the coefficients of the linear terms (in c):

Hooo =0, Hgig=1, Hgyp=0fort>2,
Higo = —(A1p0,00), Hiew=0for £>1,
(1.17.15) Hnoo = —(Anpo,90) = > (A;Gro1o, #0);

RS
Hymo == 32 (AjGrm1%0, ¢), for n > 2,m > 1.
A

The operators Gy,,1 are given by (1.17.10). In order to relate them to the
operators Ay, of (1.16.10), we make use of the following observations:

For v = ¢y + &y, c€C,

1 27

o [ (89T - QTe v
2m Jo

— ; _ —1 o /
(1.17.16) —16<S§3r’40[ Aa(l)) (I = Qo1)Tpo, ¢0),

_ 127 _ /

271' o <S‘]O dt(I Q)Tvvw0>dt

=ic(S(ikol — Ag) (I — Qo1)T 0, ©p)
for every S,T € L(X,Z) and for Qo given by (1.17.3).

Considering ikgl — Ag : (I — Py1)X — (I — Qo1)Z, we see that the preimages
are in (I — Pp1)X = R(ikgl — Ap) N X. We claim that

27
o < AjGrm1v, ¥ > dt = (A;Grm190, Ph)
0

(1.17.17) = —1"(AjAr—1,mpo, ¢p) for j > 1,k >1,m >0,
where A, are given by (1.16.10) with the
substitutions listed in Proposition 1.17.1.

The proof is by induction, using (I.17.16) and the recursion formulas (I1.16.10)
and (1.17.10).
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Next, we choose ¢ = r € R and decompose D(r, k, \) = D(r, k,\)/r = 0
into real and imaginary parts:

ReHjoN (k — ko) + 3 ReH N (k — ko) 'r?" = 0,

e

= j,£=0
(L.17.18) =0 | i |
K — o+ 2 ImHjoN (k= ko)* + X ImHjuN (k — o) r?* = 0.
i=1 j,6=0
=0 k=1

This is system (1.8.39), and it is solved in Section 1.8 by the Implicit Func-
tion Theorem when ReHp # 0. By (1.8.44), this assumption is equivalent to
Rep’(0) = Repg # 0 (cf. (I1.17.2)). Here we allow a degeneracy of the eigen-
value perturbation, and we have to relate this to the bifurcation equations
(1.17.18).

The second equation (1.17.18) allows us to express k— kg in terms of (X, r?)
(by an application of the Implicit Function Theorem). By analyticity,

k=rko+ Y djpNr®* =&(r,\), where doo=0,
J,k=0
dio = —ImHi00, doo = —ImHsp,

-1
de = —ImHypoo — > > ImHymo > dyo---dy,,0,

n=2 m=1 vt vm=£—n

for ¢ > 3 (in view of Hyg = 0).

(1.17.19)

When we insert kK — kg as given by (1.17.19) into (1.17.18);, we obtain the
Reduced Bifurcation Equation

@Te(r, A)
= cjk)\jrzk =0 with ¢go =0,
J,k=0
(1.17.20) C10 — 1%6[’[10()7 Con = RQHQ()(),

—1 -

ceo = ReHpoo + > > ReHpmo > dy,o--dy,,0,
n=2 m=1 Vit rm=£—n

for ¢ > 3.

Finally, we express j as given by (1.16.9) (with the substitutions of Propo-
sition I1.17.1 by the coefficients H,,,0, where we use (1.17.15) and (1.17.17)):

p1 = —Higo, p2 = —Haoo,
-1 L—n

(Il721) e = _HZOO — Z Z Han Z (—Zluul) N (_i,uun)7
n=2 m=1 Vit v, =£—n
for ¢ > 3.

Assume that Rey; = -+ = Repy—1 = 0. Then, in view of (I.17.19) and
(1.17.21),
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(1.17.22) Impy =dgo for £=1,...,m+1,
and by (1.17.20) and (1.17.21),

(I.17.23) Repy = —cgp for £ =1,...,m+1.

‘We summarize the result:

Theorem 1.17.2 Let u(\) = irg + Zj’;l wiN be the perturbation series of
the critical eigenvalue irg of A(N) = 3272, NAj; = D,F(0,\), which is the
linearization of F'(x,\), along the trivial solution {(0,\)}. Let @,.(r, \) be the
Reduced Bifurcation Function (1.17.20). Then ®,..(0,\) = 3272, cjoN along

the trivial solution. If Rey; = --- = Repm—1 = 0, then Rep; = —cjo for
j=1,...,m+1. Conversely, if cio = -+ = cm-1,0 = 0, then Reu; = —c;o for
j=1,...,m+1. If all Reu; are zero, then all c;o are zero and vice versa. In

other words, the first two nonvanishing coefficients cyo and cpmy1.0 ofdsre(O, A)
are precisely the negatives of the two first nonvanishing coefficients Repi,, and

Repim+1 of Rep(N).

If m is odd, then Reu(A) changes sign at A\g = 0, which means that the
trivial solution line loses or gains stability (provided that all other eigenvalues
in the spectrum of D, F(0,0) are in the stable left complex half-plane). The
proof that a degenerate crossing of p(\) of the imaginary axis at ©(0) = ikg
causes bifurcation of periodic solutions of (I.17.1) is the same as that in Section
L.16: @,..(r, \) corresponds, in view of Theorem 1.17.2, precisely to (s, \) given
in (I.16.26) when s is replaced by 72, and the arguments for the following

theorem are the same as for Theorem 1.16.4.

Theorem 1.17.3 Let pu(\) = irko + Z;’;l wiN be the perturbation series of
the critical eigenvalue irg of DyF(0,)), and let Reu(N) = 72, Repu; N
with Rep,, # 0. If m is odd, then at least one and at most m nontrivial
curves {(z(r), \(r))} of real 27 /k(r)-periodic solutions of (1.17.1) through
(2(0),A(0)) = (0,0) and 27/k(0) = 27 /Ko in (C’Qﬂ/n(r)(R 2)NC3 (R, X))
X R bifurcate. In particular,

x(r) is given by (1.8.47), where 1 is analytic near (0, ko, 0);
k(r) = K(r, \(r)), where & is analytic near (0,0),
Ar) = 1230 parr? Pz for 0 <r < §
(I.17.24)  with exponents explained in (1.16.27) and
ap # 0 a zero of the defining polynomial P.
Finally, x(—r) = Sz /emz(r), k(=r) = rK(r)
and XN(—r) = A(r) (cf. Theorem 1.8.2).

If m > 1 is arbitrary, then at most m nontrivial periodic solution curves of
the form (1.17.23) bifurcate (we include here possible vertical bifurcation, i.e.,

A(r) = 0).
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We have the analogous special cases here as expounded in Section 1.16
when the Newton polygon for @Te(r, A) = 0 consists of a single line con-
necting (0,1) and (2k1,0) or (0,m) and (2,0). Whereas the coefficient of
the defining polynomial at (0,1) or (0,m) is given by Theorem I1.17.2 (it
is —Rep; or —Repun, respectively), the coefficient at (2k1,0) or (2,0) is
ReHoor, or ReHpp1. The computation of these coefficients is not trivial; it
follows the lines of (1.16.20), where the expressions for Gg, correspond to
(I.16.17). Here Ay is replaced by Jy. For v = 7(¢)g + 1), the computation
of Jo_l(I - Q)FO(Z) [Goow, (V), ..., Goow,, (V),v,...,v] is accomplished as in Sec-
tion 1.9, in particular (1.9.9). We give the formula for Hyo;, which follows from
(I.9.11) with the observations of Remark 1.16.2:

3 _
Hoo1 = —3<Fo(:§) [¢0, 0, Pols ¥0) ,
(1.17.25) —2(F0, [, (260 — 40)™ Fi o, ol #4)
+4(F53 [0, 45 " Fg3 [po, Boll, 05)-
Case 1
For m = 1 and any k1 > 1 we always have a pitchfork bifurcation by

formula (1.16.30), where s** is replaced by r2*1. If k; = 1, we have, in view of
(1.17.23) and (I1.17.25),

)\(7") — M,ﬂ + 0(7”4)7
Rem
(1.17.26)  K(r) = ko + dioA(r) + do17? + O(r?)
H
= Ko + (Imul and M — ImH001> r2 4+ O(r4)
Repn

by (1.17.19), (1.17.22), and do; = —ImHyg1, which follows from (1.17.18),.
Thus, in the nondegenerate case in which Reu; = Rep/(0) # 0, we regain the
bifurcation formulas (1.9.12). The general case is given by

ReH,

(L.17.27) Ar) = 7Re;ot(ikl r? 4O (r?ht?)
and k(r) is given by (I.17.19); the lowest-order term of k(r) depends on
(I.17.27) and the first nonvanishing coefficient in the expansion (1.17.19); cf.
also (1.17.22).

Case 2

For the case m > 1,k; = 1, we have cg; = ReHyg1, and in view of s =
r?2 > 0, the cases (1.16.31)—(1.16.33) reduce to

ReH,
A(r) = r2/m (—e 001
Repim,
if m is odd, and
ReHopo1

1/m
A(r) = +p2/m < Refin > + o(r?/™)
if m is even and ReHyo1 /Repi, > 0.

1/m
) + 0(7“2/'”)

(1.17.28)
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If ReHoo1/Repm, < 0, then for even m, there is no bifurcation of real periodic
solutions of (I.17.1). Recall that in this case there is no exchange of stability of
the trivial solution line {(0, A)}, since the critical eigenvalue p(\) of D, F'(0, \)
does not cross the imaginary axis.

However, if m is odd, the stability of {(0,\)} changes (provided that all
other eigenvalues of Ay = D, F(0,0) are in the stable left complex half-plane
of C; in this case, the stability of the bifurcating periodic solutions of (1.17.1)
is determined by the perturbation of the critical Floquet exponents near 0, cf.
(1.12.4), (I.12.5)). Since

95,26(0, A) = Dy (r®,e(r, \))|r—o and
(1.17.29) @ (1, \) = Re®(r, 5(r, ), A) (cf. (1.17.14), (1.17.18)
where &(r, \) is given by (1.17.19) (cf. (1.17.20)),

Theorem 1.17.2 can be restated as follows: A
If Rep/(0) = - = Rep(™~1(0) = 0, then DxD,Re®(0,%(0,0),0) = ---
= DT_lDTReQS(O, %(0,0),0) = 0, and vice versa. In this case,

dm, N dm
L17. ——ReD,®(0, & —0=——— —0-
( 7 30) dm ReD, (07/§(0v)‘)7)‘)|k—0 dm Re/”'()‘)th
We show now how formula (I.17.30) generalizes to the bifurcating curves of
periodic solutions given by Theorem 1.17.3 and their critical Floquet expo-
nents.

1.17.1 The Principle of Exchange of Stability
for Degenerate Hopf Bifurcation

If we substitute 7 = /P72 into (1.17.24), the curve {(z(r), x(r), \(r))||r| < 8}
is a solution curve of G(x,k,A\) = 0 (cf. (I.17.5), where we normalized
the period again to 27), which is analytic in 7. We write this curve as
{(&(7), (), A(r))}, and its stability is determined by the critical Floquet
exponent po that is the nontrivial perturbed eigenvalue of

(1.17.31) D,G(&(7), A(T), N(1))p = p (cf. (1.12.3)).

We adopt the terminology of Section 1.12. The existence of the second crit-
ical Floquet exponent us = jio(7) is given by Proposition 1.12.1, and by its
construction via the Implicit Function Theorem, all functions that are in-
volved depend analytically on 7 for |7] < 6. For simplicity, we stay with
the curve {(z(r),x(r), A(r))} as long as possible, and we have in mind that
analyticity (or even differentiability) is given only when it is parameterized
by 7 (i.e., r = r(7) = 7772/2). In the sequel we use the following notation:
DLG(T) = DxG(x(T)v K‘(T)v )\(7‘)), ¢1(T) =0 —|—’LU1(T‘), and wZ(T) = {)2—|-w2(7"),
where Pw;(r) = 0,i = 1,2. Then, by (1.12.6), (1.12.9), and (1.12.10),

(1.17.32) DoG(r)a(r) = v(r)i(r) + pa(r)a(r), or, by (1.12.8),
S DG () (r) + pa(r)a(r)] = pa(r)[v(r)en (r) + pa(r)de(n)]
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By the equivariance (1.8.31) or (I1.12.16), equation (1.17.32)s is equivalent to

DG (1) [(r)Soths (r) + 12(r)Sota(r)]
(1.17.33) = a (1) [ (r)So1 () + o () Sotba(r)].

(Cf. (1.8.32), (1.8.33), and recall that x(e?r) = k(r), A(e?r) = A(r), which is
also seen from (1.17.14).)
By the definitions of 11 (r), ¥2(r) and by (1.12.9), we obtain

v(r)Seii(r) + pa(r)Setba(r)
(I.17.34) = (v(r)cos O + ua(r)sinf)vq +

)0 pa(r) cos O — v(r) sin 6)b,
+ w(0,r), so that Pw(#,r) =0 for

0 € [0,27], |r| < 0.

In the sequel we distinguish the cases (v(r), p2(r)) = (0,0) and (v(r), pa(r)) #
(0,0) for 0 < |r| < . In the first case, we choose § = §(r) = 0, and we have
equation (I.17.32); with zero right-hand side. In the second case, we choose
the phase 6 = 6(r) by

(I.17.35) v(r)cosf + po(r)sinf =0 for 0 < |r| <4,

and substituting r = r(7) = 7P72/2, we see that the phase

(1.17.36) 6 =0(r) =0(r) € [—g, g} is analytic in 7 for |7| < 4.
Since the eigenfunction (1.17.34) with the phase (I.17.35) has no 9;-component,
equation (1.17.33) implies

(I = Qu)DaG(er)y(r) = pa(r)(r), where

(I.17.37) P(r) = (u ( )cos O — v(r)sin0)vs + w(f,r) is in
(I—P)(ENY) for |r] <.

The real coefficient s (r) cos @—v(r)sinf = [(r) satisfies the equation |3(r)|

r
v(r)? + pa(r)? if 6 = O(r) is chosen according to (1.17.35). Therefore, 5(r)
0 for 0 < |r| < & in the second case, and () = B(r(r)) (with r = r(7)
7P72/2) is analytic and does not vanish for 0 < |7| < 6.

By definition (I.17.34), the remainder w(f(r), (7)) is given by

Il

w(B(r), (1)) = () wr(r(r)) + in(r) G500y 1(r(T)),
AT38) here o(7) = (r(r)), fin(7) = jua(r(r).

Since

(1.17.39) 'fgyglgm < Lo 2 (r)|/18(r)] < 1
we obtain

(1.17.40) w(@(F),1(7))/B(r) — 0 as T — 0
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To summarize, when dividing equation (1.17.37) by the coefficient B(T) £ 0,
we obtain an analytic simple eigenvalue perturbation

(I = Q) DGOy (r))d(r) = fia(7)(7),
(1.17.41) P(T) = D9 + (1), W(0) =0, 2(0) =0
with some w(r) € (I — P1)(ENY).

Recall that in the case G(7) = 0 (i.e., when (v(r), p2(r)) = (0,0)), we obtain
(1.17.41) with A(7) = 0 by (1.17.32); as well.

Thus for the analytic family A(7) = (I — Q1)DyG(e?™r (7)), the results
of Section 1.16 are applicable, in particular Theorem 1.16.3. The calculation
of the bifurcation function related to (I1.17.41) is already accomplished in
Section 1.12, (1.12.21)—(1.12.30). We repeat the main steps (where we stay for
simplicity with the dependence on r rather than on 7). We define

G(x,0,r) = (I = Q1)G(x(er) + z,k(r),\(r)) and
(L17.42) G(0,0,r) =0, which is the trivial solution line.
o D,G(0,6,r) = (I - Q1)D,G(er) and
(L17.43) D.G0,6000).0)= (I - Qi) (6= 6(r)
and
N(D,G(0,6(0),0)) = R(P>) = span]da],
(1.17.44) R(D.G(0,6(0),0)) = R(Jy), and

(I = Q)W = R(D,G(0,6(0),0)) & N(D-G(0,6(0),0))
with projection Q)3 onto N along R.

The Lyapunov—Schmidt reduction yields the bifurcation function

B(v,0,7) = Q2G(v+ (v,0,1),0,7),
and for v = siy the computations (1.12.27)—(1.12.29) give
(1.17.45)  P(sv9,0,1)
= Q2G((e"r + s)po + (e 7 + s)1,
(e + s)tho + (71 + 5)g, £(r), A(r)), 5(r), A(r)).

Using the definition (1.12.9) of the projection @, and using the definitions
(I.8.34), (I1.8.35) of the bifurcation function @, we see that the definition
(I.16.18) of the bifurcation function for (I1.17.42) and (I1.17.43) finally gives

27
(1.17.46) ¥(s,m) = %/0 (@(s02,0(r), 7(r)), 0)dt

= Re@(eié(T)r(T) + 5, 6(r(7)), A(r(7))).

Theorem 1.16.3 then relates the first two nonvanishing coefficients in the ex-
pansion of fia(7) to the first two nonvanishing coefficients of D% (0, 7). In
order to compute D ¥(0,7), we make use of the equivariance (1.8.36) of @,
which implies
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(1.17.47) B + s, k,\) = e9D(r + e s, K, ).

Therefore, differentiation of (1.17.47) with respect to s at s = 0 and taking
the real part gives

(1.17.48) D, (0,7) = ReD,d(r(7), k(r(7)), \(r(1))).

By definition (I.17.19) of k = &(r, A) (cf. (I1.17.29)) and by 4(7) = k(r(7)),
A7) = A(r(7)), we can rewrite (1.17.48) as

D,w(0,7) = ReDT.sl%(r(T)7 R (
(1.17.49) = ReD, &(r(r), K(r(r .
= Dr(r(T)ére(r(T% )‘(T))) for |T| < 0.

Now application of Theorem 1.16.3 gives the following theorem, which ex-
tends formula (1.17.30) for the trivial solution line to any bifurcating curve of
periodic solutions.

Theorem 1.17.4 Let {(2(7),4(7),\(7))} be any analytic solution curve of
G(x,k,\) = 0 through (0,r0,0) (cf. (1.17.5)) and let fiz(1) = 3272, fi; 79 be
the nontrivial critical Floquet exponent of DyG(&(7), &(1), \(7)). Let &(r, r, \)
be the complex bifurcation function obtained by the method of Lyapunov—
Schmidt (cf. (1.17.14)) and let

1
o

2m
(1) /0 (&(r),0)dt; cf. (1.12.9).

Then the following holds:

ph(0) =+ = 5"V (0) =0 ( = g 2) -
d ~
EReDrﬁﬁ(r(T), R(T), A(T))|r=0 =
L17. -l A i
( 7 50) = %ReDré(r(T)a "%(7—)7 A(7—))|T:O = 07
-
and in this case,

m drh

A ReD,B(r(7), () AT oo = - a()l oo,

(The last equation also holds for m +1.)

This generalizes formula (I1.12.31) (here 7 = r). (For a different proof see
also Remark 1.18.5.)

If %[LQ (7)|r=0/m! = iz # 0, the sign of the nontrivial critical Floquet
exponent is given by

signfiz(7) = signReD,®(r(7), &(7), A(1)) # 0
(L.17.51) for 7 € (=8,5)\{0}.
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As in Section 1.16, we can give a criterion for when i3 # 0 for some m > 1.
The advantage of that criterion is that it is part of the construction of the
analytic curve {(&(7), (), \(7))}. The _proof is the same as in Section I.16,
(1.16.42)—(1.16.48)), when we replace s@(s A) by r®,..(r,\). The peculiarity
here is that @,.(r, A) depends only on 2 (cf. (I1.17.20)). Observe also that

r®pe (1, ) = Red(r, &(r, A), \) (cf. (1.17.29)). We give the result:

Theorem 1.17.5 Let a solution curve {(z(r),x(r), A(r))} of G(x,k,A) = 0
(cf. (1.17.5)) be obtained by a simple zero Ao # 0 of a defining polynomial P,
for some slope —1/7 of the Newton polygon for @,.(r,\) (cf. Theorem 1.17. 3)
Ify =/ and 7 = r¥%, then {(z(r), x(r),A\(r)} = {(&(7), A(T), A(T))}
is an analytic solution curve through (0, ko,0) (in ), and for the nontrivial
critical Floquet exponent fio(T) = 2;11 ;77 of D,G(E(1), R(1), A7), we
obtain the following:

,[Ll — . = ﬂm—l = 0’ fo’rﬁ], = ’yljg +’}/2k}£ (an
(L17.52) where yje + ke = -+ = Yjeyr + keyr = 0 (cf. (1.15.5)), and
fii = —27Xo P (Xo) # 0.

In particular, fio(1) #0 for 7 # 0, so that (1.17.51) holds.

We apply Theorem 1.17.5 to the special cases (1.17.26), (1.17.27), studied
before.

Case 1

Let m = 1 and k; = 1. Then (according to (I1.17.20)) v = 1,jo = m =
1, ko = 0, so that m = 1. Furthermore, 7 = r?, and from (1.17.52) we obtain,
by Py ()\) = c10A + ReH100 = —Repr A + ReHopor,

(1.17.53) pa(r) = 2ReHygy 72 + O(r?).
In view of (I.17.26); this gives, with (1.17.2),

d? 1o d,u d? )\
1.17.54 =92 - -

which recovers formula (1.12.34).
For ki > 1 we have v = k; and " = ki. Again 7 = 72, and formulas
(I.17.52) and (1.17.27) give in this case

( ) o pa(r) = leReHookﬂ'Qj; +O(r?t2),
1.17.55 PR dp, dPi
g () = 2kReR(0) 7 (0):

Formula (I.17.55)5 links the nontrivial Floquet exponent 15 () along the bifur-
cating pitchfork (z:(r), x(r), A(r)) to A(r) via the nondegeneracy Rep’(0) # 0
(cf. (1.8.7)).

Finally, we have the analogue to Theorem 1.16.8: There is a general Prin-
ciple of Exchange of Stability for degenerate Hopf bifurcation formulated
in the next theorem.
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Theorem 1.17.6 Consider all local periodic solution curves of (1.17.1) through
(x,\) = (0,0) except a vertical curve {(x(r),0)} but including the trivial line
{(0,\)}. The nontrivial curves are given by Theorem I.17.3, and for fized
A # 0, these are ordered in the (r, \)-plane for positive r. Then consecutive
curves have opposite stability properties in a possibly weakened sense (if the
Floquet exponent ps(r) vanishes along that curve).

Thus the total diagram shows also the stability properties of the curves if
the stability of the trivial solution line is known. On the other hand, Theorem
1.17.5 gives the stability of a curve by its construction.

We give an example:

(1.17.56) B Ni o= -3 4 i’ — 2,

which is a “nonlinear oscillation” for the scalar function « = x(¢). Transformed
to a first-order system in R?, it takes the form (1.17.1). Here ko = 1 and

01

(1.17.57) AN = (1 7

1
) , so that Reu(\) = 5)\7.
Thus, in view of Theorem 1.17.2, the Reduced Bifurcation Function satisfies
®rc(0,A) = —3A7+ h.o.t.. As in (1.16.55), the lowest-order coefficients ;i of

PD,e(r,N) for k > 1 are of the form

ReHjor = — (5 YRe(F Y [0, .., 00, Bos - -+ ol ¢

(L1758) jOk ( k ) ( 7,2k+1 [0 $0; o Dol ¢0)
k+1 k

if Fppp =0for 0<4<j, 1<m<2k+1,(¢{,m)# (4,2k+1).

Here pg = %(D?cp{) = %(_1’), and ( , ) denotes the real bilinear scalar

product on R? extended to C2. .

For our example, the Newton polygon for @,..(r, \) consists of the points
(0,7),(1,3),(2,1), (4,0) with coefficients f%, %, f%, ?—g. The values of the
three slopes are v = i,v = %, and 7 = 2. The defining polynomials have
simple nonzero roots, so that Theorem 1.17.5 is applicable. The bifurcation

diagram is sketched in Figure 1.17.1.

, - stable
,,,,,,,, unstable
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Figure 1.17.1

Remark 1.17.7 For the planar system (1.17.56) the alternating stability of
consecutive periodic solutions (which are closed curves containing the origin
and each of which is contained in the next one) is not surprising: a simple
geometric intuition “proves” the Principle of Exchange of Stability, since there
is “apparently” only one possibility for how the trajectories spiral in the rings
between the closed orbits. For higher-dimensional systems (1.17.1), however,
there is obviously not such a geometric intuition for such a principle, and our
assumption of nonresonance (cf. (1.8.14)) does not exclude that the (para-
meterized) center manifold for (I.17.1) is of high dimension (provided that it
exists).

Remark 1.17.8 A degenerate bifurcation as discussed in the last two sec-
tions is not “generic.” A small perturbation of the linearization A(X) reduces
the problem to a generic bifurcation where the critical eigenvalue crosses the
imaginary axis transversally (“with nonvanishing speed”). For the concrete ex-
ample (1.17.56), a perturbed bifurcation diagram of Figure 1.17.1 is sketched
i Figure 1.17.2.

Figure 1.17.2

We observe a generic Hopf bifurcation (cf. Remark I.14.5) with “imperfec-
tions” that contain stable branches of periodic solutions, too. It seems to be
natural to consider a solution set as sketched in Figure 1.17.2 as a perturbation
of a degenerate bifurcation; cf. also Remark I11.2.2.
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1.18 The Principle of Reduced Stability
for Stationary and Periodic Solutions

As in Section 1.7 we consider formally

dr

1.18.1
(L18.1) i

F(z,X),

where F': U x V — Z with open sets U C X, V C R, and we assume that
the Banach space X is continuously embedded in the Banach space Z. Let
F(zg,X\o) = 0; i.e., zyp € X is an equilibrium of (I1.18.1) for the parameter
Ao € R. We normalize w.l.0.g. (zg, Ag) to (0,0). According to the Principle of
Linearized Stability (cf. (I.7.2)), the stability of this equilibrium is determined
by the spectrum of D, F(0,0).

In this section we assume a degeneration or bifurcation at (0,0) in the
sense of Sections 1.2, 1.4, 1.5, and 1.8: There is an eigenvalue of D, F(0,0)
on the imaginary axis that might cause a loss of stability. (If there is no
eigenvalue of D, F(0,0) on the imaginary axis, the Implicit Function Theo-
rem provides a unique continuation of the solution F(0,0) = 0 preserving its
stability.) Here we do not prove the existence of new stationary or periodic
solutions of (I.18.1), but we are interested only in their stability if they exist
near (0,0). In the first part of this section an eigenvalue 0 might generate
stationary solutions, whereas in the second part a pair of complex conjugate
purely imaginary eigenvalues might create periodic solutions of (I.18.1) near
(0,0).

We generalize the assumption of a one-dimensional kernel of D, F(0,0) to
the following:

0 is a semisimple eigenvalue of D, F(0,0)
(1.18.2) of multiplicity n > 1; i.e., dimN (D, F(0,0)) =
and N(D,F(0,0)) N R(D,F(0,0)) = {0}.

Assuming that F(-,0) is a Fredholm operator of index zero (cf. Definition
1.2.1), this implies the decompositions

183 X = N(D,F(0,0)) @ (R(D,F(0,0)) N X),
(1.18.3) Z = R(D,F(0,0)) & (N(D,F(0,0)) (cf. (1.2.2)),

which, in turn, define projections

P:X —> N, P=Q|x, where

(I.18.4) Q:Z — N along R.

(Here N = N(D,F(0,0)), R= R(D,F(0,0)); cf. (1.2.3).)
The reduction method of Lyapunov—Schmidt described in Theorem 1.2.3
yields that
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all solutions of F(z,\) = 0 near (0,0) € X x R are obtained
by solving @(v, A\) = 0 near (0,0) € N x R.

The bifurcation function @ is derived from F

as in (I1.2.9) and v = Puz.

(L18.5)

The Principle of Reduced Stability for Stationary Solutions is now
formulated as follows: Are the stability of = as an equilibrium of (I.18.1) and
the stability of v = Px as an equilibrium of the reduced system

dv
(1.18.6) o = 2.

for (x,\) near (0,0) the same?

We give an answer to this question by the Principle of Linearized Sta-
bility, cf. (I.7.2), provided that the solutions (x,\) form a smooth curve
{(z(s), A(s))|s € (—6,0)} through (0,0). For the regularity of F' near (0,0)
we assume analyticity as described in (I.16.2). We also assume that the solu-
tion curve

(1.18.7) F(x(s),A(s)) =0 through (z(0),A(0)) = (0,0)

depends analytically on s € (=4, ).
Thus the problem amounts to the study of the eigenvalues of the analytic
families of operators

T(s) = D,F(x(s),\(s)) and
R(s) = D,®(v(s), A(s)).

To be more precise, as in Section 1.7, we confine ourselves to the eigenvalue
perturbation of the critical eigenvalue p = 0 of T(0) = D,F(0,0) and of
D,®(0,0) = 0 (cf. (I.2.10)2), assuming that the rest of the spectrum of
D, F(0,0) is in the left complex half-plane. In contrast to the investigations of
Sections 1.7 and 1.16, the multiplicity n of the eigenvalue p = 0 (cf. (1.18.2))
makes the eigenvalue perturbations more involved. However, the assumed ana-
lycitiy of T'(s) € L(X,Z) and of R(s) € L(N,N) allows us to make use of
Newton polygons in studying the characteristic equations for the perturbed
eigenvalues. In order to simplify the comparison of the characteristic equations
we introduce the following notation:

T11(s) = QT'(s)|y € L(N, N),

Ti2(s) = QT(8)|rnx € L(RN X, N),
Ton(s) = (I = Q)T(s)|n € L(N, R),
TQQ(S) = (I — Q)T(S)‘RQX S L(RﬂX, R)

Then, in view of (1.18.3), T'(s) € L(X, Z) is given by the matrix operator

ro = (o) ).

(I.18.10) where the entries have the properties
T11(0) = 0, T12(0) = 0, T21(0) = 0, and
T52(0) is an isomorphism.

(L18.8)

(1.18.9)
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That last property holds also for Tho(s) when s is near zero.
The eigenvalue problem for T'(s) leads to the study of

Ty (s) —ply  Tia(s) >
T(s) —pl = , peC,
(S) 'LL < Tgl(s) TQQ(S) — /.LIQ M
where I denotes the embedding X C Z,
I; is the identity in N, and Is = I|pnx.

(L18.11)

Multiplying (I.18.11) on the left by the isomorphism (for small |s| and |u|)

(L18.12) (101 _T“(S)(Tﬂés) - “12)1) e L(Z,2),

where I, is the identity in R, we obtain the operator

Tua(s) = uli = Tia(s)(Toa(s) — pul) 'Ton(s) 0
(L18.13) ( ' e S Tzz(s)—/uz)’

which is in L(X, Z). Thus the critical eigenvalues p of T'(s) near 0 satisfy the
equation

(1.18.14)  det(T11(s) — Iy — Tha(8)(Tao(s) — puls)  *Tai(s)) = 0.

Observe that the operator in (I.18.14) is in L(N, N), and dim N = n. Finally,
since

(L18.15) (Toa(s) — plz) ™" = 3200 o Toa(s) ™7,

equation (1.18.14) is transformed into

h(s, i) = det(Tu1(s) — ply — Tiz(s) 3op7g 1" Taz(s) ™"~ Ta(s))
(1.18.16) =det(T11(s) — plh — > 0o g W’ Bu(s)) =0,
where B, (s) = Tia(s)Ta2(s) V1T (s) = O(s?).

The function h is analytic for (s, ) near (0,0) in the sense of (I1.15.2), with
the difference, however, that s is real and p is complex. The Newton polygon
method expounded in Section 1.15 for the real case gives also all solution
curves of h(s,u) = 0 emanating at (0,0) if p is complex: Simply take all
nonzero complex roots fig of the defining polynomials (1.15.8) and proceed in
the same way as in the real case.

We call h(s,pn) = 0 the characteristic equation for the eigenvalue pertur-
bation of the critical eigenvalue = 0 of T'(0) = D, F(0,0).

Next, we derive the characteristic equation for the eigenvalues of R(s).
From (1.2.9) we obtain

(L18.17)  Dy®(v,A) = QDo F(v + ¥(v,A), ) (11 + Dytp(v, \)),

and since (I —Q)F(v+¢(v, A),\) = 0 (cf. (1.2.8)), differentiation with respect
to v yields
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(1.18.18) (I = Q)D,F(v+¢(v,\),\)(I1 + Dyto(v,\)) = 0.

For the assumed solution curve {(x(s), A(s))} we have v(s) = Px(s) and
v(s) + ¥(v(s), A(s)) = x(s), so that (I1.18.18) implies, in view of definitions
(1.18.9),

Dyp(v(s),A(s)) = —Ta2(s) " 1Th1(s) , whence from (1.18.17),

(1.18.19) R(s) = Ti1(s) — Tia(s)Taa(s) 1 Th1(s).

The characteristic equation for the eigenvalues of R(s) is therefore given by
(1.18.20) g(s, 1) = det(Th1(s) — puly — Bo(s)) = 0.

We have to compare the solutions of the equations h(s, ) = 0 and g(s, ) =0
emanating at (0,0). We give our main result:

Theorem 1.18.1 Let R(s) = sk Ry, + O(s**1) for some ko > 1. If 0 is an
eigenvalue of Ry, € L(N,N) of at most algebraic multiplicity one, then the
series expansions of all critical eigenvalues of T(s) = D, F(x(s),\(s)) and of
all eigenvalues of R(s) = D,®(v(s), A(s)) have the same first nonvanishing
terms. For all but possibly one, these first terms are given by

(11821) /’[‘psk07 p = 17 ) r S n,

where p, € C are the nonvanishing eigenvalues of Ry, . If detR(s) = 0, then
p =0 is an eigenvalue for R(s) and T(s). If det R(s) = rys® + O(s*H1), £ >
nkg, the last eigenvalue has the first term

—My
- .

(I.18.22) ,LLOSZ_("_l)kU, where o = T@M;ml )

Here m, denotes the algebraic multiplicity of p,, p=1,...,7 <n —1.

Proof. We consider the case in which y = 0 is an eigenvalue of Ry,. The
modification in the other case is obvious. The Newton polygon for

(1.18.23)  det(s™ Ry, — pul1) = —p(p1s™ — p)™ - (s — p)™r

contains the line connecting (0,n) and ((n — 1)k, 1), since the coefficients at
these endpoints do not vanish: They are

at (O,TL), (_l)na
(1.18.24) at ((n _ 1)k0, 1)’ 7/1;;”‘1 e with my +---+m, =n— 1.
For the polygon of g(s, 1) = det(R(s) — uly) we have to distinguish the two
cases det R(s) = 0 and det R(s) = rys* + O(s**1). In the first case, u =
0 is an eigenvalue for R(s), too, and the Newton polygons for ¢(s,u) and
det(s* Ry, — ply) are identical. In the second case, there is an additional line
connecting ((n — 1)kg, 1) and (¢,0) on the s-axis. Observe that ¢ > nkg, so
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that the polygon connecting (0,n), ((n—1)ko, 1), and (¢, 0) is convex. The only
slopes are —1/kq and possibly —1/(¢ — (n — 1)kg), and for the slope —1/kg
the defining polynomial is

(118.25)  Ppy(2) = —fils — )™ - (r — @)™ (ct. (L15.8).

According to Remark 1.15.1, only the nonzero roots of Py, (f1) are of interest,
and they give the nonzero eigenvalues of R(s) in lowest order by p,s™,p =
1,...,m; cf. (I.15.17). Thus in the first case, the eigenvalues of R(s) are

(1.18.26) p=0 and p,s" +hot, p=1,...,r

(Since the roots p, of Py, (1) have multiplicity m,, they give m, complex
solution curves {(s,u(s))} of g(s,u) = 0. This follows from the procedure
described in Section I.15. Recall that all complex roots of defining polynomials
are of interest now. The m, (complex) eigenvalues of R(s) with the same
lowest-order terms upsko are not necessarily identical.)

In the second case, the additional slope —1/(£—(n—1)kg) gives the defining
polynomial

(1.18.27) PZ—(TL—l)kO (/j) = —MTl e /’L:’r“/]’ + Ty,

since the coefficient at (¢, 0) is . This proves that in this case, the eigenvalues
of R(s) are

(1.18.28) st~ (DR L hot., upsko +hot., p=1,...,r

where pg is given by (1.18.22).

In order to determine the solutions of h(s, ;1) = 0, we write it as h(s, u) =
det(R(s) — ply — Y02, ¥ B,(s)), and we recall that B,(s) = O(s?); cf.
(I.18.16). The additional term Y 2, u”B,(s) cannot influence the Newton
polygon for det(R(s) — plp): It leads only to terms of order O(s*u?) with
koj + k > nko + 2 and j > 1. The corresponding points (k,j) are all
above or to the right of the line connecting (0,n) and ((n — 1)kg,1). Since
h(s,0) = g(s,0) = det R(s), the operators R(s) and T'(s) both have the eigen-
value p = 0 if and only if det R(s) = 0. If det R(s) = rys’ + O(s") for some
£ > nky, then the Newton polygons for h(s, ) and g(s, u) end at (£,0) on the
s-axis. ad

Thus, if Rep, # 0 for p =0,...,r, where pu1, ..., i, are the nonvanishing
eigenvalues of Ry, and where (i is given by (1.18.22), then the Principle of
Reduced Stability for stationary solutions is true.

Remark 1.18.2 Forn =1 the eigenvalue 0 of D, F(0,0) is algebraically sim-
ple, and Theorem 1.18.1 gives the lowest term of the critical eigenvalue pertur-
bation p(s) of Dy F(x(s), A(s)) by the eigenvalue of R(s) = D,P(v(s), \(s)) €
L(N,N). Using N(D,F(0,0)) = span[tg] and the projection Q as given by
(1.16.6), we see that the eigenvalue of R(s) is (DyP(v(s), A(s))0o, 0)) € R. If
Px(s) = v(s) = sbo, then in the terminology of Section 1.16, we can rewrite
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(Dy®(v(s), A(8))0o, 0y) = DsP(s,\(s)). (Here we identify &(-,\) : N — N
with its representation via the basis vector vy : P(s, ) = (P(sbo, \),?}).) Let
{(x(s), A(s))} be a solution curve of F(x,\) = 0 through (0,0). If Px(s) = sdo,
then Theorem 1.16.4 tells that in general, A(s) does not depend analytically
on s but ont = s'/P72 (for s > 0; for s < 0 see the modification in (1.16.27)).

According to Section 1.16, we write the solution curve as {(2(t), \(t))},

and Pz(t) = tP7209 = §(t)0g = s0g. By Theorem 1.16.6, the first two nonva-
nishing coefficients of the analytic simple eigenvalue perturbation [i(t) of the
eigenvalue 0 of Dy F(2(t),A(t)) and of D®(5(t), \(t)) are the same or both
vanish identically.
In view of h(s, 1) = g(s, 1) — b(s, 1), where b(s, g) = Y52, 4 (B, ()00, 80) =
O(s2p), we obtain h(t, 1) = Dy®(3(t),\(t)) — pu(1 + b(t, p)), where b(t, p) =
O(t2) in any case. Thus [i(t) solving h(t,[i(t)) = 0 and D®(3(t), A\(t)) have
indeed the same first two nonvanishing terms. Therefore, Theorem 1.18.1 pro-
vides a new proof of Theorem 1.16.6.

Next, we consider n = 2 and the case that p = 0 is an eigenvalue for
both R(s) and T'(s); i.e., det R(s) = 0. Then the remaining (real) eigenvalue
of R(s) is trR(s), and the real perturbed eigenvalue p(s) of Dy F(z(s), A(s))
near 0 is given by pu(s) = trR(s) + O(s*+2). This means that they have the
same first two nonvanishing terms or both vanish identically. We shall make
use of this observation below in studying the Principle of Reduced Stability for
periodic solutions.

The following counterexample shows that Theorem I.18.1 cannot be
improved by allowing zero to be an eigenvalue of Ry, of algebraic multiplicity
2. Let

F:R* x R — R* be given by

XX 00 xt — a2
(1.18.29) 1y5 145 16, 0.6 ¢
A2 22X 0 0 X7 + x5 + X123
_| 5" 5 _ | 31 T 5%
Bz, A0 o2 LT 3
0 0 —-10 0

Here assumption (I.18.2) is satisfied for n = 2. We consider the solution curve

{(2(s),\(s))} = {((5.5.0,0),5)}. Then

352 s 00

—s° —s5 =50
T(s) = DF)A) = | 0 5|

0 0 —-10

(1.18.30) and the four matrices Tj;(s) of (1.18.10

)
are precisely the four 2 x 2 blocks of T'(s).

Moreover , Thy(s) ™" = ((5) IS) '

Therefore, By(s) =0, and in view of (1.18.16) and (I.18.20),
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(1.18.31) 5 .
—35% — 0 0
h(Svﬂ)det(< i85 M_S5S_M> /u‘<_582 O) +0(52/1’2))

The zeros of g(s, ) = 0 are pu(s) = (—3 + $v/5) s3>+ h.o.t., whereas the zeros
of h(s, ) = 0 are fi(s) = s* + h.o.t. The difference in the lowest-order terms
is due to the degeneration of Ry; namely, by (1.18.19) and By(s) = 0 we have

01
00
of R; of algebraic multiplicity 2.

R(s) = s+ O(s%), and zero is an eigenvalue

(1.18.32)

In the next section we show that the operator Ry, is known when the
solution curve {(v(s),A(s))} of @(v,\) = 0 is constructed by the Implicit
Function Theorem.

1.18.1 The Principle of Reduced Stability
for Periodic Solutions

Next we consider again (1.18.1) with F(0,0) = 0, and we assume that the
stability of a curve of equilibria through (0,0) (whose existence we do not
prove) is possibly lost by the assumption that

+iko(# 0) are semisimple eigenvalues of D, F(0,0)

of multiplicity n > 1; i.e., dim N(+ikol — D, F(0,0)) =
(I.18.33)  and N(%ikel — D F(0,0)) N R(Lirel — D, F(0,0)) = {0}

Furthermore,

+ikol — D, F(0,0) are Fredholm operators of index zero.

As shown in Section 1.8, assumption (1.18.33) for n = 1 can give rise to periodic
solutions of (I.18.1) with periods near 27 /kq. As before in the stationary case,
we do not prove the existence of such periodic solutions, but we are merely
interested in their stability. We assume in addition to (1.18.33) that

Ayg =D, F(0,0) € L(X,Z) generates an analytic (holomorphic)

(I.18.34) semigroup e4°! ¢ > 0, on Z that is compact for t > 0.

Clearly, a necessary condition for (I.18.34) is that X be densely embedded
into Z. We introduce again the spaces

(L18.35) E=CS5.(R,X), W=CL(R, Z), Y=CH*R, 2),

with norms as in (I.8.11). The obvious generalization of the proof of Proposi-
tion 1.8.1 gives the following result:
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If imkg is not an eigenvalue of Ay = D, F(0,0)
for all m € Z\{1, —1}, then the linear operator

d
(1.18.36) Jo = /{()E —Ay: ENY — W is continuous and is a

Fredholm operator of index zero, with dim N(Jy) = 2n.
Furthermore, W = N(Jy) ® R(Jy).

This defines the projection @ : W — N (N = N(Jy)) along R (R = R(Jy))
and also P = Q|gny : ENY — N along RN (ENY). We remark that all
real spaces have to be complexified in order to make a complex spectral ana-
lysis possible and that the dimension of N(Jp) is 2n as a complex space; i.e.,
N(Jp) = C?".

As in Section 1.8, property (1.18.36) allows us to apply the method of
Lypunov—Schmidt in order to obtain all periodic solutions of (I.18.1) of small
amplitude for A near 0 and with period near 27 /kg. Using the simple substi-
tution Z(t) = x(kt) this is reduced to solving

G(z,k,\) = nd—x — F(x,\) =0, where
(1.18.37) S
o G:UxV —=W and

0cUcC ENY, (k,0) € V CR?

cf. (I.18.9)—(1.18.13). The method of Lypunov—Schmidt described in Theorem
[.2.3 yields that

all solutions of G(x, k,\) = 0 near (0, x9,0) in (ENY) x R?
are obtained by solving @ (v, k, A) = 0 near (0, g, 0)

in N x R2. The function & is derived

from G as in (1.2.9) and v = Puz.

(1.18.38)

The Principle of Reduced Stability for Periodic Solutions is now
the analogue of the principle for stationary solutions, namely, the determi-
nation of the stability of z by the stability of v as a solution of the reduced
system. To that end we make use of the Principle of Linearized Stability of
periodic solutions as explained in Section .12, in particular, in (1.12.2).

As before, we assume the existence of an analytic curve {(z(r), x(r), A(r))|
r € (—=6,8)} C (ENY) x R? of solutions of G(x(r),x(r),\(r)) = 0 through
(0, K0, 0). Then the stability of z(r) is determined by the Floquet exponents
that are the eigenvalues of

T(r) = D,G(x(r), k(r), A(r)), where

(1.18.39) T(0) = D,G(0, ko, 0) = Jo.

As before, we confine ourselves to the eigenvalue perturbations of the critical
eigenvalue . = 0 of T'(0) = Jy, assuming that the rest of the Floquet expo-
nents are in the stable right complex half-plane. We relate these eigenvalue
perturbations of T'(r) to the eigenvalues of
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R(r) = Dy®(v(r), s(r), A(r)) € L(N, N),
(1.18.40) where Pz(r) = v(r).

Before we apply Theorem I1.18.1 to this particular situation, we make the
following observations: Due to the free phase of any solution of the autonomous
differential equation (I.18.1), the mapping G is S'-equivariant (cf. (1.8.31)).
This means that

(1.18.41) G(Soz,

Ky A) = SpG(x, K, \) for
(Spz)(t) = =

(t+0), 6ecR(mod 27).

Choosing a basis {¢1,...,¢n} in N(ikgl — Ap), we see that the complex
conjugates {@y,..., 9, form a basis in N(—ikogl — Ap) (recall that Ay is a
real operator).

Then as shown in the proof of (1.18.36), the functions  {p1e®, ..., @ e,
Pre . P, e} are a basis in N (Jp). Next we identify &(-, x, \) : N(Jo) —
N(Jy) with its representation by that basis; i.e., we identify @(-,k,A) :
N(Jo) — N(Jo) with a mapping in C?". (As shown in (1.8.33)—(1.8.34), a
real function z has a real projection Pr = v, and for any real function
v the mapping @(-,k, \) decomposes into n complex components ¢(~,fi,)\)
together with their complex conjugates; cf. (1.8.35). Thus for real v, the
equation @(v,k,\) = 0 is equivalent to the n-dimensional complex system
@(v,/ﬁ,)\) = 0, which, in turn, is usually transformed into a 2n-dimensional
real system by decomposition into real and imaginary parts.)

The equivariance (1.18.41) of the mapping G is inherited by the reduced
function @ as follows:

P(Mov, K, \) = Mg@(v K, A), where
(1.18.42) My = dlag( et e_“g7 coo ey e L(CP, CP).

Differentiation of (I.18.42) with respect to v gives
(1.18.43) Dy ®(Myv, 15, \) My = MyD,®(v, 5, \),

and for some solution of @(v, k, A) = 0, differentiation of (1.18.42) with respect
to 0 at 0 = 0 yields

D,®(v,k,\)Dv = DP(v, k, \) = 0, where

(1.18.44) D= %MQ\H =i(E,—FE) € L(C*",C*™).

The conclusion of (1.18.44) is that D,®(v, k, A) has an eigenvalue 0 for every
nontrivial solution v # 0 of &(v,x, A\) = 0. In view of the basis in N(Jy) we
have the eigenfunction Dv = %.

The preceding analysis, in particular the proof of Theorem 1.18.1, shows
that 0 is also an eigenvalue of D,G(z, k, \) if G(z,k,\) = 0. The argument
does not need any analytic dependence on some parameter r, and we repeat
it for convenience.
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We set T = D,G(z,k, ), and we decompose it as in (1.18.9), (1.18.10),
using the projections defined by W = N(Jy) & R(Jy). Then, as in (1.18.19),
D,®(v,k,\) =T — T12T2_21T21, and following (1.18.11)-(1.18.13), we obtain

I T12T2_21> (Tu —~T12T5' To1 0 )
1.18.45 = T= 22 .
( ) < 0 I, T Taa
This proves that 0 is an eigenvalue of T with eigenfunction ¢» = Dv —

T231T21Dv € ENY. (Here we identify N x R with N ® R = W and
Nx(RN(ENY)) with N RN(ENY)=ENY.)

Obviously, the eigenvalue 0 is the trivial Floquet exponent of D, G(x, K, \)
=KL — D, F(z,\) if G(z,k,\) = /th F(xz,\)=0. However it is not clear
that the eigenfunction ¢ = (I; — Th,'T51) % is equal to dt , which follows from
the formal proof for the trivial Floquet exponent. What is needed in Sections
112 and L17 is Py = 2 if P = v. For (I — P)¢ = —Ty;' T %%, we have the
following estimate:

I = P)lleny < 1T5" 1121l llvll, where

T35 || = 1((T = @) DG, 5, ) | Ry < O,
as ||v]] — 0 and (k, \) — (Ko, 0)

(recall that D,G(0, ko, 0) = Jp).

Since N = N(.Jp) is finite-dimensional, all norms on N are equivalent. In view
of its construction by the method of Lyapunov—Schmidt, cf. (1.18.38), [jv|| — 0
is equivalent to ||z||gny — 0. We summarize:

Proposition 1.18.3 Assume for the mapping F in (1.18.1) that F(0,0) = 0,
that it has the regularity (1.8.13), and that it satisfies (1.18.33) and (1.18.34).
Let x € ENY be a 2m-periodic solution of n‘é—f — F(x,\) = 0 obtained by the
method of Lyapunov—-Schmidt; cf. (1.18.38). Then x has the trivial Floquet
exponent p = 0 with an eigenfunction ¥ in ENY such that Py = %P:}:
and (I — P)y = o(||Px|)) in ENY as (x,k5,\) — (0,k0,0) in (ENY) x R2.
Finally, by its construction, v depends continuously (smoothly) on (x,r, \) in
the topology of ENY if D,G depends continuously (smoothly) on (x, K, ).

In the special case of Section 1.12, when G(x(r), k(r), A(r)) = 0 is a bifur-
cation curve through (0, kg, Ag) given by the Hopf Bifurcation Theorem, The-
orem 1.8.2, we have Dv = ‘é—t ir(o —1by) = roy (see (1.12.9)), and an eigen-
function ¢ = 791 —Toy' To101), so that (1.12.7) is true with ¥y (r) = o1 +w: (1),
where wq(r) = 7T2_21T21171. The operators Tj, = Tji(r) are defined as in
(I.18.9) for T'(r) = D, G(x(r), k(r), A(r)); cf. (1.18.39). If T'(r) is twice contin-
uously differentiable with respect to r € (—4,0), then wy(r) is twice continu-
ously differentiable, too.

Now we come back to the general case of an analytic solution curve
{(z(r),k(r), A(r))} through (0, ko,0) defining the analytic families of oper-
ators T'(r) (1.18.39) and R(r) (1.18.40), provided that F' is analytic near (0,0)
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in the sense of (1.16.2). By (1.18.44) and Proposition 1.18.3, u = 0 is an eigen-
value for R(r) and T'(r) for all r € (—6,0). This means that det R(r) = 0
and that Ry, has an eigenvalue 0 if R(r) = r*o Ry, + O(r*o*1). Application
of Theorem 1.18.1 gives the following result:

Theorem 1.18.4 Let R(r) = r* Ry, + O(r*o*Y) for some ko > 1. If 0 is
an algebraically simple eigenvalue of Ry,, then the series expanding the cri-
tical nontrivial Floquet exponents of T(r) = D,G(z(r), k(r),A(r)) = r(r) % —
D, F(x(r), A(r)) near 0 and of all nontrivial eigenvalues of R(r) have the same
first nonvanishing terms. They are given by

(1.18.47) porto, 2 < p < 2n,
where p, 7# 0 are the nonvanishing eigenvalues of Ry, .

Thus, if Rep, # 0 for all nonvanishing eigenvalues of Ry, , then the Prin-
ciple of Reduced Stability for periodic solutions is true.

Remark 1.18.5 If assumption (1.18.33) is satisfied with n = 1, then ac-
cording to (1.18.36), dim N(Jy) = 2 (which means its dimension over the
complez field C). Since p = 0 is an eigenvalue both for R(r) and T(r),
the observation made in Remark 1.18.2 is true here as well: The remain-
ing nontrivial eigenvalue po(r) of R(r) and of T(r) is given in lowest terms
by pa(r) = rFotrRy, + rFotlrRy o1 + O(r*o*2). Here ®&(v,k,\) = 0 is the
2-dimensional reduced system QG(v + ¥(v,k,N),k,A) = 0; ¢f. (1.8.30). We
tacitly assume that © and v = Px are real functions which means that the
two complex components of @ are complex conjugate; cf. (1.8.34). Its first
component is denoted by ®(c,r,\) if v = cppe +¢ Goe~"; ¢f. (1.8.35). In
order to compute the four complex components of the matriz D,®, we have
to consider ¢ and ¢ as independent complex variables. By the computations in
Section 1.17, in particular (1.17.7)-(1.17.18), we obtain as the first complex
component of ®(v, k, \) for v = cppe' + ¢ poett:

D(c,C, K, \)

=i(k —ro)c+ Y. HjmN (k — ko)'cFH1ck; ef. (1.17.18).
5,4, k=0

(1.18.48)

Ifc=r eR and if 213(7“7 Ky A\) = rd~5(r, Kk, A) =0, then

Dd(r,k,\) = Ded(r, 1, \)
(1.18.49) = 3 kHjuN (k — ko)ir?k = %Dr@(r, Ky A).

j,£=0
k=1

Since the second complex component of P(v,k,\) is complex conjugate, we
obtain
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trD,P(v, Kk, \) = 2ReDc§§(r, Ky A)

= ReDTQZB(r, Ky A)
if v=r(poe” +Ppe~")
and if &(r,k, ) = 0.
Let {(z(r), k(r), A(r))} be a solution curve of G(x, K, \) = 0 through (0, Ko, 0).
If Px(r) = r(poe' + pye ™), then Theorem 1.17.3 tells that in general,
k(r) and A(r) do not depend analytically on r but on t = r2/P2. Ac-
cording to Section 1.17 we write the solution curve as {(2(7), #(7), \(1))}
and Pi(t) = 7P2/20y = r(1)dg with 99 = poe't + Bye . Thus the first
two nonvanishing coefficients of the nontrivial eigenvalue (= Floquet ex-
ponent) fiz(7) of DyG(&(7), #(T),A(T)) and of trD,®(Pa(7), i(7), (7)) =
ReD,d(r(7), (1), \(7)) are the same or both vanish identically. This provides
a new proof of Theorem 1.17.4.

(1.18.50)

Remark 1.18.6 The results of Proposition 1.18.3 and Theorem 1.18.4 are ex-
tended to the more general case in which (1.18.33) is replaced by the following
assumption:

+ikg, imako, ..., Timgkg are semisimple eigenvalues of
D,F(0,0) of multiplicities nj > 1,7 =1,...,¢, where

1=m1 <mg <--- < my are integers and no other

eigenvalue of D, F(0,0) has the form timkg with an integer m.

(1.18.51)

Then Jy = 50% — Ay, Ao = D.F(0,0), is a Fredholm operator of index
zero, and dim N (Jy) = 2n, where n = nqy + - - - + ng, which is the sum of the

multiplicities of im;ko, j =1,..., (. In particular,
(Ligs2) Vo) = N1 ©---@ N, where N; = |
o Span{spmj’lelmjt’ s Pmyong elmjtaamj,le_lmjt, - ,Em],nj e_’bmjt}a

and the equivariance of the reduced function @ is now described by

D(Myv, 5, \) = MyP(v, Kk, \), with
(1.18.53) My = diag(Mm,0, - - - Mm,0), where
Mmjgzdiag(eim-fo, el emim0 L emimi0) ¢ [(C2a, C2).

The arguments for Proposition 1.18.83 and Theorem 1.18.4 hold clearly in this
more general situation as well. A way to construct curves of solutions of
G(z, K, \) through (0, ko,0) by the method of Lyapunov-Schmidt is given in
[88], [96], for example.
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1.19 Bifurcation with High-Dimensional Kernels,
Multiparameter Bifurcation, and
Application of the Principle of Reduced Stability

Analytical tools to solve high-dimensional bifurcation equations (obtained by
the method of Lyapunov—Schmidt) exist, but they are rarely applied, since the
verification of their assumptions is hard in high dimensions. For the existence
of bifurcating solutions, topological tools as expounded in the next chapter
are much more adequate.

High-dimensional kernels often occur if symmetries cause a degeneration.
In this case, a reduction of the problem to fixed-point spaces of symmetry
subgroups is appropriate, since it reduces the dimension of the kernel consi-
derably. The basic notions of these so-called equivariant problems are given
in the monographs [146], [54], [55], [16], and examples with symmetries can
be found in Chapter III.

Nonetheless, we present some analytical methods for treating high-dimen-
sional bifurcation equations. These equations are obtained by the method of
Lyapunov—Schmidt expounded in Section I.2. We confine ourselves to station-
ary solutions of (I.18.1); the solution of high-dimensional bifurcation equations
for periodic solutions can be found in [88]. We consider F': U xV — Z, where
0eUcC X and \g € V C R and

F(0,A\)=0forall A€V,
(I.19.1) dimN (D, F(0, \)) = codimR(D,F(0, o)) =n > 1;
i.e., F(0, o) is a Fredholm operator of index zero.

The assumed regularity of F is
(I.19.2) F e CHU x V,Z), where k > 1 is large enough.

As a matter of fact, the method itself defines the value of k in (1.19.2). By
Theorem 1.2.3, the problem

F(x,A\) =0 mnear (0,\) € X X R is reduced to

(1.19.3) &(v,\) =0 mear (0,)\) € N xR,

where as usual, N = N(D,F(0,)g)). The function ¢ maps a neighborhood
of (0, ) into Zy C Z, which is a complement of R = R(D,F(0,)\)) and
dim N = dim Zy = n. By (1.19.1); we have the trivial solution ¢(0, ) = 0 for
all X near \g.

Choosing a basis {01,...,0,} in N, a basis {07,...,05} in Zy, and vectors
{0%,...,0,} in Z’" such that

(0%, 0;,) = 0j (Kronecker’s symbol),

(1.19.4) (z2,0,) =0forall ze R, j,k=1,...,n,

we see that the Bifurcation Equation is written in coordinates as
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P(y,\)
(1195) = <F(Z?=1 yjf)j + ¢(Z?=1 yjﬁj’)‘)a )\),’LA);) =0fork=1,...,n,
Y= (yla"'ayn)v

where ¢ is the function to solve (I — Q)F (v 4+ (v, A),\) = 0; cf.(1.2.6)-
(I.2.9). We identify the function @ (1.19.3) with its representation in coor-
dinates (1.19.5), and we consider it as a mapping from a neighborhood of
(0, A0) in R™ x R into R™. In order to simplify the notation, however, we stay
with @(v, A) rather than with @(y,A) for y = (y1,...,y») € R™. Finally, we
normalize Ag to 0 and we write the Bifurcation Equation in the following form:

D(v,\) = > Mdji(v) + R(v,\) = 0, where
k>1

30
(1.19.6) @iy N* — Zy are k-linear, symmetric,

the sum is finite, and R(v, A) is a remainder of higher order.

By Corollary 1.2.4 we have D,®(0,0) = &¢; = 0.

As in Section I.15, we mark points (j, k) in a lattice whenever @ (v) # 0,
with a difference, however, that the powers j are on the abscissa and k is
on the ordinate. The Newton polygon method to solve &(v,\) = 0 near (0,0)
nontrivially is more restricted than in the case n = 1, since we cannot divide
by v or “vko” if @1 (v) = 0 for all k < ko. On the other hand, we can divide
by Mo if @, (v) = 0 for all j < jo. If jo > 0, then we have solutions {(v,0)};
i.e., vertical bifurcation occurs.

Next, we can assume that there is a first point (0, kp) on the ordinate such
that @Oko (U) % 0.

Case 1
If @j(v) = 0 for all k& < ko, then the Bifurcation Equation has to be of
the following form:

(1.19.7) D(v, \) = Do, (V) + A1k, (v) + R(v, A) = 0.
In this case, we make the substitutions

(I.19.8) loll =1s|, v=s0 with ||o]] =1,
yielding the equation

(1.19.9) 550 (Do, (T) + A1k, (T) + Ry (3, A, 5)) =0,

with some remainder R;(9,0,0) = 0.
Since we are interested only in nontrivial solutions, we divide by s*0, and
we obtain the system

= —( Bor, (D) + APy, (0) + Ri(0, A, 8)\ _ [(0)
(1.19.10)  &(3,\,s) = ( ok 1k hﬁng i 1) = <o) =0.
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Here we can take any norm || | in NV, in particular, |v[|?> = > y3; cf.
(1.19.5).

Let ®oi,(U9) = 0, where ||| = 1. (By the homogeneity of Py, any
nontrivial zero can be normalized to ||#o|| = 1.) Then &(%,0,0) = 0, and if

D(ﬂ«\)é(f’oaO,O) = (Dﬁi’;go (To) @1k(6(vo))
(1.19.11) 0

is regular in L(N x R, Zy x R),

then the Implicit Function Theorem gives a solution curve &((s), A(s), s) = 0
through (7o, 0,0) for s near 0. (We note that DyPor, (00) € L(N, Zy), P1k, (7o)
€ Zo, and the vector ¥y acts on h € N via the scalar product 7, yhy if
’lA}O = Z?:l y?f)j and h = E?:l hj’lA}j; cf. (1195))

This solution finally defines a nontrivial solution curve

(1.19.12) {(s0(s),A(s))}  through (0,0) of &(v,A) =0.

We remark that due to the homogeneity of @y, , the derivative Dz®Pgp, (T0)
has at most rank n — 1, since 0 is necessarily an eigenvalue with eigenvector
V-

If F and @ are analytic near (0,0), then the solution curve (1.19.12) is an-
alytic, too, and the method of Lyapunov—Schmidt provides an analytic (non-
trivial) solution curve F(x(s),A(s)) = 0 (cf. (I.19.3)). Thus it is natural to
ask whether the Principle of Reduced Stability is applicable. According
to the hypotheses of Section 1.18, we have to require that X C Z and that
0 be a semisimple eigenvalue of D, F(0,0) of multiplicity n (cf. (I.18.2); this
assumption is stronger than (I1.19.1)). Since

(1.19.13) D, ®(v(s), \(s)) = s 71D, ®op, (7o) + O(s™),
the assumption of Theorem 1.18.1 is that

Rio—1 = DyPor, (U9) has an eigenvalue 0

(1.19.14) of at most algebraic multiplicity 1.

In view of the homogeneity of @¢r,, this means that 0 is an eigenvalue of
D, ®Pop, (0g) of algebraic multiplicity 1 with eigenvector @y. In this case, the
Principle of Reduced Stability is valid for the solution curve (1.19.12).

Case 2

Next, we come back to the general situation that ®ox,(v) # 0 but that
there are points (j,%) in the Newton diagram for k < ko. As in (1.15.3) the
Newton polygon forms by definition the convex hull of all such points (but
we do not require that the polygon end on the abscissa; as a matter of fact,
it can end at most in some (jo, 1); cf. (I.19.6); horizontal lines do not belong
to Newton’s polygon by definition).
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Let —1/v4 € Q be one of the slopes of the Newton polygon of @(v, A). Then,
as in Section 1.15, a substitution

(I.19.15) v=A"0 for A>0

leads to

(1.19.16) D(v,\) = \° ( > Dr(0)+ Rl(f),)\)> =0
Jjtky=o

with some remainder R;(9,0) = 0. Let 9y # 0 be a root of the n-dimensional
polynomial
(1.19.17) Py(0) = 254 ky=o Ps(0)  such that

D3 P, (v) is regular in L(N, Z).

Then the Implicit Function Theorem for (1.19.16) (after division by A7) gives
a solution

(1.19.18) {(®(A\),N)|0 <X <61} such that  ©(0) = p.
Then

11919) (AT, N0 <A <di} s a nontrivial

solution curve of (v, \) = 0 emanating at (0, 0).

Defining &~ (v, —\) = &(v, \), we carry out the same procedure for &~ (v, \) =
0 for A > 0, and we obtain possibly a solution curve of &(v,\) =0 for A <0
emanating at (0,0).

If F and @ are analytic near (0,0), then ©()\) is analytic in A, and setting
s=AN/"if y = v /72 for v; € N, i = 1,2, we see that

(1.19.20) v(s) =s"0(s7?) and A(s) = s

provide an analytic solution curve @(v(s),\(s)) = 0 (for s > 0). By the
method of Lyapunov—Schmidt, this yields a solution curve F(x(s), A(s)) =0
(cf. (1.19.3)), and it is natural to ask whether the Principle of Reduced
Stability holds for the curves {(v(s), A(s))} and {(z(s), A(s))}.

Again, we assume that X C Z and that 0 is a semisimple eigenvalue of
D, F(0,0) of multiplicity n (cf. (I1.18.2)). In view of (1.19.16), (I.19.17), we
obtain
(1.19.21) D, ®(v(s),A(s)) = s72" " D5 P, (%) + O(s772 71+,

so that Ry, = D3P, (09) with kg = 072 —~1 > 0. By assumption (1.19.17),
Ry, is regular, and therefore, the Principle of Reduced Stability is valid for
all bifurcating solution curves constructed by the Newton polygon method
described earlier.

If (I.19.17) cannot be satisfied, there is another method for constructing
a bifurcating solution curve of (v, A) = 0 in special cases. Assume that one
line in the Newton polygon joins (0, ko), ko > 2, and (1, k1) with 1 < k; < ko.
In this case, we have to solve
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(I.19.22) D(v,\) = Dok, (v) + A1k, (v) + R(v, A) =0,

where R(v,\) contains all remaining terms of higher order. Here the slope
yields v = 1/(ko — k1) and P, (?) = Pog, (0) +P1x, (), for which (1.19.17) does
not hold.

Using the idea for solving (I.19.7) in a modified version, however, might
lead to a solution: We set

(1.19.23) o]l =1|s|, v=sb, and A = sFo=FL},
and we obtain from (1.19.22),
(1.19.24) §%0 (Do, (0) + APy, (D) + Ry (0, A, 8)) =0

such that Ry (0, A, 0) = 0. This leads to the system

(1.19.25)  &(b, X, s) = (Qso’fo (8) + A, (7) +Rl%ﬁ|’r}’_§i) - <8) —0,

which we could solve in the same way as we did for (1.19.10). The corre-
sponding condition (I.19.11), namely, the existence of a regular zero (%, \o)
of 5(17,5\,0) = 0, differs from the existence of a nontrivial regular zero of
P,(9) =0, cf. (I.19.11). If it is satisfied we obtain a nontrivial solution curve

(1.19.26) {(s0(s),s**1X(s))} through (0,0) of H(v,\) =0
(observe that 9(0) = 9y # 0). Along that solution curve {(v(s), A(s))},
(119.27)  Dy®(v(s),A(s)) = s~ (DyPox, () + Ao DuPir, (T0)) + O(s*),

and according to Theorem 1.18.1, the Principle of Reduced Stability is valid,
provided that 0 is an eigenvalue of Ry,—1 = Dy@Pok, (00) + Ao Dy Pk, (Vo) of
algebraic multiplicity at most 1.

Remark 1.19.1 We demonstrate the two methods for a Generic Bifurca-
tion Equation for which the Newton polygon consists of the line joining (0, 2)
and (1,1) :

(1.19.28) B(v,\) = 2 [v,v] + AB11v + R(v,\)

(recall that ®o1 = 0 by Corollary 1.2.4). Our notation indicates that @é%) 18

bilinear and that ®11 is linear. Here the slope is —1 (i.e., v = 1), and the
method (1.19.15)-(1.19.17) requires the conditions

B2 (50, o] + Pr1tg =0 for some Ty # 0,

(1.19.29) 0 , .
2045 [Vo, -] + P11 is regular in L(N, Zy),

yielding a nontrivial solution curve (by ©(0) = )
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(1.19.30) {A0(A), M)A € (=01,01)}  of @(v,A\) =0.
The method (1.19.23)—-(1.19.25) requires the conditions

G [0, B0 + AoPrido = 0, |17 = 1,
(I~19~31) 2@622) [’50, h] + XoP11h + pb1109 = 0, (?70, h) =0
S h=0,pu=0forhe N, peR.

(Here (, ) denotes the scalar product in N introduced after (1.19.11).) If
(1.19.31) is satisfied, it yields a nontrivial solution curve (by ©(0) = v #
0, A(0) = Ao)

(1.19.32) {(s0(s), sA(s))|s € (=02,82)}  of @(v,\) =0.

Note that the second method for n = 1 recovers Theorem 1.5.1 (whose assump-
tion is simply P11 # 0).

According to (1.19.21) and the statement after it, the Principle of Reduced
Stability is wvalid for the solution curve (1.19.30). If 2@5(()22) [0, -] + XoP11 is
reqular or has an algebraically simple eigenvalue 0, then that principle is valid
for the solution curve (1.19.32), too; cf. (1.19.27). (Observe that Zy = N
under the assumption that 0 is a semisimple eigenvalue of D, F(0,0).)

Finally, we remark that a necessary condition for bifurcation at (0,0) is
the existence of some g # 0 in N such that 45822) [0, Do) + No®1179 = 0 for
some A\g € R or @119 = 0.

The last case (formally N\g = o0) is treated as follows: Setting ||v| =
[sAl, v = sAD, we see that (1.19.28) leads to a system yielding a solution
curve

(11933)  {(sOOABOLNINE (<03,05)}  of  B(0,\) =0,
where s(0) = 0 and v(0) = vy, provided that

D117 = 0, ||oo]| = 1,
(1.19.34) M@(()Qz) [0g, Do) + P11h = 0, (99, h) =0
S h=0,pu=0forhe N, peR.

However, the curve (1.19.83) could be trivial. A sufficient condition for s'(0) #
0 ("= 4) is that
(1.19.35) Doy ¢ R(@H) C Zo,

where the range of @11 has codimension 1 in Zy. In this case, v(\) =
s(MAT(X) = ' (0)A\%0p+ h.o.t., and D, ®(v(N),\) = 23'(0))\2@(()22) [T, -]+ O(X?)
allows the application of the Principle of Reduced Stability, provided that
@g? [00, ] has an eigenvalue O of algebraic multiplicity at most one.

Our selection of methods making use of the Implicit Function Theorem
provides curves bifurcating from the trivial solution line. For equivariant prob-
lems whose solution sets consist of connected group orbits, these methods are
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not adequate without further reductions; cf. the Equivariant Bifurcation The-
ory. For bifurcation problems with a discrete symmetry obtained by a forced
symmetry breaking, for example, they are directly useful.

1.19.1 A Multiparameter Bifurcation Theorem
with a High-Dimensional Kernel

A natural ingredient for overcoming the difficulties of a degeneration to a
high-dimensional kernel is the dependence of the mapping F' on more than
one parameter, to be more precise, on as many parameters as the dimension
of the cokernel, which is the dimension of the kernel in our case.

Looking at the proof of the Crandall-Rabinowitz Theorem (Theorem
[.5.1) with a one-dimensional kernel, we see that a generalization is readily
found, and we obtain a Multiparameter Bifurcation Theorem with a High-
Dimensional Kernel.

We consider F': U xV — Z, where 0 € U C X and A\g € V C R”, and
we assume (1.19.1). For the subsequent analysis we need only the regularity
(I.5.2), where now

(1.19.36) D2, F e C(U x V,L(R", L(X, Z)).

Clearly, L(R™, L(X, Z)) = L(R" x X, Z) in a natural way, and D2, F(0, \g)x €
L(R", Z) is represented by the n vectors Di)\vF(O, X)x € Z,i=1,...,n, for
€ X (cf. (1.4.3)). '

The generalization of the assumption (I1.5.3) is the following:

There is a 09 € N(D,4F(0, X)), [|0o] = 1,
(I1.19.37)  such that a complement Zy of R(D,F (0, \o)) (cf. (1.2.2))
is spanned by the vectors DﬁAiF(O, Xo)lo, i =1,...,n.

Let Zy be a complement of R(D,F(0,)\o)) in Z. When the projection @ :
Z — Zy along R(D,F(0,\)) is given by

(1.19.38) Qz =" (= 6p)0%, cf. (1.19.4),
then assumption (1.19.37) is equivalent to the following:
(1.19.39) The matrix ((D2, F(0,X0)00,;))ik=1.....n is regular.

Next, we follow the lines of the proof of Theorem I.5.1. The Lyapunov—Schmidt
reduction yields the n-dimensional problem &(v,\) = 0 near (0, A\g) € N xR™.
Setting v = s0g, we get nontrivial solutions by solving

1

B(s, \) :/ Dy ®(stio, \)iodt = 0

(1.19.40) ;
for nontrivial s € (—4,0) (cf. (1.5.9), (1.5.10)).
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(We suppress the dependence of @ on the choice of .) As in (I.5.11), we have
&(0, o) = 0, and by (1.5.13),

(119.41)  Da%(0.20) = QD F (0, 20)i
o is regular in L(R™, Z) by assumption (1.19.37).

The Implicit Function Theorem for (I.19.40) gives a continuously differentiable

solution curve

B(s,\(5)) =0 for sc(=0,0), A0) = o,
1.19.42 -
( ) D (s0p, A(s)) = sP(s, A(s)) = 0.
Clearly, x(s) = stg + ¥(s0o, A(s)) (cf. (I.5.16)) provides a nontrivial solu-
tion curve F'(z(s),A(s)) = 0 through (x(0),A(0)) = (0,\g). We obtain an
n-Parameter Bifurcation Theorem with n-Dimensional Kernel:

Theorem 1.19.2 Under the assumptions (1.5.2), (I1.19.1), and (1.19.37), the
equation F(x,\) = 0 possesses a continuously differentiable solution curve
{(z(s), A(s))|s € (=6,0)} C X x R™ through (x(0), A(0)) = (0, \g) and ©(0) =
Oo; cf. (1.5.18).

Remark 1.19.3 If assumption (1.19.37) is satisfied for some vg € N, 0| =
1, then it is also satisfied for all © € N in a neighborhood of vy on the unit
sphere in N. Therefore we obtain an “n-dimensional” solution set {(s0, A(s,?)}
for @(v, ) = 0 that depends in a continuously differentiable way on (s,v). The
vector © € N for which (1.19.87) is valid is tangent to x(s) = s+ (s0, A(s, D))
at ©(0) = 0; ¢f. Corollary 1.5.2.

Restricting (I.19.1) to the assumption that 0 is a semisimple eigenvalue
of D, F(0, ) = 0 of multiplicity n (which requires a continuous embedding
X C Z) and assuming also analyticity of F' near (0, ), we ask whether the
Principle of Reduced Stability is applicable to the analytic solution curve
F(xz(s),A(s)) = 0 through (x(0), A(0)) = (0, Ao). A quick look at the proof of
Theorem 1.18.1 assures us that the condition on the validity of that principle
given in Theorem I.18.1 does not depend on whether the parameter A(s) is
a scalar or a vector. We simply have to check the condition on Rj,, where
D,®(v(s), \(s)) = s Ry, + O(sko+1). Here v(s) = siy.

We consider the case kg = 1.

Following the computations of Section 1.6 (in particular, (1.6.1), (1.6.2))
we find that the tangent A(0) to A(s) at A(0) = g is the unique solution of

13 1 L
(1.19.43)  [QDZ\F(0,20)00]A(0) + QQD?MEF(O’ Ao)[Do, Do) = 0.
(Recall that upon our agreement, QD?, F(0, )0y € L(R™, Zy), and that it

is represented as [QD2,F(0,Xo)io]A = Y_i—; QD2, F(0,\o)oAi. Equation
(1.19.43) is uniquely solvable for A(0) by assumption (1.19.37).)
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If QD2 F(0, \o)[00, ©] # 0, then A(0) # 0 and

Ryv = QD2,F(0,\o)[do, v] + [QD2,F(0, A)v]A(0)
(1.19.44) 1
for v € N and Ry10g = EQDII (07 )\0)[1}0, UQ].

Thus Ry # 0 if )\(0) # 0, and if 0 is an eigenvalue of R; of algebraic multiplicity
at most one, then the Principle of Reduced Stability is valid for the solution
(1.19.42).

We can use the computations of Section 1.6 also for the case kg = 2 when
A(0) =0 and R; = 0. In this case, A(0) is the unique solution of
(11945) [QD AF(O >‘0) })‘(O) + Divvdj(oa A0)[1}07,&03@0] =0
(cf. (1.6.4) and (1.6.10)). The formula (1.6.9) gives D3, @(0, o) in terms of

the mapping F. If the vector D3, (0, Xo)|[d0, Do, Do) is nonzero, then A(0) # 0
and

(1.19.46) Ryv = Qvav (07)‘0)[@07{)07 } [QD )\F(O >\0) ])‘( )
for v € N and Roty = —[QD2, F(0, )\O)vo] \(0) # 0.

If 0 is an eigenvalue of Ro of algebraic multiplicity at most one, then the
Principle of Reduced Stability is valid for the solution (I1.19.42).

1.20 Bifurcation from Infinity

The notion of bifurcation from infinity is misleading, since we prove a solution
curve of F(z,\) = 0 tending to infinity, and the solution set is actually not
bifurcating. We follow the general terminology in calling it bifurcation from
infinity. We consider

F: X xV — Z, where
(1.20.1) X,Z are Banach spaces and
V' C R is an open neighborhood of .

We assume that F' € C?(X x V, Z), and we decompose

F(z,\) = ANz + R(z, \)

(1.202) for (x,)\) € X x V with a remainder R € C?(X x V, Z).

We assume also that

A(No) € L(X, Z) is a Fredholm operator
(1.20.3) of index zero (cf. Definition 1.2.1) and
N(A(Ny)) = span[ig], i.e., dimN(A(XNg)) =
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The mapping A(A) € L(X,Z) is assumed to be a derivative of F(z,\) at
“(00,A)” in the following sense: Let U C X be an open neighborhood of 9.
Then, by assumption,

sR(z,)\)HO in Z,

sDAR (5/\> .0 in Z, and

D.R (ZA) 0 inL(X,2)

as s — 0in R for all (v,\) e U x V.

(1.20.4)

The Theorem on Bifurcation from Infinity then reads as follows:

Theorem 1.20.1 Assume in addition to (1.20.3) and (1.20.4) that
d .
(1.20.5) aA()\o)UO Z R(A(No))  (cf. (1.5.8)).

Then there is a unique continuous curve
(120.6)  {(v(s),A(s))[s € (=0,6), (v(0),M(0)) = (90, Ao)} C X xR

such that

(1.20.7) F (@,A(s))) =0 for s € (—0,0)\{0}.

S

In other words, the solution curve {(x(s),\(s))} = {(U(S) , )\(s))} satisfies

(1.20.8) lz(s)|| = 00, A(s) = Ao as s—0.

Proof. Let ¢} € X’ (= the dual space) such that (9g,0)) = 1. We define for
s #0,
(1.20.9) F(v,\,s) = (A()\)v +sR (g )\) (v, 0} — 1) 7

and in view of (1.20.4), we extend F continuously to s = 0 for all v # 0 in a
neighborhood U of 9y by

(1.20.10) F(v,1,0) = (A\)v, (v,8)) — 1).

Thus F: U x V x R — Z x R is continuous. Next, we show that D(U’A)F €
CUxV xR, L(X xR, Z x R)). Indeed, written as a matrix in an obvious
way, we obtain for s # 0,

v d v
- AN +DR(ZN) L v
D@,A)F(U,%S):( ( )+< ﬁ,>(s ) d,\A(A)”+;DAR<s’A)>,
6

(1.20.11)
which is extended continuously to s =0 for all (v, \) € U x V by
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d
(120.12) Dy F(v, A, 0) = <<A($,)> aA(A)”> . of. (1.20.4).
Y0 0
By (1.20.3) and the choice of o), we have
(1.20.13) F (29, X0,0) = (0,0) € Z x R.

We show that D(U7,\)F~‘(@0, Ao, 0) is bijective. Let

D, A)F(’Uo,)\o, 0)(v,\) = (0,0) for some (v,\) € X xR or

(1.20.14) Ao)v + )‘ﬁA( 0)0o =0 and (v, %)) = 0.

By assumption (I1.20.5), A = 0 and v € N(A()\g)), which by (1.20.3) and
(Do, 04) = 1 yields v = 0. On the other hand, the Fredholm property of A()o)
implies that assumption (1.20.5) guarantees a solution (v, \) € X x R of

Ao+ AT A} = w and (v, %) =

(1.20.15)
for all (w, ) € Z x R.

The Implicit Function Theorem provides a continuous curve (1.20.6) such that
(1.20.16) F(v(s),\(s),s) =0 for all s € (—4,4).
Definition (1.20.9) then gives

W) 30— acen ™ r (M) )
Zr<aui:((_)a>,a>\i)(;( R (M) =0

(1.20.17)

Property (1.20.11) is obvious. O

We remark that the existence of Dsﬁ(v,)\, s) at s = 0 does not follow
from our assumptions on the remainder R. Therefore, the curve {(v(s), A(s))}
is not necessarily differentiable at s = 0. In particular, the sign of A(0) is not
determined as in Sections 1.4 or 1.6, for example. It is possible that the curve

{(M A(s))} is oscillating around A(0) = Ag when tending to (0o, Ag) and

s b
A(0) does not exist.
Since assumptions (I1.20.4) are unusual, we refer to applications in Section
IT1.7. A more general result on Bifurcation from Infinity using degree theory
is mentioned in Remark IT1.7.3.
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1.21 Bifurcation with High-Dimensional Kernels
for Potential Operators: Variational Methods

In this section, we prove a new type of bifurcation at (0, \g) for F(x,\) =
F(x) — Az = 0 with F(0) = 0, namely, that (0, \g) is a cluster point of non-
trivial solutions (x,\) € X xR,z # 0. In other words, there is not necessarily
a curve of nontrivial solutions through (0, \g), and examples show that this
sort of more general bifurcation actually occurs under the hypotheses of this
section, see [14].

The subsequent analysis is motivated by the following well-known facts: Let
Sy = 0B,(0) be the boundary of the ball B,.(0) = {z € R"|||z|| < r} and let
f:R™ — R be a smooth function. Since S, is compact, there are minimizers
and maximizers of f : S, — R, and according to Lagrange’s multiplier rule,
for every such extremal z,. € S,., there is a A\, € R such that

(1.21.1) V(@) = e, 2] =7

Here we use Definition 1.3.1 of the gradient of f with respect to the scalar
product on R™ (which induces its norm). The right-hand side of (I.21.1) is A,
times the gradient of the constraint (z,z) = 372 If A\, = (Vf(x,),z,)/r?
converges to some Ao as r N\, 0 (provided that Vf(0) = 0), then (0, \g) is
a bifurcation point for F(z,\) = Vf(z) — Az = 0 in the above sense (and
Ao is necessarily an eigenvalue of the Hessian DV f(0)). However, since the
sphere S, = 9B,(0) is not compact in an infinite-dimensional Banach space,
this simple argument cannot be used for an infinite-dimensional problem.

We assume the situation of Section I.3: Let X C Z be real Banach spaces
and X be continuously embedded into Z. A scalar product ( , ) is defined
on Z such that F': U — Z with 0 € U C X is a potential operator according
to Definition 1.3.1: There is an

f € C*(U,R) such that
(1.21.2) Df(x)h = (F(z),h) forallz €U cC X,h€ X,
and F € CY(U, Z).

We assume, furthermore, that

F(0) =0,

Ao € R is an isolated eigenvalue of Ay = DF(0),

Ag — Mol € L(X, Z) is a Fredholm operator of index zero, and
Z = R(Ay — MoI) @ N(Ag — Aol).

(1.21.3)

By Proposition 1.3.2 the operator Ay € L(X, Z) is symmetric with respect
to the scalar product ( , ).

Remark 1.21.1 Let Z be a Hilbert space with scalar product (, ). Then
(1.21.83)3 4 is satisfied under the following assumptions:
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Ay : Z — Z with domain of definition
(I.21.4) D(Ay) = X C Z is closed and
dlmN(Ao — )\()I) < 00.

We give briefly the arguments: By the results of [80], [152] for isolated eigen-
values, the following holds true in this case:

Z = E)\o GBZ)\();

L1,
(1.21.5) X =By, @ Xy Xa, = 7o, NX,

where E\, is the generalized eigenspace of Ay with eigenvalue Ao, and Z, is
a closed complement that is invariant for Ag : Ag € L(Xx,, Zx,) and Ao is in
the resolvent set of the restriction of Ay to Zy,. Since Ay € L(Ey,, Ey,) is
symmetric and therefore self-adjoint (see Proposition 1.3.2), we obtain E\, =
N(Ag — MoI), and being finite-dimensional, Ny is a pole of finite order of the
resolvent of Ag. In this case, Zx, = R((Ag — NoI)™) for some m € N and
N((Ag—XoI)™) = N(Ao— XoI) for all m € N implies also R((Ag—NoI)™) =
R(Ag — Xol) = Zy,. (For details see [80] or [152].)

In this section we prove the following Bifurcation Theorem for Poten-
tial Operators:

Theorem 1.21.2 Under the assumptions (1.21.2) and (1.21.3), for every suf-
ficiently small € > 0 there exist at least two solutions (z(g),A()) € X xR

of
(1.21.6) (@(2),2(5)) = £2, A(e) — Ao as e\, 0.

Proof. We start with a Lyapunov—Schmidt reduction. Setting R = R(Ag —
Mol) and N = N(Ag — \oI), we use the decompositions

X=Na&RNX),

(1.21.7) Z—RaoN,

with projections @ : Z — N along R and P = Q|x : X — N along RN X.
Both projections are continuous in X and Z, respectively, and orthogonal with
respect to the scalar product ( , ); cf. Section L.3.

As in Sections 1.2, 1.3 we set Px = v, (I — P)x = w, and according to
Theorem 1.2.3,

F(z) = Az for (x,A) near (0, o)
(I.21.8) is equivalent to
QF (v +v(v,A) = v for (v, \) near (0, Ag).

We need some estimates for ¢ : Uy x (Ag — 8, Ao + 6) — RN X. To this end
we set F'(z) = Apzr + G(x) with DG(0) = 0. Then by its construction, the
function w = ¥ (v, A) satisfies
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(o — ADp(w, ) + (I — Q)G(v + (v, X)) = 0,
(o, A) = —(Ao — AD)"1(I — Q)G(v+ ¥(v, \),

since Ag — Al € L(RN X, R) is an isomorphism

for A € (Ao — 9, Ao + 9), and by differentiation,

Dyip(v, A)

= —(Ao = MA)7H(I = Q)DG(v + ¥(v, A))(Iy + Duip(v, N)),

(1.21.9)

where Iy denotes the identity in N, and D, ¢ (v, \) € L(N, RNX). By unique-
ness, ¥(0,A) =0 for A € (Mg — 9, A\g + 9), and by DG(0) = 0, we obtain

(1.21.10) Dy1p(0,A) = 0 for all A € (Ao — 6, Ao + ), whence
.21. v (v, )| < eljv]| for all |[v|| < 6(g), A€ (Ao — 6, Ao + 9).
Differentiation of (I.21.9); with respect to A yields, after some simple calcu-
lation,

wa(v A) =
t2111) (Ao = AM)"HY(©A) = (1= Q)DG(v + (v, ) Da(v, M)},
ZE) Do, )| < Cr el + 2C Dy Sl

| Dtb(v, A)]| < Celfo]| for all o] < 6(e), A€ (Ao — &, Ao +9).

Clearly, € > 0 is sufficiently small, and C; are constants for ¢ = 1,2,3. The
Bifurcation Equation ®@(v,\) =0 (cf. (1.2.9) and (I.21.8)) in this case is

(I.21.12) QG+ (v, X)) = (A= Xo)v.

All norms in the finite-dimensional space N C X are equivalent. According
to our convention, the norm for v € N C X in the estimates of (1.21.10),
(I.21.11) is the norm of X, but in the sequel, we switch to ||v||* = (v,v). In
view of (1.21.12), we define

9(v,A) =X =X = (G(v+ ¥ (v, A)), v)/[[v]|*, v #0,

g(0,\) =X — g, which is continuous near (0, \p),
Dig(v,A) = 1= (DG (v + (v, \)) Daip(v, A), v)/[[v]|*, v # 0,
Dyxg(0,\) =1, which is continuous by (1.21.11)3 as well.

(1.21.13)

Clearly, g(0, A\o) = 0, and by the Implicit Function Theorem for g : Us X
(Ao — 0, Ao +6) — R there is a continuous solution A : Uy — (Ao — &, Ao + 9)
(where 0 € Uy C N is shrunk, if necessary) such that

(1.21.14) g(v, \(v)) =0 for all v € Uy € N, A(0) = Ao.

Since D,g(v,A) exists and is continuous for v € 02\{0}1, we obtain also
that the function A = A(v) is continuously differentiable on Us\{0}. Next, we
define

(1.21.15) X : Uy — RN X by x(v) = ¢(v, A(v)).
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The function y is continuous on Us, x(0) = 0, and by (1.21.10), Dx(0) = 0.
The following estimates for Dy(v) for v # 0 prove that x € C*(Us, RN X).
For z € N, equation (1.21.9); gives for v # 0,

(Ao = Mo+ t2))x(v+tz)+ (I — Q)G(v+tz + x(v+tz)) =0,
and after differentiation with respect to ¢t at ¢t = 0,

(Ao = A(v)I)Dx(v)z — (VA(v), 2)x(v)

+(I = Q)DG(v+ (1) (= + Dx(v)2) = 0.

(1.21.16)

Equation (I.21.14) gives, for v # 0,

AMv+t2) = X = (Gv+tz + x(v+t2)),v + tz)/|v + tz]?,
and after differentiation with respect to ¢t at ¢t = 0,
(VA(v), 2) = (DG (v + x(v))(z + Dx(v)z),v)/||v||”

+(G(v +x(v)), 2)/[I]I* = 2(G(v + x(v)),v) (v, 2)/[|v]|*.

Inserting this expression into (1.21.16)3 and using

(1.21.17)

(1.21.18) (Ao — AM)) ™| p(r,rnx) < Ca for all v € Ua,
we obtain the estimate

I1Dx(v)z]] < Cs{ [IDG (v + x ()| (2]l + [[Dx(v)z]])
(L.21.19) + DG + x (@) (2] + [1Dx(w)z[D I (w)]]/[lv]]
+ 3G + XD/ DA @)/}

Concerning the choice of norms in (1.21.19) we have to be careful: (1.21.18)
is true if R is endowed with the norm of Z and RN X is given the norm of
X. Consequently, the operator norm DG (v + x(v)) is the norm of L(X, Z),
and the norm of G(v + x(v)) is the norm of Z. Finally, the norms of x(v)
and Dx(v)z are the norms of X. In order to obtain (1.21.19), observe that
for y € Z,v € N, by continuity of the scalar product on Z, we can estimate
[(y,v)] < Cglly|ll]v]| with both norms in Z. For € X the same argument
leads to |(z,v)| < C7llz||||v|| with norm of  in X. For the elements v,z € N
we can switch to the equivalent norm induced by ( , ).
By DG(0) =0, x(0) =0, and Dx(0) = 0, we have

IDG(w + x (@) = 0, G+ x@)/lloll — 0,
1.21.20
21200 1)/ llo] = 0 as v — 0,
so that (1.21.19) implies

[1Dx(v)z]|/]|2]] — 0 as v — 0,
(I.21.21) for all z € N\{0}, proving that
x € C1(Uz, RN X) with Dx(0) = 0.

Choose d; > 0 such that {v € N|(v,v) < 67} C U, and define
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M ={v+x(v)lveN,(v,v) <6} C X C Z,
Se={y e Z|(y,y) =€*} C Z,
M, =MnS.cXcCZ.

(1.21.22)

Since dimN = n, say, property (I.21.21) implies that M and M, are compact
in X. But both sets clearly have the structure of manifolds. Being the injective

image of an open set in N with injective derivative I + Dy(v), the set ]\04 =
{v+ x(v)|(v,v) < 61} is an n-dimensional manifold with tangent space

o]

(1.21.23) T, M= (I + Dx(0))N at z=wv+ x(v) €M .

The sphere S, is a manifold in Z with codimension 1 and tangent space
TySe = {Z € Z|(Z7y) - O} Now

(v+ Dx(v)v,z) = (v + Dx(v)v,v + x(v))

— [0l + (Dx(v)v, x())
_— ol + (Dx(v)o,
2024 5 )2 = Cel Dx@)] IIx@)llol = Ljo]2 > 0
by (1.21.20), (I.21.21) if §; > 0 is small enough.

This means that (I+Dx(v))v € TL]\O4 \T..Se, that M and S. intersect transver-
sally (provided that 0 < & < gq is small), and that

M. C U C X is a compact (n — 1)-dimensional
(1.21.25) C'-manifold with tangent space

TxMa = T;c]\(} meSE = {Z € TZC]\Z- |(Z,Z') = O}

Finally, (I1.19.24) shows also that

(1.21.26) T, ]\04: span[(I + Dx(v))v, T, M.] if x =v+ x(v) € M.

By compactness, the potential f : M. — R (cf. (I.21.2)) has a minimizer
and a maximizer on M.. Let # = x(¢) satisfying (x,2) = €2 be one of at
least two such extremals. Then a simple argument considering curves in M,
through x proves that

(F(z),z) =0 for all z € T, M.,

(1.21.27) since F(x) = V f(x) with respect to ( , ).

By orthogonality of T, M. to z, cf. (1.21.25)3,
(1.21.28) <F(m) — —(F(x),2)x, z) = 0 for all z € span[z, T, M,].

Let 2 = v+ x(v), [|v]|*> = (v,v) < 6?. By definition (1.21.15) and (1.21.9);,

(I —-Q)F(x)=Ax(v) with A = A(v), whence

(1.21.29) (F(z), x(v)) = A|x(©)||? , since Qx(v) = 0.
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By construction of A = A(v) via (1.21.13), (1.21.14),
(F(z),v) = (Apx + G(z),v)

= (x,Agv) + (G(v + (v, ), v)

(L21.30) — (o, Ago) + (A~ Ao)o]]

= Xol[v]I> + (A = o) [[v]]* = Allv|l?,

which implies by (1.21.29),

(F(z),x) = (F(x),v + x(v))
1.21.31
. = Aol + Ix@)[?) = Al = 2%,
since v and x(v) are orthogonal with respect to ( , ). (Observe that
we switched to the norm induced by the scalar product ( , ).) Inserting

(I.21.31) into (I1.21.28) gives

(I.21.32) (F(z) — Ax,z) =0 for all z € span[z, T,, M].

By (I — Q)(F(x) — Ax) =0 (cf. (I.21.9)1) we finally obtain

(1.21.33) (F(x) — Az,z) =0 for all z € span[z, T, M, R].
We claim that span[z, T, M., R] = Z. Let y € Z. Then

(1.21.34) y = I+ Dx(v)Qy+ (I —Q)y — Dx(v)Qy.

Since Qy € N, the first summand belongs to T} ]\04, cf. (I1.21.23), and the
second and third summands are in R. Therefore,

(1.21.35) span[T;, M, R] = Z.

Furthermore, for 2 = v 4+ x(v) the vector (I + Dx(v))v € span[v, R] =

span[z, R] so that in view of (1.21.26), T}, MC span[z, T, M., R]. By (1.21.35)
this proves that span[z, T, M., R] = Z.

Since ( , ) is a scalar product (cf. (I1.3.1)), relation (1.21.33) implies
(I.21.6) with A(e) = A(v(e)) such that v(e)+x(v(e)) = x(e) with (x(e), z(¢)) =
e2. By ||v(e)||? = (x(g),v(e)) < €llv(e)| we see that v(e) — 0 and A(g) — Ag
as e\, 0, cf. (I.21.14). O

Theorem 1.21.2 is false, in general, if the operator F' has no potential. This
is seen by the simple counterexample

.3
(1.21.36) F:R?> > R? givenby F(z)= F(x1, 1) = ( x?) .
1

Then for every A € R the equation F(x) = Az has only the trivial solution
x = 0, although (I.21.3) is satisfied for A9 = DF(0) = 0 and A\g = 0.



172 CHAPTER 1. LocAL THEORY

Equation (I.21.6); is special in the sense that the parameter A appears
linearly. This is due to the fact that in this approach A\ plays the role of a
Lagrange multiplier. The linear dependence on x on the right-hand side of
(I.21.6)1, however, can be generalized to a more general constraint; cf. [14].

The existence of a curve or a connected set of nontrivial solutions through
(0, A\o) is discussed in [14], [9]. In view of the counterexample in [14], one needs
more assumptions on F'.

In Section I1.7 we alter the linear dependence on the parameter \; i.e., we
consider general equations F(x,\) = 0, where F(-,\) is a potential operator
in the sense of Definition 1.3.1 for all A € (Ag — d, A\g — 9).

By Theorem 1.21.2, equation (I1.21.6) has at least two solutions (x, A). This
is due to the fact that the potential f : M. — R has at least two “critical
points,” namely, its two extremals, and not more, in general. A (relatively)
critical point of f is, by definition, an & € M, such that (V f(x), z) = 0 for all
z € T, M,; cf. (1.21.27).

If we assume more symmetry of the problem, however, the number of criti-
cal points is considerably increased. It is known, in particular, that even func-
tionals on the (n—1)-dimensional sphere S; C R™ have at least n pairs (z, —x)
of critical points. Introducing the notion of “genus” permits a generalization
to even functions on symmetric manifolds M. = — M, that are diffeomorphic
to S1 via an odd diffeomorphism; cf. [109], [134] for more details.

Assume that 0 € U = —U C X and that

f and F'in (1.21.2) satisfy
f(=2) = f(x), F(-z) = —F(z).

Then, by uniqueness, the function ¢ in (1.21.8) is odd,

(1.21.38) U(=v,A) = =¥ (v, ),

(1.21.37)

and for the same reason, the function A solving (1.21.14) is even,

A(=v) = A(v), so that
X(=v) = (=0, AM(=v)) = =¥ (v, A(v)) = —x(v).

Therefore, M. as defined in (I1.21.22) satisfies M. = — M., and it is diffeomor-
phic to S1 C N via

(1.21.40) h(z) = v//* — [Ix(v)]]? for

r=v+x(v) € M; ie., ||[v]|? + |[x(v)]? = &2

(1.21.39)

Consequently, if dimN = n, the even potential f : M. — R has at least n
pairs (z, —x) of critical points in M, for which (1.21.27) is valid. This proves
the following corollary:

Corollary 1.21.3 If under the same assumptions as for Theorem 1.21.2 the
mapping F is odd, i.e.,
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F(—z)=—-F(z) forallzeU=-UCX,

then for every sufficiently small € > 0 there exist at least n pairs of solutions
(£z(e),A(e)) € X xR of

(x(e),x(g)) = €2, M(e) — Ao as e\, 0.
The number n is given by

n = dimN(DF(0) — AoI).

1.22 Notes and Remarks to Chapter I

The method of Lyapunov—Schmidt goes back to the beginning of the last cen-
tury, when both authors used this reduction to study bifurcation for integral
equations.

It was known to most experts of that reduction principle that it preserves
the existence of a potential if the complementary spaces are chosen to be
orthogonal; see Section 4.11 of [17], [95], [130], for example.

The Implicit Function Theorem with a one-dimensional kernel is explicitly
stated in [26], and bifurcation with a one-dimensional kernel is proved in [25].

The Principle of Exchange of Stability in the nondegenerate case was
known in special cases [138] and stated in general in [26].

The Hopf Bifurcation, going back to E. Hopf [74], was generalized to infi-
nite dimensions in [27], whose proof, however, is different from that presented
here.

It was observed in [58], [140], [17] that the Lyapunov Center Theorem
can be proved by a Lyapunov—Schmidt reduction, yielding a “vertical” Hopf
Bifurcation due to the Hamiltonian structure. A survey on Constrained Hopf
Bifurcation for Hamiltonian, conservative, and reversible systems can be found
in [147], [53]. An application to nonlinear oscillations is explicitly stated in [88]
(Center Theorem) and in [118] (Hamiltonian Hopf Bifurcation). A different
approach to bifurcation of periodic solutions of reversible systems, including
a global version, is given in [108].

We give some references for the general local and global Hopf Bifurcation
Theorems described in Remark 1.11.13: [3], [19], [120], [77], [44], [79].

The Principle of Exchange of Stability for nondegenerate Hopf Bifurcation
was first proved in [27].

As remarked in the text, the Continuation of Periodic Solutions as well
as Period-Doubling Bifurcation is commonly proved in the literature via a
continuation of fixed points of the Poincaré map and a bifurcation of fixed
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points of its first iterate. The setting to consider zeros of a map in a loop
space (where the perturbed period is a parameter) is taken from [88], [96],
[99]. The exchange of stability of periodic solutions at turning points and at
period-doubling bifurcations then follows as in the stationary case.

The Newton polygon method for the real case is described in [35], [128].

The results on Degenerate Bifurcation of stationary solutions and the ge-
neral Principle of Exchange of Stability are taken from [89]. A different proof
for that principle in a more general setting is given in [149].

Degenerate Hopf Bifurcation together with a general Principle of Exchange
of Stability was proved in [87], [91]. Examples of degenerate stationary as well
as of periodic bifurcation are found in [90].

The Principle of Reduced Stability is taken from [104]. That one can over-
come the degeneracy of a high-dimensional kernel by as many parameters as
the codimension of the range is well known. We refer to [117], e.g..

Bifurcation for potential operators using Lagrange’s multiplier rule is first
proved for completely continuous (compact) operators in [109], for noncom-
pact operators in [14], [121]. The proof here is adapted from [134]. The refine-
ment for odd operators goes back to Lyusternik; see [109], [134]. For more in-
formation about the structure of bifurcating solutions as the parameter varies,
we refer to [135]. The preservation of bifurcating solutions under perturbations
that have no potential is studied in [105].
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Global Theory

II.1 The Brouwer Degree

Comparable to the importance of the Implicit Function Theorem for the lo-
cal analysis is the degree of a mapping for any global analysis. Although the
theory was originally invented and defined in topology we present an ana-
lytical theory developed later. We give only the results, since the proofs can
be found in the literature; see [32],[6] for instance. In a first step, the de-
gree is defined for a smooth mapping, and the definition for a continuous
mapping is accomplished by approximation. (The procedure expounded in
Section I1.5 for proper Fredholm operators applies in a simplified form for the
finite-dimensional case of this section, too, yielding proofs for all statements.)

Step 1
‘We assume that

F:U — R"is in C'(U,R"), where
(IL.1.1) the closure U C U C R™ and
U, U are open and bounded sets in R".

The vector 0 € R™ is assumed to be a regular value for F’; i.e.,

(111.2) DF(x) € L(R™,R™) is regular (bijective) for all
o x € U with F(z) =0,

which could be possibly the empty set. Since U is compact, the solution set

of F(x) =0 is finite, and the following definition is adequate:

Definition I1.1.1 Assume (II.1.1), (I1.1.2), and 0 ¢ F(OU), where OU is
the boundary of U C R™. Then
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(I1.1.3) d(F,U,0) = 3 signdetDF(x),
zelU
F(z)=0

where )y ./. = 0. The integer d(F,U,0) is called the Brouwer degree of F with
respect to U and 0. The local degree around any (isolated) solution xo € U of
F(x) =0, namely,

(I1.1.4) i(F,zo) = signdet DF(xo) when F(x¢) =0,

is called the index of F at xg. Thus the degree of F' with respect to U is the
sum of its indices.

The crucial property of the degree (II.1.3) is that it is continuous with
respect to its entries; i.e., it is locally constant in the following sense:

Let F: U — R” satisfy (I1.1.1), (I1.1.2), and 0 ¢ F(AU). Then there is a
6 > 0 such that

d(F,U,0) = d(F,U,0), provided that

(IL.1.5) |F = Flloo = max | F(a) - F(a)]| < 5
zelU
(with some norm | || on R™). This local constancy is also referred to as

homotopy invariance of the Brouwer degree. A main tool for its proof is Sard’s
Theorem, which also plays an essential role in the next step, when the degree
is extended to continuous mappings.

Step 2
Now we assume that
F:U — R"is in C(U,R"), where
(11.1.6) U is a bounded and open set in R", and
0¢ F(0U).

By the Stone-Weierstrass Approximation Theorem and by Sard’s Theo-
rem, there is a sequence of mappings (F)ren satisfying (I1.1.1), (IL.1.2), and
limk‘}oo ||Fk - F”O,O = 0.

By (II.1.5), the sequence (d(Fy,U,0))ken is constant for k > kg, so that
the following definition makes sense:

Definition I1.1.2 Assume (II.1.6) and a sequence of mappings (Fi)ren Sa-

tisfying (I1.1.1), (11.1.2), and approzimating the mapping F uniformly on U :
(IL1.7) lim ||F}, — Fllo,o = 0.
k—o0

Then the Brouwer degree of F with respect to U and 0 is defined as
(I1.1.8) d(F,U,0) = klim d(Fy,U,0).

Finally, for everyy & F(OU), define
(I1.1.9) d(F,U,y) = d(F —y,U,0).
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Needless to say, due to (II.1.5), definition (II.1.8) is independent of the
choice of a sequence (F}), and the degree (II.1.9) is continuous with respect
to F' (using the maximum norm (I1.1.5)), with respect to U (using the distance
dist(U, U) = sup dist(&, U) + sup dist(z, U) where dist(z, U) = inf || — z||),

el zeU zeU
and, finally, with respect to y in any component of R™\ F(9U) using any norm
Il onR".

We summarize the essential properties of the Brouwer degree:

(1) Let I be the identity on R™. Then for y ¢ U,

_J1lifyeU,
(I.1.10) d(I,U,y)—{Oify€U

(normalization).
(2) Let Uy , Uz be open and bounded sets in R™ such that U; N Uz = () and
FeC(UyUUy,R") and y ¢ F(0U; U 9Us). Then

(11111) d(F7 Ul U U27y) = d(Fa U17y) =+ d(F7 U27y)

(additivity).

(3) The degree is homotopy invariant, which means that it is continuous (=
constant) with respect to its entries (F, U, y) in the sense described above.
A special case is the following homotopy invariance with respect to “non-
cylindrical domains”:
Let R""! = {(r,2)|r € R,z € R"}, U C R""!  be open and U, = {z €
R™|(7,z) € U} be uniformly bounded (possibly empty) for 7 in finite in-
tervals of R. Assume for F: U — R" that F € C(U,R") and that for a
continuous curve y : R — R”,

(I1.1.12) y(r) # F(r,x) for all (r,x) € 9U.
Then
(I1.1.13) d(F(r,-),Ur,y(1)) =const for all 7 € R,

and d(F(r,-),Us,y(7)) =0 if U,y = 0 for some 79 € R.

We sketch the proof: For a < b let Uy = U N ((a,b) x R™), which is a
“noncylindrical” domain bounded in R"**. Solutions of F(r,x) = y(7) for
(1,2) € OU,p, exist at most in U, or Uy, and the proof of (I1.1.13), using a
regular approximation via Sard’s Theorem, is then the same as for cylin-
drical domains (see also Section I1.5 below, in particular Figure I1.5.1).
Thus d(F(a,-),Us,y(a)) = d(F(b,-), Up,y(b)), and (I1.1.13) is proved. (If
U, = 0 or U, = 0, this proof shows also that d(F(,-),U,,y(7)) = 0 for
T € la,b].)

(4) The following property is crucial for the solution of nonlinear problems:

If d(F,U,y) # 0, then there is some

(11.1.14) x € U such that F(z) = y.
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(5) Let Fy, Fy € C(U,R™), U C R", such that Fy(z) = Fy(z) for all x € 9U.
Then for y ¢ F1(0U) = F»(0U),

(IL.1.15) d(F,U,y) = d(F2,U,y),

Le., the degree depends only on the values of F" on the boundary oU.
(6) If {x e U|F(x) =y} CU C U, then

(IL.1.16) d(F,U,y) = d(F,U,y)
(excision).

Finally, the notion of the index given in Definition II.1.1 is extended to
every isolated solution zg € U of F(z) = y. It is simply the local degree
around zg € U:

d(Fa BT'(xO)a 3/) = Z(Fa xo)a
(I.1.17)  where B,(z9) = {z € R"|||x — z¢|| < r} for small » >0
such that zg is the only solution of F(z) =y in B, (w0).

(We omit the dependence on y.) Clearly, i(F,xo) € Z but not necessarily in
{1,-1}.

A degree having the properties (1)—(6) is uniquely defined [8]. For U C
R? the number d(F,U,0) coincides with the geometric notion of the winding
number of F along OU.

For a practical computation of the degree or the index, the following mul-
tiplicativity is useful. It follows immediately from the corresponding property
of the determinant in Step 1 and by approximation in Step 2. Let

F; :U; — R be in C(U;,R™), where

U; C R™ is bounded and open, ¢ = 1, 2.

Define F = (F17F2) IU = Ul X Ug — R™ x R™2 by
F(zy,20) = (Fi(21), Fa(x2)).

If y; ¢ Fi(0U;), then y = (y1,y2) ¢ F/(9U), and
d(F,U,y) = d(F1,Uy,y1)d(F, Us, y2).

(I1.1.18)

11.2 The Leray—Schauder Degree

The extension of the Brouwer degree to infinite dimensions gives a powerful
tool for solving infinite-dimensional nonlinear problems. We summarize the
steps taken by Leray and Schauder in 1934 [113] (see also [32], e.g.).

There does not exist a degree for continuous vector fields on an infinite-
dimensional Banach space having all properties of the Brouwer degree. (There
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are several topological reasons for this: There are no two components of the
group of regular endomorphisms corresponding to a negative and positive
determinant; there exists a continuous mapping from the closed unit ball of an
infinite-dimensional Banach space into itself having no fixed point, although
that mapping is homotopic to the identity in the sense of Section II.1, and so
on.)

A crucial part of the extension to infinite dimensions is the characterization
of the class of vector fields for which a degree can be defined. This class
should be large enough for reasonable applications, and the degree should be
as powerful as the Brouwer degree.

Definition I1.2.1 Let f : U — X, where U C X is open and X is a (real)
Banach space. The mapping f is called completely continuous (compact) if f
is continuous and if f maps bounded subsets of U onto relatively compact sets
(whose closure is compact). If

(I1.2.1) F=1+f:U—X,

where I is the identity on X and f is completely continuous, the mapping F
is called a compact perturbation of the identity.

For compact perturbations of the identity, Leray and Schauder succeeded
in defining a useful degree. A crucial observation is that a completely continu-
ous mapping f : U — X on bounded domains U is uniformly approximated by
finite dimensional mappings f. : U — X,. C X such that dim X,,_ =n. < o0
and || f — fzllo,0 = sup,ep || f(2) — fo(2)|| < €, where € > 0 is arbitrarily small.
(Here || || denotes the norm of the Banach space X.) We define F. = I + f..
If 0 ¢ F(OU), then also (for small ¢ > 0) 0 ¢ F.(0U,_) for U,. = UNX,_,
which follows from the facts that due to the complete continuity of f, F'(0U)
is closed and that 0 has a positive distance to F(9U).

Therefore, if € > 0 is small enough, the Brouwer degree d(F;,U,_,0) for
F. restricted on Uns exists. Since this degree does not depend on the choice
of f. : U — X,,_, it is a good definition of a degree for F.

Definition I1.2.2 Let U C X be open and bounded. Then for any compact
perturbation of the identity (11.2.1) with O ¢ F(OU) the Leray—Schauder degree

(I1.2.2) d(F,U,0) € Z
is defined as described above. For y & F(0U) we define
(I11.2.3) d(F,U,y) = d(F — y,U,0).

We summarize the essential properties of that degree.

(1) The normalization (11.1.10) holds as for the Brouwer degree.
(2) The additivity (I1.1.11) holds as for the Brouwer degree.
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(3) We state its homotopy invariance as follows (adequate for our applications
in bifurcation theory):
Let U CRxX = {(r,2)|r € R,z € X} beopen and U, = {x € X|(7,x) €
U} be uniformly bounded (possibly empty) for 7 in finite intervals of R.
We assume that

f:U — X is completely continuous;
(I1.2.4) y : R — X is a continuous curve such that
y(1) # x + f(r,2) for all (r,z) € OU.

Define f(7,z) = f(r,2)—y(7). Then f : U — X is completely continuous,

and therefore, for every ¢ > 0, there exists a finite-dimensional approxi-

mation f; : Ugp — X,,. on any bounded “noncylindrical” domain U, ; =

UnN((a,b) x X) such that || f — fllo,0 = ( s)up [f(r,z) = fo(m,2)| <e.
7,2)€Uq 1

We define

(I1.2.5) F(r,z) =z + f(r,z) for (r,z) €U

and F(r,z) = z + f(r,2), F-(r,2) = = + f-(r,z). By the closedness of
F(0U) and by (I1.2.4)3, the curve {y(7)|7 € [a,b]} has a positive distance
to F((OU)ap), where (OU )y, = OU N (Ja,b] x X). Therefore, if € > 0 is
small enough, the only solutions of F.(r,x) = 0 for (1,2) € U, exist at
most in U, for 7 € [a,b] (and not in OU, C (9U),). By definition,

d(F(fa ), Ur,y(7)) = d(F(7,-),Ur,0)

I1.2.
(11.2.6) d(F.(r,-),U; N X,,_,0) = const for 7 € [a, b],

by the homotopy invariance of the Brouwer degree described in Section
I1.1. Therefore, under the assumption (II1.2.4), we conclude for the Leray—
Schauder degree that

(I1.2.7) d(I+ f(r,-),Ur,y(1)) = const for all 7 € R

and d(I + f(7,-),Ur,y(7)) =0 if U;, = 0 for some 79 € R.
(4) As for the Brouwer degree, we can easily conclude by approximation and
complete continuity that

if d(F,U,y) # 0, then there is some

(I1.2.8) x € U such that F(z) = y.

Finally, we state that

(5) the Leray—Schauder degree depends only on the values of F' on the boun-
dary U, and
(6) the excision (I11.1.16) holds as for the Brouwer degree.

As for the Brouwer degree, the local Leray—Schauder degree around an
isolated solution zg € U of F(x) = y is called the index of F' at xy (with
respect to y):
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d(F’ BT(‘TO)’y) - i(F, Io),

(11.2.9) where B, (zg) = {z € X| ||z — z¢|| < r} for small r > 0.

(We omit the dependence on y.) By the additivity and the excision property,
the Leray—Schauder degree is the sum of its indices if there are only finitely
many solutions of F'(z) =y in U.

If F(zg) = y for some zy € U, F is Fréchet differentiable at z(, and
DF(x¢) € L(X, X) is an isomorphism (is regular), then the index i(F, z¢) is
computed as follows:

Clearly, DF (z9) = I + D f(z0) for a compact perturbation of the identity
(I1.2.1). If f is completely continuous, then Df(zg) € L(X, X) is a compact
operator (see [113], [32]). The regularity of DF(x¢) = I+ D f(xo) implies that
IDF(x0)z|| > mlz]| for some m > 0, whence 7(F(x)—y)+(1—7)DF (x0)(z—
xo) # 0 for 7 € [0,1] and ||z — x¢|| = r for sufficiently small » > 0. Thus the
homotopy invariance implies that

i(F,x0) = d(F, B,(z0),y) = d(F — y, Br(x0),0)

(I1.2.10) = d(DF(x0), B+(0),0) = i(DF(x),0),

where we make the substitution z — zg = z.

The computation of the index of DF(xg) =1+ Df(x¢) = I + K for some
compact K € L(X, X) was already accomplished by Leray and Schauder [113].
By I+ 7K for T € [0, 1] we homotopy from the identity I to I 4+ K. If for some
7 € (0,1) the operator I + 74, K is not regular, then pup = —1/74, € (—o0,—1)
is an eigenvalue of K. By the Riesz—Schauder Theory, there are only finitely
many such eigenvalues in (—oo, —1) all having a finite algebraic multiplicity.
Starting from 1 for the identity I, the index changes at each 7, = —1/ux by
(—=1)™k, where my, is the algebraic multiplicity of us. This gives finally

i(I + K,0) = (—1)m++me where
(I1.2.11)  pa, ..., pe are all eigenvalues of K in (—oo, —1),
and my, is the algebraic multiplicity of pp, k=1,... 7.

If there is no eigenvalue of K in (—oo, —1), then ¢(I + K,0) = 1.

We give the proof of formula (I1.2.11):

Let A(t) = I + 7K for 7 near 75 such that —1/7; is an eigenvalue of K
of algebraic multiplicity my. Denote by Ej, C X the generalized eigenspace of
dimension my. Then 1—(7/7) is an eigenvalue of A(7) of algebraic multiplicity
my with the same generalized eigenspace Fj for all 7 near 7. Decompose
X = FEy ® X, so that X}, is a complement that is invariant for A(7) for all
7 near 7% (choose X invariant for K). Identify Ej @ Xj with Ej x Xj and
x = v + w according to this decomposition with = (v,w). The operator
A(1) € L(X, X) then decomposes as

A(7) = (A7) By, A(T)|x,.) = (Avk(T), A2 (7)),
(Alyk(T)7A27k-(T)) : Ek X Xk — Ek X Xk,
Alyk(’r) S L(E]“ Ek), Ag’k(T) c L(Xk,Xk),
which is an isomorphism for all 7 near 7.

(11.2.12)
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Therefore, the index i(Az x(7),0) is defined, and by (I1.2.10), it is given by
(11213) i(AQ,k(T),O) :d((I—‘rTK”Xk,UQ’k,O),

where Us j, is a neighborhood of 0 in Xj. Clearly, i(As ;(7),0) = const for 7
near 74 by homotopy invariance. The degree (I1.2.13) is defined by a finite-
dimensional approximation of K on Ujy,

(11.2.14) K. :Usp — Xgn. C Xg, dimXp,. < oo,
which is not linear, in general:
(11215) d((] + TK)|Xk, Uz’k, 0) = d([ + 7K., Ug}k N Xk’nE,O).

Set I+7K, = A (1) and Uz ;N Xk 5. = Us .. Then, for a small neighborhood
Ui of 0 in Ej, we obtain from (II.1.18) (recall that dim Ej, = my,)

i(I +7K,0) =i(A(T),0)
= X ks

dE(A( )(U;k U(z) 0) 0.0)

— d((A,, A LU X Ug g, (0,0)

(11.2.16) _ d((Ai :(7)7; k( )),Ull,: X Ujk (0,0))
= d(A1,,(7), U1k, 0)d(Az,.(7), Uz.e, 0)
:Z((Al,k( ),0) (AQ k(T)a )

By (I1.1.4),

my
(I1.2.17) i(A1,5(7),0) = signdet((I + 7K)|g,) = sign(l - TL> ,
k
which changes by (—1)™* at 7 = 7. Since i(As x(7),0) = const for 7 near 7y,
this proves (I1.2.11).

The eigenvalues p of K = D f(x) in (—oo, —1) give eigenvalues 1 + p in
(—00,0) of I + f(xg) = DF(xo) and vice versa. Formula (II.2.11) motivates
the definition of an index for a class of admissible Fredholm operators given
in Section IL.5.

11.3 Application of the Degree in Bifurcation Theory

As in Chapter I, we study nonlinear parameter-dependent problems

F(z,\) =0, where
(I1.3.1) F:U xV — X with open sets
UcX, VCR.
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We assume the “trivial solution” {(0, A\)|X € V'} and that U is a neighborhood
of 0, possibly U = X and w.l.o.g. V = R. Furthermore, we need F € C(U x
V, X) and that D, F(0, \) exists such that D, F(0,-) € C(V,L(X,X)). If X =
R™, then we use the Brouwer degree; if X is an infinite-dimensional (real)
Banach space, then we assume that F(x,\) = x4+ f(z, A) and that f : UxV —
X is completely continuous. Thus for F'(-,\) the Leray—Schauder degree is
applicable.

A necessary condition for bifurcation from the trivial solution line is (I.1.6).
In our case, the Riesz—Schauder Theory implies that

0 is an isolated eigenvalue of finite algebraic

(I1.3.2) multiplicity m of D, F(0, \o) for some A\g € R.

(For a spectral theory, the real space X is complexified as in Section 1.8.)

It is crucial for bifurcation at (0, Ag) how the eigenvalue 0 perturbs for
D, F(0,\) when X varies in a neighborhood of Ag. As shown in [80], II. 5.1
and III. 6.4, the number m is an invariant in the following sense: The ge-
neralized eigenspace Ej, of the eigenvalue 0 of D, F (0, \g) having dimension
m is perturbed to an invariant space Ey of D,F(0,\) of dimension m, too,
and all perturbed eigenvalues near 0 (the so-called 0-group) are eigenvalues
of the finite-dimensional operator D, F(0, \) restricted to the m-dimensional
invariant space F. The eigenvalues in that 0-group depend continuously on
A

We shall prove that a necessary and sufficient condition for bifurcation is
that the sign of det(D,F(0,\)|g,) change at A = Ag. (The necessity is seen
by the counterexample (I1.7.18) below.) In terms of the eigenvalues in the
0-group, this condition is expressed by the notion of an odd crossing number:

Definition I1.3.1 Define o<(\) = 1 if there are no negative real eigenval-
ues in the 0-group of D F(0,X) and o<()\) = (=1)™tFme 4f g o0 g
are all negative real eigenvalues in the 0-group having algebraic multiplicities
mai,...,my, respectively. If

D, F(0, ) is reqular for X € (Ao — 9, Xo) U (Ao, Ao + 9)

(IL.3.3) and if g<()\) changes at A = A,

then D, F(0,\) has an odd crossing number at A\ = \g.

By (I1.3.3)1, 0<(\) is constant on (A9 — d, \g) and on (Ag, Ao + §). It can
change only if an odd number of negative real eigenvalues leave the half-axis
(—00,0) through 0. Since nonreal eigenvalues exist only in complex conjugate
pairs of equal multiplicity, an odd crossing number of a family D, F(0, \) in
the sense of Definition I1.3.1 means that an odd number of eigenvalues in
the O-group (counting multiplicities) leave the left complex half-plane when
A passes through Ag. (It does not mean that the total number of eigenvalues
in the 0-group of D, F (0, \) in the negative complex half-plane is constant on
(Mo —0, Ao) and changes only at A = \g. If this is the case, we say that the local
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Morse index of D,F(0,A) changes at A = Ag; cf. Definition I1.7.1 below.) If
X =R", then D, F(0,\) has an odd crossing number at A = )¢ if and only if
detD,F(0,\) # 0 for A € (Ao — 0, Ao) U (Ao, Ao+ d) and detD, F(0, \) changes
sign at A = Ag.

By (I1.3.3)1, the index (D, F(0, \), 0) exists locally for A # Xg, and formula
(I1.2.11) (or (II.1.4)) shows that

an odd crossing number of D, F'(0, \)
=T+ D, f(0,N)=T+K(\) at A=)\
means that the index i(D,F(0,\),0) jumps
at A = A\p from +1 to —1 or vice versa.

(I1.3.4)

This change of the index is the key for the following Krasnosel’skii Bi-
furcation Theorem:

Theorem I1.3.2 If D, F(0,\) has an odd crossing number at A = X\g, then
(0, Xo) is a bifurcation point for F(x,\) = 0 in the following sense: (0, \g) is
a cluster point of nontrivial solutions (x,\) € X xR, © #0, of F(xz,\) =0.

Proof. Assume that there is a neighborhood of (0, A¢) in X x R containing
only the trivial solutions (0, ). Then there exists an interval [Ag — J, A\g + 0]
and a ball B,.(0) such that there is no solution of F(x,\) = 0 on dB,.(0) for
all A € [A\g — d, Ao + d]. By the homotopy invariance of the Leray—Schauder
degree,

(I1.3.5) d(F (-, A), Br(0),0) = const for A € [A\g — d, Ao + I],

contradicting the assumption that
(11.3.6) i(D.F(0,)),0) =d(F(-,A), B-(0),0) (cf. (I1.2.10))

changes at A = \g (see (11.3.4)). O

The classical special case of Theorem II1.3.2 is the following: F(x,\) =
x4+ Af(x), f:U — X is completely continuous for some neighborhood
U of 0, and 0 is an eigenvalue of I + A\gDf(0) = D,F(0, o) of odd al-
gebraic multiplicity for some Ay # 0. (Equivalently, we find in the litera-
ture that —1/X¢ is an eigenvalue of Df(0) or that —\g is a characteristic
value of D f(0).) By the linear dependence on the parameter A, the derivative
D,F(0,\) =1+ ADf(0) = I + AK has an odd crossing number at A = Ay
(see formula (I1.2.11)), which implies bifurcation.

A drawback of Theorem I1.3.2 is that it gives no information on the struc-
ture of the set of nontrivial solutions near (0, Ag): Is there really a “branch” of
nontrivial solutions emanating at (0, A\g)? The notion “branch” implies that
the set is connected in X x R. This property and more is proved in the Global
Rabinowitz Bifurcation Theorem:

Theorem I1.3.3 Assume that F € C(X xR, X), F(x,\) = x+f(x, \), where
[ X xR — X is completely continuous, and D, F(0,-) =1+ D,f(0,-) €
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C(R,L(X,X)). Let S denote the closure of the set of nontrivial solutions of
F(z,\) =0 in X x R. Assume that D,F(0,\) has an odd crossing number
at X = Ag. Then (0,Xg) € S, and let C be the (connected) component of S to
which (0, A\o) belongs. Then

(i) C is unbounded, or

(7i) C contains some (0, A1), where Ag # A1.

Proof. Assume that the Rabinowitz alternative (i) or (ii) does not hold.
Then C is bounded, and C contains the only trivial solution (0, Ag). By the
complete continuity of f: X x R — X (we tacitly assume in Theorem I1.3.3
that F is everywhere defined on X x R), the set C is compact: If (z,\) € C,
then x = — f(z, A), so that the projection of C on X is compact. Its projection
on R is compact, too, since it is bounded.

Let N be an open neighborhood of C in X xR and let K = N'NS. Then K
is compact and IN'NC = . By a lemma from point set topology (the so-called
Whyburn Lemma [151]) there exist disjoint compact subsets A, B C K such
that C € A, ONNS C B, and K = AUB. Let U be an open neighborhood of
A such that UNB = (. Then U has the properties that C ¢ U and dUNS = 0.
By possibly removing some trivial solutions from U, we finally obtain

a bounded open set U C X x R such that
CcU, oUNS =0, and
UN{0,M)]AeR} ={0} x (A\g — 8, A +0)
for some arbitrarily small 6> 0.

(I1.3.7)

By assumption (I1.3.3)1, the trivial solution 0 € X of F(x, A) = 0 is isolated
for all A € (Mg — 9, Ag) U (Ao, Ag +9). Thus there exist radii 7(\) > 0 such that

aBT()\) (0) NC =0 and
for all \ € (/\0 — 5, )\0) U (/\07 Ao + 6)

Let V. = {(z,\)|z € Byx(0),A € (Ao — 9, 0) U (Ao, Ao + d)}. If » depends
continuously on A, then V' C X xR is open. We assume that r(Ag) = 0 extends
7(\) continuously on (Ao — &, \g +6). Define W = U\V.If 0 < § < 4, then the
only solution of F(x,A) = 0 on OW is (0, \¢), and the homotopy invariance
(I1.2.7) of the Leray—Schauder degree implies that

d(F(-,\),Wy,0) = const on (—o00, \g) and
also on (A, 00) and

d(F(-,A),Wy,0) =0 for all X # Ao, since
Wy =0 if )] is large.

(I1.3.9)

By construction of the open set U, the only solutions of F(x,\) = 0 on 0U
are (0, Ao — ¢) and (0, A\g + ), and therefore by homotopy invariance,

(I1.3.10) d(F(-,\),Uy,0) = const for A € (A\g — 8, Ao 4 0).
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The additivity of the Leray-Schauder degree finally implies that
d(F(-,\), Uy, 0)

1311 = d(F(-,\), Vi, 0) + d(F(-,\), Wy, 0)
(IL3.11) — d(F (-, ), Brs)(0),0) = i( D, F(0, 1), 0)
for all \ € (AO—S Xo) U (Mo, Ag + 9).

By (I1.3.10), the index of the trivial solution is constant for A € (Ao — 5, Ao) U
(Mo, Ao + 0), contradicting an odd crossing number of D,F(0,\) at A = Ag;
of. (IL3.4). 0

Both alternatives of Theorem I1.3.3 are possible. The simplest example of
(i) is the linear case F(z,\) = D,F(),0)z. Examples of alternative (ii) are
given in Section III.6. A refinement of Theorem I1.3.3 is given in Theorem
I1.5.9 below.

The main assumption of Theorems I1.3.2 and I1.3.3, namely, the odd cross-
ing number of D, F'(0,\) at some A\ = Ag, is difficult to verify, in general, when
f(z,A\) does not depend linearly on A. A possibility for a verification is ex-
pounded in the next section.

I1.4 Odd Crossing Numbers for Fredholm Operators
and Local Bifurcation

Let X and Z be real Banach spaces and assume that X C Z is continuously
embedded. The notion of an odd crossing number defined in Definition I1.3.1
is readily extended to families of linear operators A(\) € L(X, Z) depending
continuously on A € R such that

A()N) : Z — Z with domain of definition D(A(A\)) = X

(I1.4.1) is closed for each A € (A9 — 8, \g +9).

An equivalent characterization of (II.4.1) is that the norm in X is equiva-
lent to the graph norm ||z|z + ||A(A)z||z. This assumption is reasonable for
applications; cf. Section III.1.

Another suitable assumption is that

A(N) € L(X, Z) is a Fredholm operator of index zero

(I14.2) for each A € (A9 — &, Ao + 6); cf. Definition 1.2.1.

The case considered in Section I1.3 in which A(A\) =T+ D, f(0,\) € L(X, X)
with compact D, f(0, ) is clearly a special case: By the Riesz—Schauder The-
ory, every linear compact perturbation of the identity is a Fredholm operator
of index zero.

In this section we assume that
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(I1.4.3) 0 is an isolated eigenvalue of A(\o),

which, by the Fredholm property, is an eigenvalue of finite geometric multi-
plicity: dim N(A(Xg)) < oo. (As usual, for a spectral theory the real spaces X
and Z are complexified as in Section 1.8.) The isolatedness of the eigenvalue
0 gives a stronger result (cf. [80], Section IV.5.4): The generalized eigenspace
E,, of the eigenvalue 0 is finite-dimensional, so that the algebraic multipli-
city is finite, too. Furthermore, there is a decomposition into invariant closed
subspaces

(11'4.4) Z=E\, &2\, ExCXCJZ

X=E\,3Xy, X\=2,nX,

such that the spectrum of A(X\g) € L(E),, E,) consists only of the eigenvalue
0, and 0 is in the resolvent set of A(Ag) € L(Xx,,Z,); i-e., A(Xo) is an
isomorphism from X, onto Zy,. The eigenprojection P()\g) onto E), is in
L(X,X) as well as in L(Z,Z). As already mentioned in Section II.3, the ge-
neralized eigenspace Ey, perturbs to E) of the same finite dimension, and the
eigenprojection P(\) depends continuously on A in L(X, X) and L(Z, Z) for
A near \g. The eigenvalue 0 of A(\g) perturbs to eigenvalues of A(\) near 0
(the so-called 0-group), which are the eigenvalues of A(\) € L(E\, Ey) (which
is a finite-dimensional operator). Thus Definition I1.3.1 is literally generalized
to a family of Fredholm operators satisfying (11.4.1)—(I1.4.3):

Definition I1.4.1 Define o=<(\) = 1 if there are no negative real eigenvalues
in the 0-group of A(\) and o<(X\) = (=1)™ T T 4f g ...y are all nega-
tive real eigenvalues in the 0-group having algebraic multiplicities myq, . .., myg,
respectively. If

A(N) € L(X, Z) is regular (is an isomorphism,)
(I1.4.5) for A€ (Ao — 3, M) U (Ao, Ao + ) and if
o<(\) changes at A = A,

then the family A(X\) has an odd crossing number at A = Ag.

The remarks given after Definition I1.3.1 are literally valid also in this
generalized case: An odd crossing number means that an odd number of real
eigenvalues (counting multiplicities) in the 0-group of A(\) leaves the left
complex half-plane when A passes through \g.

In this section we show that an odd crossing number of A(A) is detected
by the method of Lyapunov—Schmidt and that it implies local bifurcation for
Fredholm operators.

We decompose (cf. (1.2.2))

X=N&Xy, N-= N(A()\o)) C E)\O,

(11.4.6) Z=R®Zy, R=R(A(\)),

and dim N = dim Zy < oo. Since P(A\g)|y = Inx and P(\) € L(X,X) is
continuous, the projection P(A) is injective on N for all A near \g. We show
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that P(A\o) € L(Z, Z) is also injective on Zy. Decompose z = r + zy according
to (11.4.6)2, where r = A()\()).”L' Then P()\())Z = A()\Q)P()\())SC + P()\())Zo =
z—(I—=P(\p))z, whence z = (I—P(\o))z+A(Xo)P(Ao)x+P(No)z0. Since (I —
P(\o))z € R, the assumption P(\g)zp = 0 leads to z € R, and by uniqueness
of the decomposition, this implies zy = 0. By the continuous dependence of
P(X\) € L(Z, Z) on A, the injectivity is preserved for P(\)|z,. Furthermore, the
assumption P(A\g)zp € R leads to z € R as well, and therefore, zo = 0. Thus
RN P(N\y)Zp = {0}, and the decompositions (I1.4.6) yield the decompositions
X =PM)N& Xy, Z=R®P(\)Zp, which are perturbed to

X = P(7)N @ X,

(I14.7) Z=R®P()Z for 7€ (ho— 08X +0).

By P(Ag)N = N, the space P(7)N is a continuous perturbation of N. Next,
we construct a continuous transition from the complement Zy to P(\g)Zy
(which is continuously extended to P(7)Zy). We define the homotopy H(t)z =
(1 —t)z 4+ tP(X\o)z, which connects Iz and P()\o) smoothly in L(Z,Z) for
t€]0,1].If z = r4 29 = A(Ao)z+ 2 according to Z = R® Zy, then we showed
above that z = (I—P(\g))z+A(Xo) P(No)z+P(Xo)20. Since (I—P(\y))z € R,
this gives the decomposition z = 7 + 2y according to Z = R @® P(\g)Zy with
Zo = P(Xo)z0. Therefore, z = (1 — t)r + ¢7 + (1 — t)z0 + t2o = 7+ H(t)zo
with 7# € R and zg € Zy. If H(t)zp = 0, then z € R and zp = 0. This proves
that H(t)Zy is a complement of R in Z for all ¢ € [0,1] and H(0)Zy = Zo,
H(1) = P(Xo)Zo.

To summarize, the complement P(7)Zy in (I11.4.7)2 is a continuous pertur-
bation of Z; (by inserting the homotopy H between Zy and P(\g)Zy) in the
class of complements of R in Z. The decompositions (I1.4.7) define projections

P, : X — P(t)N along X,

(I1.4.8) Qr:Z — P(1)Zy along R,

so that Py, = P : X — N along Xy is the Lyapunov-Schmidt projection
according to (I1.4.6);, and Q, : Z — P(X\9)Zy along R is homotopic to
Q : Z — Zy along R, which is the Lyapunov—Schmidt projection according to
(IL.4.6)5. This homotopy is given by Q; : Z — H(t)Zy along R for t € [0, 1].

Next, we decompose the invariant generalized eigenspace E; of A(7). Since
P(T)N C E; and P(1)Zy C E;, the decompositions (I.4.7) yield

E. =P(r)N & (Xo N E,),

(I1.4.9) E, = (RNE,) @ P(7)Z for € (Ao — 6, \o + 6).

Therefore, Pr g and Q, g, project according to the decompositions (I1.4.9).
Finally, P. € L(X,X) and Q. € L(Z,Z) depend continuously on 7 near \p.

We represent A(X\) : X — Z according to any decomposition (I1.4.7); and
any decomposition Z = R @ P(1)Zy or Z = R® H(7)Z, as a matrix

a0 A = ((1 p Zz()g(x) (1 p g()g(x))
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identifying X = P(7)N @ X with P(7)N x Xy (whose elements are written
as columns) and Z = R® P(1)Zy or Z = R® H(t)Z, with the corresponding
Cartesian product (whose elements are written as columns as well). The pro-
jection Q denotes Q. or Q, depending on the choice of the complement Qz
of R.

For all A near )\,

(I1.4.11) (I —Q)A(N)|x, € L(Xo, R) is an isomorphism,
since this is true for A = \g. We define (with [(I — Q)A(\)]~' € L(R, Xo))

C(Q.N) = (‘QA(*)“{ QAN o ) :
A (1 - QAW 0
CQ,N):Z=RxQZ— QZ x X,
(11.4.12) D(rON)
_ (@A(A){IHT)N —[T= QAW T - @AW} 0 )
i (1= QAN (1 - @AM Iy, )’

D(1,Q,\) : X = P(1)N x Xy — QZ x X,.
Then an easy computation yields

11.4.13 .
( ) for all A near \g, 7 near \g, and for all Q.

Since 0 ;
(IL4.14) C(Q, \o) = (A(/\o)‘l %Z) with A(A) ™" € L(R, Xo)

is an isomorphism, the same holds true for all A near Ag. This proves by
(I1.4.13) and by the definition (I1.4.12) of D(7,Q, \) for any A near Ao that

A(X) € L(X, Z) is an isomorphism < A
15y QAN Urex — (1= QAW (1 - QJAN} = B, Q.
o € L(P(1)N,QZ) is regular for all 7 near \g
and for all Q.

Next we consider A(\) € L(Ey, E)).

By the definitions of Py and @y in (I1.4.8) and by the fact that Py|g, and
Qx|e, project according to the decompositions (I1.4.9) (for 7 = \), we see
that

(11.4.16) C(Qx, ), DA\, Qx,\) € L(Ey, Ey) and

C(Q)\, )\)A()\) = D()\, Q)\, )\) in L(E)\, E,\).
Definition I1.4.1 of an odd crossing number is equivalent to the following:

det(A(\)| g, ) 2 0 for A € (Ao — 8, A0) U (Ao, Ao + 6)

(11.4.17) and det(A(N)|g, ) changes sign at A = A.
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Since C(Qx, )|, is regular for all A € (Ao — d, A\g + ), the equality (I1.4.16),
implies that A(\) has an odd crossing number at A = )\ if and only if

det(D(A, Qx, A)| gy ) # 0 for A € (Ag — 8, A0) U (Mo, Ao +9)

(I1.4.18) and det(D(\, Qx, )| g, ) changes sign at A = A.

According to Definition I1.4.1 (or (I1.4.17);) and (I1.4.15),

B(1,Q,\) € L(P(T)N,QZ) is regular for every

AE ()\0 — 0, /\0) U ()\0,)\0 + 5), for all 7 € ()\0 — 0, o + 5),
and for all Q = Q, with 7 € (Ao — 0, Ao + 0)

or for all Q = Q, with ¢ € [0,1].

(I1.4.19)

Fix A € (Ao — 6, Ao) U (Ao, Ao + 8). Then B(r,Q, \) € L(P(r)N,QZ) is homo-
topic in the class of regular linear mappings to

(L4.20) B0 @A) = QAW {Iy — [(I ~ QAN '(I ~ Q AN}
o € L(N, Zy), where Q : Z — Zy along R, cf. (I1.4.6).

(Note that [(I — Q)A(N)] ™! € L(R, Xp).)

In particular, B(X\, Qx, ) € L(P(A\)N, P(\)Zp) is homotopic to B(Ag, @, \)
€ L(N,Zp), and by definition (I1.4.12) of D(A,Qx,\), a change of sign of
det(D(A, @, A)|Ey) implies a change of sign of det B(A,Qx, A) at A = Ao.
Here we endow P(A)N and P(\)Z, with bases such that B(X\, Qx, \) is rep-
resented by quadratic matrix and det B(\, @, A) is the determinant of that
matrix. By the homotopy we finally obtain the following theorem:

Theorem I1.4.2 Let A(\) € L(X, Z) be a family of Fredholm operators sa-
tisfying (11.4.1), (I1.4.2), and let 0 be an isolated eigenvalue of A(Ag). Choose
a Lyapunov-Schmidt decomposition (I1.4.6) and fix bases in N and Zy such
that we can consider the family B(Ao, Q,\) in L(R™,R™) (see (II.4.20)) for
n = dimN = dimZ,. Then

A(XN) € L(X,Z) has an odd crossing number

at A= Mg &
(11.4.21) B(Xo, @, \) € L(R™,R™) has an odd crossing number
at A=)y &

detB()\(), Q7 )\) 7é 0 f07" AE ()\0 — (5, )\0) U Ao, Ao + (5)
and detB(A\g, Q, \) changes sign at A = \g.

I1.4.1 Local Bifurcation via Odd Crossing Numbers

The structure of the family (I1.4.20) is perfect for a Lyapunov—Schmidt re-
duction of a local bifurcation problem. We recall the essential steps.

Let FF: U xV — Z be a mapping such that 0 € U C X and \g €
V C R are open. We assume that F/(0,\) = 0 for all A € V and that F is a
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nonlinear Fredholm operator with respect to € U and for all A € V : F €
C(UxV,Z)and D, F € C(U x V,L(X, Z)) such that A(\) = D,F(0,)) is
a family of Fredholm operators satisfying (I1.4.1) and (I1.4.2). Let 0 be an
isolated eigenvalue of A(Ag). In order to find nontrivial bifurcating solutions
of F(xz,\) = 0 near (0, ), a Lyapunov—Schmidt reduction as in Section 1.2
is adequate. To this end we decompose the Banach spaces X and Z as in
(I1.4.6), and according to Theorem 1.2.3, the problem F(x,\) = 0 for (z,\)
locally near (0, \g) is equivalent to a n-dimensional problem

(I1.4.22) &(v,\) =0 near (0,\) € N xR.

Here ® : U XV — Zy, where 0 € U € N and \g € V C R, and & €
C(U x V,Zy), D,® € C(U x V,L(N, Zy)). To be more precise, $(v,\) =
QF (v+ (v, \),\), where Q : Z — Zj along R is the projection, v € UcCN,
and 1 : U xV — X solves (I —Q)F(v+1(v,\),\) = 0 for all (\,v) € Ux V;
cf. Section 1.2. Differentiating this equation with respect to v yields

(11.4.23) (I —Q)D.F(v+¥(v,\),\)(In + Dytp(v,\)) = 0.

Inserting the trivial solution (v,A) = (0,\) into (I1.4.23) gives, in view of
1/1(0, )‘) =0,

€ L(N, Xy),
where (I — Q)D,F(0,)\)|x, € L(Xo, R) is an isomorphism
for A near \g and (I — Q)D,F(0,\)|n € L(N, R).

(I1.4.24)

This gives for &(v, A) = QF (v+1 (v, ), A) the expression (recall D, F'(0,\) =
A(N)

(1L425)  Du(0,)) = QAN{Iy — [(I - Q)AN)] " (I - Q)A(N)}.

(Note that [(I — Q)A(N)]™! € L(R, Xo) and Xo = (I — P)X.)
Thus D, ®(0,\) = B(\g, @, A) (cf. (I1.4.20)) and we can state the following
theorem:

Theorem I1.4.3 Let &(v,\) = 0 be an n-dimensional Bifurcation Equation
for the problem F(x,\) = 0 obtained by the method of Lyapunov—-Schmidt as
expounded in Section I.2. Assume the trivial solution F(0,\) = 0 and therefore
@(0,\) =0 for all X near \g. Then

D,F(0,)\) € L(X, Z) has an odd crossing number
at A=)y &

(11.4.26) D,®(0,\) € L(N, Zy) = L(R™,R™) has an odd
crossing number at A = \g <
det D,®(0,\) changes its (nonzero) sign at X = X.
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Note that the decompositions (I1.4.6), and therefore the function &, are
not unique.

An application of a finite-dimensional version of Theorem I11.3.3 for @(v, \) =
0 finally yields a Bifurcation Theorem for Fredholm Operators:

Theorem I1.4.4 Assume for F(x,\) = 0 that the derivative D,F(0,)\) =
A(N) along the trivial solution satisfies (11.4.1)—(I11.4.3). If Dy F(0, \) has an
odd crossing number at A = X\g, then (0, \o) is a bifurcation point for F(x,\) =
0 in the following sense: The closure of the set of nontrivial solutions near
(0, Xg) contains a connected component to which (0, ) belongs.

Indeed, extend @ to N x R — Z;, apply Theorems 11.4.3 and I1.3.3 to
&(v,\) = 0, and recall that @(v,\) = 0 gives all solutions of F(x,\) = 0
locally near (0, Ag). By its construction, connected solution sets of @(v, A) = 0
yield connected solution sets of F'(x,\) = 0; cf. Section I.2.

In the next section we improve Theorem I1.4.4 by a global version in the
sense of Rabinowitz’s Theorem, Theorem I1.3.3.
We give some special cases of Theorem 11.4.4.

Case 1

If dimN = 1, i.e., if 0 is a geometrically simple eigenvalue of A(\g) =
D,F(0,)\), then &(v,\) = 0 is a one-dimensional Bifurcation Equation.
An odd crossing number of D,®(0,\) means simply that the scalar func-
tion D,®(0, \) changes sign at A = A¢ if it is expressed with respect to bases
in N = span[ty] and Zy = span[i]; cf. (1.4.20)—(1.4.22). Since D, ®(0,\y) =0
(by Corollary 1.2.4), a sufficient condition is D2, &(0,\g) # 0, provided that
the family A(A\) = D, F(0,\) and therefore D,®(0,\) is differentiable with
respect to A. In this case, formula (I1.4.25) gives (recall that @ : Z — Z; along
R)

Dg)\@(o, )\0) = Q%A(Ao)h\] S L(N, Zo) and
D2,0(0,)) # 0 <

aA()\o)f;o = D2, F(0,\0)d0 € R(D,F(0,)o)) if
N(D,F(0,)\)) = span[dp].

Condition (I1.4.27)3 is the same as condition (I1.5.3) of Theorem I.5.1. In this
case, the bifurcating solutions consist of a unique smooth curve.

The nondegeneracy (11.4.27) or (1.5.3), however, is violated in many simple
cases of an odd crossing number. Consider the example D, F(0,\) = A(\) =
AO + (A - )\0)] and N(Ao) = span[ﬁo}. Then %A(}\Q)’[JO = ’[)0 ¢ R(Ao) if
and only if the eigenvalue 0 is not only geometrically but also algebraically
simple (usually called simple). On the other hand, by its linear dependence
on A, it is directly seen that the family A(\) = Ag 4+ (A — A\g)I has an odd
crossing number at A = )¢ if and only if the eigenvalue 0 has an odd algebraic
multiplicity. (In this case, the differentiated bifurcation function D,®(0,\)
given in (I1.4.25) is of order (A — Ag)™ if m is the algebraic multiplicity of

(I1.4.27)
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0.) We admit that the evaluation of (I1.4.25) is not simple, in general, and in
many cases the crossing number of the family A(\) is of easier access.

A degenerate change of sign of D,®(0,\) at A = A\, however, does not ne-
cessarily give a unique bifurcating curve as shown in Section 1.16 even in the
analytic case. In the nonanalytic case, “Bifurcation with a One-Dimensional
Kernel” can indeed be as general as stated in Theorem 11.4.4.

Remark I1.4.5 It can easily be seen without knowledge of any degree that
a change of sign of D,®(0,\) at A = Ao entails bifurcation from the trivial
solution line {(0,\)} at A\ = Ag. Namely, in the upper and lower (v, \) half-
plane, the function @ has opposite signs near the line {(0,\)}, and these signs
change at A\ = \o; cf. Figure II.4.1.

v
®=0
D >0 d <0
+ + + - - -
— — — + + A
D,®(0,\) >0 D,®(0,\) <0

Figure 11.4.1

By continuity and the mean value theorem, the function © has to have a
continuum of zeros emanating at (0, \g), and that continuum exists globally
as described in Theorem I1.3.3 (provided that @ is globally defined).

In particular, the solution continua of ®(v,\) = 0, separating domains
where @ is positive and negative, exist in the upper and lower (v, \) half-
planes. This simple observation leads to a refinement of Theorem 11.5.3; cf.
Theorem I1.5.9 below.

Case 2

Let dimN = n > 1 be odd. Assume again that A(X\) = D,F(0,\) is
differentiable with respect to A near A = Ay, so that formula (I1.4.27); holds.
Since D,®(0, Ag) = 0 (by Corollary 1.2.4), we have

D,®(0,)) = iDvé(o, Xo)(A = Xo) + R(N) in L(N, Zy)
(11.4.28) A,

= QﬁA(Ao)\N(A — o) + R(\) (see (11.4.27)1).
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Here R(A) is a remainder such that lim R(X)/(A — Xg) = 0 in L(N, Zp).

— Ao

Assume that

Q%A(AO) € L(N, Zy) is regular <
D2, F(0,\0)0 & R(DyF(0, \o))for all
(I14.29) v € N(D,F(0,X))\{0} &
Z = R(D,F(0,\)) & D2, F(0, )N (D, F(0, Ag)) or

d
Z=R& AN

Then, by (I1.4.28),

d n
(I1.4.30) det Du(0,2) = det QCD‘A()\OO) (A =20)" +7(N),

so that )\liH/\l r(A) /(A=) =

(Here we identify L(N, Zy) with L(R™,R™), so that det(Q-% A()o)) is defined.)
By (11.4.29), det(Q-%A(Xo)) # 0, and we conclude that

if (I1.4.29) holds and dim N (D, F'(0,Ag)) = n is odd,
then D,®(0, \) has an odd crossing number at A = \g.
(I1.4.31) By Theorem 11.4.3, D, F'(0, ) has an odd crossing
number at A = )\g, too, and Theorem 11.4.4
guarantees bifurcation for F'(z,\) =0 at A = Ag.

This bifurcation result is due to [150]. Observe that the number n is the
geometric multiplicity of the eigenvalue 0 of D, F(0, \g) and that the algebraic
multiplicity m = dim E, can be arbitrarily large.

Remark I1.4.6 An odd crossing number in Definitions I1.53.1 and 11.4.1 plays
a crucial role in local and global bifurcation theorems; cf. Theorems I1.3.2,
11.3.3, 11.4.4, 11.5.8, and II.5.9. By the simple counterexamples (I1.7.18),
(11.7.19), it is indispensable for bifurcation, in general. Whereas its defini-
tion is transparent, ils verification can be complicated. The computation of
eigenvalues of (infinite-dimensional) linear operators is not a simple task, and
the evaluation of the entire 0-group could be very involved. (Note, however,
that for our applications in Chapter III we give cases in which it is easy; cf.
(111.2.22), for example.) Theorem I1.4.3 tells that the determination of an odd
crossing number is reduced to a finite-dimensional problem, to be more pre-
cise, to a problem whose dimension is the geometric multiplicity of the critical
eigenvalue 0. In view of its form (I1.4.25), the evaluation of its determinant
could still be a challenge; cf., however, Case 1 of Theorem II.4.4.

There is a large literature in which one attempts to give a different approach
to the crucial property of local and global bifurcation: It is found under the
notion of “odd multiplicity.” The Krasnosel’skii condition on D,F(0,\) =
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I+ ADf(0) is an odd algebraic multiplicity of the eigenvalue —1/X\g of D f(0),
and by the linear dependence on X, this means an odd crossing number of
D,F(0,\) at A = Xg. In case of a nonlinear dependence on A, however, the
common algebraic multiplicity of an eigenvalue has to be replaced by some
multiplicity in which the family D,F(0,\) apart from A = Xy is involved.
Such a definition is rather complicated and not transparent at all. Another
drawback is that it applies only to families D, F(0,\) depending analytically
on A in a neighborhood of X = X\g. If it depends only smoothly, it applies only
if some derivative with respect to X\ does not vanish at X = \g. An advantage
is that there are explicit devices for computing odd multiplicities in which the
reduction (11.4.25) is used, too. An odd multiplicity is clearly equivalent to
an odd crossing number. In view of the complexity of odd multiplicities, other
approaches under fewer regularity assumptions are found in the literature.

For details we refer to [137], [76], [119], [112], [41], [40], [130], [46], [78].

We prefer the notion of an odd crossing number, since it is more natural
and, moreover, since it is directly related to a change of Morse index; cf. De-
finition I1.7.1. The Morse index is an important tool in Nonlinear Dynamics,
and an odd crossing number links Bifurcation Theory to that wide field; cf.
also Section II.7.

I1.5 A Degree for a Class of Proper Fredholm
Operators and Global Bifurcation Theorems

In this Section, X and Z are both real Banach spaces such that X C Z is
continuously embedded. We consider mappings F' : U — Z, where U C X is
an open and bounded set. In order to define our admissible class of operators
we need some definitions.

Definition I1.5.1 A class of linear operators A € L(X, Z) is called admissi-

ble if the following hold:

(i) A is a Fredholm operator of index zero.

(i) A : Z — Z with domain of definition D(A) = X is closed.

(iii) The spectrum o(A) in a strip (—oo,c) X (—ie,ie) C C for some ¢ > 0,
€ > 0 consists of finitely many eigenvalues of finite algebraic multiplicity.
Their total number (counting multiplicities) in that strip is stable under
small perturbations in the class of A in L(X,Z).

By the perturbation theory for closed operators as expounded in [80], any
isolated eigenvalue pg perturbs to its pg-group of equal total finite multipli-
city. Property (iii) simply excludes that a perturbation of A creates a new
eigenvalue as a perturbation of —oo. This phenomenon is certainly excluded
for a class of operators A € L(X,Z) whose spectra are locally uniformly
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bounded from below. Definition I1.5.1 is satisfied by classes of elliptic operators
that are locally uniformly sectorial; cf. [48].

Definition I1.5.2 Let U C X be open and bounded.

An operator F: U — Z is called admissible if

(i) Fe C*(U,Z), U CU, where U is open in X,

(i) The class {DF(x)|lx € U} C L(X, Z) is admissible according to Definition
11.5.1,

(iii) F is proper; i.e., the inverse image in U of a compact set in Z is compact
mn X.

Definition I1.5.2 is motivated by nonlinear differential operators whose
Fréchet derivatives are elliptic. For such operators Definition I1.5.2 is veri-
fied in Section III.5.

If X = Z, every compact perturbation of the identity (cf. Definition I1.2.1)
is admissible if it is a C?-mapping. Indeed, its derivative is of the form I+ K,
where K € L(X, X) is compact, and Definition I1.5.1 is satisfied by the Riesz—
Schauder Theory [152]: There are only finitely many eigenvalues of K in a strip
(=00, —1 + ¢) X (—ie,ic) if 0 < ¢ < 1 that are the eigenvalues of I + K in
(—00,¢) X (—ig,ig). Since the spectrum of I + K is bounded by 1 + || K],
the total number of eigenvalues in that strip is stable under small compact
perturbations of K in L(X, X). Finally, property (iii) of Definition I1.5.2 is
satisfied for F =T+ f if f is completely continuous: If x,, + f(x,) = z,, the
convergence of (z,) and (f(z,)) (w.lo.g.) implies the convergence of (x,,), so
that F' is proper.

Step 1
Assume that y ¢ F(OU) is a regular value for F; i.e.,

DF(x) € L(X, Z) is regular (is an isomorphism)

(IL.5.1) for all z € U with F(z) =y (z € F~}(y)).

By (IL5.1), the set F~!(y) (possibly empty) consists of isolated points {x;},
and by properness it is compact. Therefore, it is a finite set, so that we can
make the following definition:

Definition I1.5.3 Assume that F is admissible and that y ¢ F(OU) is a
reqular value for F'. Then

d(F,Uy)= >, i(F,z), where

z€F~1(y)
sy R LEeRE)0 (00 =0

o(DF(2)) N (~0,0) = {ji1,..., e} and
my, is the algebraic multiplicity of px, k=1,...,¢,

and )4 = 0.
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As in Definition II.1.1, we call i(F, x) the index of F' at x (where we omit
the dependence on y). Clearly, d(F,U,y) = d(F — y,U,0).

Definition II1.5.3 is motivated by formula (I1.2.11), and if X = Z and F
is a compact perturbation of the identity (cf. Definition I1.2.1) of class C*,
then Definition I1.5.3 indeed gives the Leray—-Schauder degree, provided that
y & F(OU) is a regular value for F.

Proposition I1.5.4 The set of reqular values y ¢ F(OU) is open, and the
degree (11.5.2) is locally constant with respect to y. To be more precise, there
is a 6 > 0 such that for all §j € Bs(y) = {y € Z||y—vy|l < 0}, Definition I1.5.8
applies and

(11.5.3) d(F,U, i) = d(F,U,y).

Proof. By properness, F is a closed map and y ¢ F(OU) has a positive
distance to F(OU). Therefore, Bs(y) N F(OU) = @ if 6 > 0 is small enough.
By (I1.5.1), the map F is a diffeormorphism from a neighborhood V; of any
T € F~1(y) in U onto a neighborhood of 3. If § > 0 is possibly decreased,
every § € Bs(y) has one preimage &; in each Vj, and DF(Z;) is regular.
Let V' C U be the union of (finitely many, disjoint) open neighborhoods V;
of x; € F~Y(y). Then U\V is closed, F(U\V) is closed, and y ¢ F(U\V)
has a positive distance to F(U\V). Therefore, if § > 0 is small enough,
Bs(y) N F(U\V) = 0, so that F~1(Bs(y)) C V and the sets F~1(y) and
F~1(g) have the same (finite) cardinality for all § € B;s(y). Consider the ho-
motopy y(7) = y+7(§—y) € Bs(y) for 7 € [0,1]. Then F~*({y(7)|r € [0,1]})
consists of continuously differentiable curves {Z;(7)|7 € [0,1]} connecting
z; € F7'(y) to ; € F~(§) in each neighborhood V; of z;. Then DF(i;(1))
is a continuous homotopy from DF(x;) to DF(Z;) in the open set of regular
maps in L(X,Z). By admissibility of F' according to Definition I1.5.2, the
total number of eigenvalues of DF(Z;(7)) on (—o0,0) is finite (counting mul-
tiplicities), and eigenvalues of DF(Z;(7)) can leave the real half-axis (—o0, 0)
only by nonreal complex conjugate pairs. Since by Definition I1.5.1 (iii), the
total multiplicity of all perturbed eigenvalues is constant, the number of all
eigenvalues of DF(Z;(7)) in (—o0,0) have the same parity for all 7 € [0,1],
and (I1.5.3) follows directly from Definition II.5.3. O

Step 2

If y is not a regular value for F, we find a sequence (y,)neny C Z with
Yn — y in Z such that y,, ¢ F(OU) and all y,, are regular values for F. This is
the result of Quinn—Sard—Smale [129]. (Originally, it was required that X be
separable, so that every open covering of U contains a countable subcovering.
This stringent assumption is given up in [129].) Since there is no analogue
of the Stone—Weierstrass Approximation Theorem in infinite dimensions, we
cannot give up the smoothness of F' as in the finite-dimensional case. The C2-
differentiability is needed in Theorem I1.5.6 below, which states the crucial
property of the degree of Definition I1.5.3, namely, that it is locally constant
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when its entries are slightly perturbed in their admissible classes. In other
words, the homotopy invariance of that degree is valid. This implies that the
following definition makes sense:

Definition I1.5.5 Assume that F is admissible and that y & F(OU). Then
for a sequence (Yn)nez C Z of reqular values for F such that y, — y and
(IL5.4) d(F,U,y) = Tim_d(F,U,yn).

Clearly, d(F,U,y) = d(F —y,U,0).

We give the arguments why the degree (I11.5.4) is well defined: Let yo and
y1 be regular values for F' in Z\F(0U). We define

F:[0,1] xU — Z by
11.5.5 ~
129 F(r,) = F(x) ~ 7y — (1= 7)o
and clearly,

d(F,U,yo) = d(F — yo,U,0) = d(F(0, ),
d(F,U,y1) = d(F — y1,U,0) = d(F(1,-),

;0),

(I1.5.6) 0

S S

The map F is of class C2, and its derivative D(T’w)f? e LRx X,Z) is a
Fredholm operator of index 1. By properness of F', the map Fis proper, too.
According to the result of Quinn-Sard-Smale [129], the set of regular values
for F is dense in Z, and by properness, it is also open in Z. (We sketch the
argument: Let y € Z be a regular value for F. If not empty, F~ 1(y) consists of
compact continuously differentiable curves in [0, 1] x U. Fix some point on such
a curve. Then a decomposition of R x X into the one-dimensional kernel of
D(T’x)}% , which is the tangent space to that curve, and some complementary
space Xo C R x X yields a regular operator D(T’I)F\XO € L(Xo,Z). The
Implicit Function Theorem and the properness of F imply that the curves
in F~1(y) are isolated, that there are only finitely many, that for §j € Bs(y)
for small 0 > 0 the derivative D, 1)F on F~() € [0,1] x U is surjective,
and that the set F~1(§) consists only of curves that are perturbations of the
curves in F~1(y); cf. the arguments in the proof of Proposition IL.5.4.)

Since 0 € Z is a regular value for F(0,-) and for F(1,-), according to
Proposition I1.5.4 we find some § near 0 such that (cf. (IL.5.6))

d(F(0,-),U,§) = d(F(0,-),U,0) = d(F,U, ),
d(F(1,-),U,§) = d(F(1,-),U,0) = d(F,U, ),
and g is also a regular value for F'

defined in (IL.5.5).

(IL5.7)

We return to the problem whether the degree (I1.5.4) is well defined. If
y & F(OU), then it has a positive distance to F'(OU); i.e., |[F(z) —y|| > d >0
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for all x € OU. Next, we show that if yg,y; are sufficiently close to y and if
7 is in a small neighborhood of 0, then the endpoints of all curves in F~1(j)
are in the bottom {0} x U or in the top {1} x U of the cylinder [0,1] x U.
Indeed, let Yo, Y1 € Bd/g(y), Yy E Bd/g(O) Then

IF(r,2) = gl = [|F' () — yo +7(y0 — 1) — 3
(IL.5.8) =[|F(2) =y +y—yo+7(yo—y1) =9l = § >0
for all (7,2) € [0,1] x 9U.

The proof that
(I1.5.9) d(F(0,-),U,9) = d(F(1,-),U,7),
which implies in view of (I1.5.7) that
(I1.5.10) d(F,U,yo) = d(F,U,y1),

is the same as that of the more general Theorem I1.5.6 below, where the
cylinder [0, 1] x U is replaced by a segment of a noncylindrical domain. This
finally proves that Definition I1.5.5 makes sense and that (II.5.4) does not
depend on the choice of the sequence of regular values (¥ )nen-

As mentioned before, if X = Z and F' is a compact perturbation of the
identity of class C', then Definition II.5.2 gives the Leray-Schauder degree,
provided that y ¢ F(9U) is a regular value for F. The homotopy invariance
(I1.5.9) implies that Definition I1.5.5 is valid for the Leray—Schauder degree as
well. Thus all proofs in this section apply also for the Leray—Schauder degree
for its admissible class F' = I + f. Note, however, that this approach requires
that F be a C?-mapping, in particular, that smoothness is required in the
proofs of Proposition I1.5.4 and Theorem I1.5.6 below.

Theorem 11.5.6 The degree of Definition I1.5.5 is homotopy invariant in
the following sense: Let U C R x X = {(r,2)|7 € R,z € X} be open and
U, = {z € X|(r,z) € U} be uniformly bounded (possibly empty) for T in
finite intervals of R. We assume that

Fe CQ(U,Z), where U C U is open in R x X,
F:U — Z is proper, )
the class {D,F(r,x)|(t,2) e U} C L(X, Z)

11.5.11
( ) s admissible according to Definition I11.5.1, and
y:R — Z is a C?-curve such that
y(1) # F(7,2x) for all (1,2) € OU.
Then
(I1.5.12) d(F(r,-),Ur,y(T)) = const for all T € R

and d(F(7,),Ur,y(1)) =0 if Ury =0 for some 9 € R.
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Proof. Define F(r,2) = F(r,z) — y(r). Then F € C*(U, %), F : U — Z
is proper, and D(T,z)F(T, x) € L(R x X, Z) is a Fredholm operator of index
1. Fix a bounded segment of the noncylindrical domain U, ;, = U N ((a,b) x
X). Since F(0U) is closed, by properness the curve {y(7)|r € [a,b]} has a
positive distance to F'((OU)q), where (OU )4, = OU N ([a, b] x X). Therefore,
|F(r,2)|| > d > 0 for all (1,2) € (U)ays, and by the Quinn-Sard-Smale
Theorem [129] and by the openness of the set of regular values, there exists
an element § € Z, ||g]] < d, and § is a regular value for F Usp — 2,
for F(a,-) : Uy — Z, and for F(b,-) : Uy — Z; cf. (IL5.7). By the arguments
given before, this implies that F~1 (§)NU 41 consists of finitely many compact
one-dimensional manifolds (curves) with boundaries in U, or in Uy; cf. Figure
I1.5.1. (Closed curves in F- L(§) N U, play no role in the sequel. Therefore,
Figure I1.5.1 does not show closed curves that might clearly exist.)

X

Figure I1.5.1

Pick one curve C in F*I(g}) starting in U, or Up. It ends at a different
point in U, or Uy. By the choice of ¢, the operators

D,F(a,z),D,F(b,z) € L(X, Z) are regular

(I1.5.13) when (a,z) or (b,x) are endpoints of C.

Therefore, the degrees d(F(a,-),Us,,7) and d(F(b,-),Uy,7) are defined as in
Definition I1.5.3. We show that

(11514) d(F(a” ')7 Uaa g) = d(F(b? ')a Ub7 g)a
where we assume that U, # 0, U, # 0; see Figure IL5.1. If U, 7§ 0, U, =0,
for instance, then for some b < b we obtain U; # 0, but F(b,-)~'(§) = 0, so
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that, according to Definition I11.5.3, d(F(b, -), Us;,9) = 0. In this situation U
has a dead end, and it does not reach {b} x X; see Figure II.5.1. Thus all
curves have to return to U,, and the subsequent proof shows that the sum of
all indices of F(a,-) in U, is zero, proving that d(F(a,-), U, §) = 0.

We parameterize the curve C' in F~1(5) by {(7(\),z(\)|\ € [, ]}, so
that 7(a),7(8) € {a,b} and (7(\), #(\)) # (0,0)(-= -&). Since 7 is a regular
value for F,

(11.5.15) N(Dir.ay F(r(A), 2(\)) = span((+(X), (V).

which is geometrically the tangent space to C' at (7(\),z(\)) € R x X. Thus

D,F(1(\),z(\) € L(X,Y) is regular
< T7(A)#0  for A € o, ]

On all (relatively) open intervals in [a, §] where 7(A) # 0, we see that the
index i(F(7(\),-),z(\)) is constant by the arguments given in the proof of
Proposition 11.5.4. By the choice of g, we know that 7(\) # 0 for A near «
and A near . We investigate the behavior of the index when A passes the
complementary compact set A C («, 8), where 7(A) = 0. Choose for A € A an
open interval (A — dx, A + 0)) whose length will be appropriately determined
below; cf. (I1.5.20). Then finitely many such intervals cover A, and the union
of these intervals consists of one or more (finitely many) intervals in («, 3). We
focus on one such open interval (&, 3). By construction, D F( (@), z(&)) and
D, F(r (ﬂ) 2(B)) are regular, and we determine the indices i(F(7(&), ), z(&))
and i(F(7(5), ), (3).

Since 7(\) = 0 for A € A, we have &(\) # 0, and by continuity, w.l.o.g. this
is true for all A € [&, 3]. By the choice of 7, the operator D(T,I)F( (M), x()\)) €
L(R x X, Z) is surjective for all X € [a, (], and therefore D, F(7()\), z(\)
in Z for all A € A. By continuity, w.l.o.g. this is again true for all A € |
We define

(I1.5.16)

) #
a, ]
N(X) = span[(\)], Zo(A) = span[D,F(r(A), z(A))],
and decompositions
(I1.5.17) X =N\ ® Xo(N),
Z =R(\) & Zy(\) for A € [, ], where
R(A) = R(Do F(T(A), 2(A))] x0(0)-

The spaces Xo(A) form a continuous family of complements in the sense that
the projections

Py : X — N(\) along Xo(A),

Qx : Z — Zp(N) along R(N),

depend continuously on \ € [&, (] in

L(X,X),L(Z,Z), respectively.

Observe that N(D,F(7()),z()\)) C N(A) with equality only if A € A. (Using
the identity D, F'(7()),z(A))7(N) + Dy F(7(A), z(A\)#(A) = 0 it is an easy
exercise that Zp()) is complementary to R(\) for all A € [&, 5].)

(I1.5.18)
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We make a Lyapunov—Schmidt reduction according to Section 1.2 in a

neighborhood of (7(\),z(\)) that satisfies F(7(\),2(\)) — ¢ = 0. For this
procedure we use the decompositions (I1.5.17). (This can be done for all A €
[&, (] for which N(D,F(r()\),z(\))) = {0} or = N(\).) We obtain a family
of functions

é)\ : (T(f\) — S)\,T()\) —|—S,\) X ﬁ,\ — Zo(N),
(I1.5.19) where Uy C N(A) is a neighborhood of v(\) = Pyxz(})
and @y (7,v) =0« F(1,2) =7, v = Pz.

Thus the zeros of @, form the local curve {(7(A),v(A\)|A € (A — dx, A +
o} v(h) = Paz(h).

Setting Gz, \) = F(7()\), z()\) + ) — ¢, we have G(0,\) = 0, D,G(0, ) =
D, F(7()\),z(\)), and a Lyapunov-Schmidt reduction near (0,\) using the
decompositions (I1.5.17) yields a family of functions

Dy (A= 0x, A+ 0)) x Uy — Zp(N),

where Uy C N(A) is a neighborhood of 0 and
Py(v,\) =0 G(x,\) = F(r(\),z(\) + x) — § = 0,
v = P)\Jt.

(I1.5.20)

By uniqueness of the reductions we have

Dy (v, \) = DA(T(N), Pra(X) + v) and
(I1.5.21) D/\ 0,(0,}) = D g-g/\(/\( A), Paz(N)) for A € (A —dx, A+ 6y).

We apply now the results of Section 1.4 to AN) = D,G(0, \).
Let A € A. Then, for A € (A — dx, A+ dy),

D F(r ( ), x( \)) € L(X, Z) is regular
(I1.5.22) &= Di,sﬁ,\( ()\),~P z(X) # 0, and in this case,
i(F(r(X), ), 2(X) = S(N)signD,Dx(T(X), Pra(X)).

Here S()\) € {1, -1}, and formulas (I1.4.13), (I1.4.14), (I1.4.25) show that S())
depends continuously on A in (A= dx, A+ 9y), and therefore, it is constant.
(Recall that Q belongs to a continuous family of projections in L(Z,2).)
If A € [, 6]\4, then we choose ¢y > 0 such that (A—dx, A\+dx)NA = 0 and
(I1.5.22); is valid for all A € (A—dx, A+ 05). Choosing Q=0Q,in (I1.4.13), we
obtain also (I1.5.22)5 with a continuous and therefore constant function S(\)
on (A —d0x, A+ 0dy).
Thus S()) is locally constant on the entire interval [&, 3], which means
that S(A\) = Sy € {1, -1} for all A € [, (], and (I1.5.22) implies that
if D,®(T(\), Pxx(\)) # 0 for some X € [, (], then

(11.5.23) i(F(T(A)» ), z(N) = Sosigané)\@'()\) Prxz(N)).
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By &5 (7(A),v(X)) = 0 for all A € (A — 6y, A+ 4,) (where v(X) = Pyz()), cf.
(I1.5.19)), we obtain, by differentiation with respect to A at A = A,

(I1.5.24) D ®5(T(N), v(\)7(\) + D@ (T(N), v(N)d(N) = 0.

By N(X) = span[z()\)], see (I1.5.17), we have 0(\) = Py@(\) = &(\), and by
Zo(\) = span[D, F(7(\),z(\))], we get in view of the construction of the bi-
furcation function @y in Section 1.2. D @y (1(\), z(A)) = QxD-F(1(\), z(\))
= D, F(7()\),z(\)), where we use also the definition (I1.5.18) of Q. In order
to define the sign of D,@y(7(\),v(\)), we have to identify L(N()), Zo(\))
with L(R,R) = R. This is done by the choice of bases {0(\)} in N(\) and
{D,F(t(\),z(A\)} in Zo()\). Thus (I1.5.24) gives

signDU@,\(TE/\),v()\)) = —sign7(\) € {-1,0,1}

A combination of (I1.5.23) and (I1.5.25) leads to the following result:

Let (&, 3) be any open interval in the covering
of A={X € (e, F)|7(\) = 0}. Then for all

A € [@, f] such that 7(\) # 0, in particular for
A =a and A = (3, the index of

F(r(X),-) at 2()\) exists and

i(F'(T(N), ), z(X\))signT(\) = —So.

(I1.5.26)

~

Since, as stated before, the index i(F(7()\), ), z(()\)) is constant in any interval
of [, B]\A, the behavior (I1.5.26) extends to all A € [a, (]; i.e., to the entire
curve C:

(IL5.27) i(F(r(N), ), z(\))signt(\) = =S € {1,-1}

for all A € [a, §] with 7(\) # 0.

Note that the index exists if 7(\) # 0.

A simple but crucial consequence of (I1.5.27) is the following (see also
Figure I1.5.1): Since sign7(a) = —sign7 () # 0 if the endpoints of C' are both
in U, or both in U, and sign7(a) = sign7(3) # 0 if the endpoints of C' are in
U, and in Uy,

the indices of F(r,-) at the endpoints

of a solution curve C' are opposite (equal)
if the endpoints are in the same set

U, or U, (in different sets U, and Uy).

(I1.5.28)

In the regular case, the degree is the sum of the indices, and (I1.5.28)
proves (II.5.14). This completes the proof that Definition II.5.5 makes sense;
cf. (I1.5.9). Since the regular value g is arbitrarily close to 0, Definition I1.5.5
implies
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U
—~
=
Q
~
o
<
—~~

S

)) = d(F(a,),U,,0)

(11'5'29) = d(F(a")a aag) = (F(bv')an»g)

=d(F(b,-),Up,0) = d(F(b,-), Up,y(b)),
which finally proves (II.5.12). The last statement of Theorem II1.5.6 follows

from d(F(a,-),Uqs, 3) = 0 if Uy = 0, cf. the arguments after (11.5.14). O

Remark I1.5.7 Property (I1.5.27) is in complete coincidence with the index
along a plane solution curve of a function ® : R x R — R. Let 0 be a regular
value for @ such that the solutions of ®(1,x) = 0 form smooth curves in R xR.
The index i(P(7,-),x), if it exists, is simply signD,P(1,2) if &(r,z) = 0.
Since 0 is a regular value for @, any curve of zeros of @ separates regions
in the plane R x R where @ is positive and where @ is negative. Therefore,
if T(A) # 0 (for a suitable parameterization {(T(\),z(N))} of such a curve),
the derivative D@ (7(X),x(X)) is positive (negative) if ® is negative (positive)
below and positive (negative) above that curve. As visualized in Figure 11.5.2,
the signs of @ below and above a curve of zeros change at every turning point,
i.e., if sign7 () changes. Observe that for such behavior it is not required that
the points where 7(\) = 0 be isolated.

x

(r,z)  — d<0
iW(P(r,),x) =1 -

Figure I1.5.2

We summarize the essential properties of the degree defined in Definition
11.5.5:

(1) The normalization (11.1.10) holds.

(2) The additivity (11.1.11) holds.

(3) The homotopy invariance holds as described in Theorem II.5.6.

4y, — vy, y,yn &€ FOU), and F(x,) = y, for some z, € U, then
properness implies the existence of some x € U such that F(z) = y. Then
by Definitions I1.5.3 and I1.5.5,
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if d(F,U,y) # 0, then there is some
(I1.5.30) x € U such that F(z) =y.

(5) The homotopy invariance shows that the degree depends only on the val-
ues of F' of the boundary OU.
(6) The ezcision (I1.1.16) holds.

Finally, the notion of the index given in Definition I1.5.3 is extended to
any isolated solution xzg € U of F(x) = y as in (I1.1.17). Thus the degree
of Definition I1.5.5 is the sum of its indices if there are only finitely many
solutions of F'(z) =y in U.

To summarize, the degree for our class of proper Fredholm operators has
precisely the same properties as the Brouwer degree or the Leray—Schauder
degree for their classes of operators.

I1.5.1 Global Bifurcation via Odd Crossing Numbers

The degree is a good tool in the bifurcation theory for parameter-dependent
problems as described in Section II.3. We consider

F:U xV — Z with open sets

(IL.5.31) 0eUcCX,VCR,

and we assume the “trivial solution” F(0,\) = 0 for all A € V. For our global
bifurcation result below, we simply assume that U = X and V = R; i.e.,
F: X xR — Z is everywhere defined. Furthermore,

FeC*X xR,Z2),

the class {D,F(z,\)|(z,\) € X xR} C L(X, Z)
(I1.5.32) is admissible according to Definition II.5.1,

F' is proper on every closed and bounded

subset of X x R according to Definition I1.5.2 (iii).

Thus for an open and bounded set U C X, the degree d(F'(-, \), U, y) is defined
by Definition II.5.5, provided that y ¢ F(OU, A).

A necessary condition for bifurcation from the trivial solution line {(0,\)}
at some (0, \g) € X x R is that

(I1.5.33) 0 be an eigenvalue of D, F'(0, o).

By admissibility of A(A\) = D,F(0,)\), conditions (I1.4.1), (I1.4.2), and
(I1.4.3) are satisfied, so that the notion of an odd crossing number accord-
ing to Definition 11.4.1 is well defined. By (11.4.5)1, the index i(F(-,\),0) =
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(D, F(0,\),0) exists locally for A\ # Ao, and by Definition 11.5.3 and by prop-
erty (iii) of admissibility in Definition I1.5.1 (see also the arguments given in
the proof of Proposition 11.5.4),

an odd crossing number of D, F(0,)\) at A = \g

(I1.5.34) means that the index i(F(-, A),0) changes at A = Ag.

Since all ingredients of Rabinowitz’s Theorem (Theorem I11.3.3) are avail-
able, we obtain the following Global Bifurcation Theorem for Fredholm
Operators (cf. Theorem I1.4.4):

Theorem 11.5.8 Let S denote the closure of the set of nontrivial solutions
of F(x,A\) =0 in X xR, where F : X xR — Z satisfies (11.5.32). Assume
that D,F(0,)\) has an odd crossing number at A\ = \g. Then (0, \9) € S, and
let C be the (connected) component of S to which (0, Ao) belongs. Then

(i) C is unbounded, or

(#i) C contains some (0, A1), where Ag # A1.

The proof is the same as that of Theorem I1.3.3. Observe simply that if (i)
and (ii) do not hold, the component C is compact by properness.

For applications, both global Theorems I1.3.3 and II.5.8 are valuable. To
prove global bifurcation for quasi-linear elliptic problems, for instance, both
theorems are applicable as expounded in Section II1.5. Theorem I1.5.8 needs
more differentiability of F', but for the application of Theorem II.3.3 the map-
ping F has to be put into the form of a compact perturbation of the identity.
Such a transformation usually requires the inversion of linear operators hav-
ing a compact resolvent, and this inversion might cause problems, as it does
for the examples mentioned in Remark II1.5.2. But even if it is possible, the
verification of an odd crossing number might be hard after F' has been trans-
formed into a compact perturbation of the identity. Example (II1.5.6) shows
the problems as explained after it. To summarize, if F' has enough differen-
tiability, a conversion into a compact perturbation of the identity in order to
apply the Leray-Schauder degree is not useful even if possible. Rather, we
recommend that one apply the degree for proper Fredholm operators to F.

I1.5.2 Global Bifurcation with One-Dimensional Kernel

Next, we give a refinement of Theorem I1.3.3 if dim N(D,F(0,))) = 1. In
Section I1.3, the mapping F'(-, A) is assumed to be a compact perturbation of
the identity; i.e., X = Z and F(z,\) = x + f(x, \), where f is completely
continuous. Therefore, D, F(0,\) = I 4+ D, f(0,A) and D, f(0,\) € L(X, X)
is compact. As mentioned already in Sections II.4 and II.5, the mappings
considered in Section I1.3 fit completely into the framework of Section II.4,
and all results for (nonlinear) Fredholm operators presented in Section I1.4
are clearly also true for compact perturbations of the identity.



I1.5. A DEGREE FOR FREDHOLM OPERATORS 207

Locally near the bifurcation point (0, \g), all solutions of F(x,\) = 0
are given by the solutions of @(v,A\) = 0, which is the bifurcation equation
obtained by the method of Lyapunov—-Schmidt. We use the decompositions
(IL4.6), where N = N(D,F(0,)0)),R = R(D,F(0,)0)), and X = Z. If
dimN = codimR = 1, then &(v,\) = 0 is a scalar bifurcation equation.
As discussed in Section I1.4, Case 1 of Theorem I1.4.4, and in particular in
Remark I1.4.5, a change of sign of D,®(0,\) at A = Ay (which is equivalent
to an odd crossing number of D, F(0,\) at A = \g) causes a change of sign
of the function @ in the upper and lower (v, A)-planes near the line {(0,\)};
cf. Figure 11.4.1. By continuity of @, a continuum of zeros emanates at (0, Ag)
existing globally in a neighborhood of (0, \¢) € N x R where @ is defined. We
make this more precise. Let

(I1.5.35) N(D,F(0,)\)) = span[tg], 0o € X, o] =1.
As proved in Section 1.2,

F(x,\) =0 for (x,\) € B.(0) x (A\g — 0,0 +9) &

(L5:36) Ty Y(s00, A) and (s, \) = 0.

If the ball B,(0) and the interval (A9 —d, Ag+0) are small enough, all continua
for s > 0 and for s < 0, respectively, reach the boundary of B,.(0) x (Ao — 0,
Ao + 9). Moreover, since 1(0,\) = 0 and D, (0, o) = 0 € L(N, Xy), cf.
Corollary 1.2.4, all solutions of F(z,A) =0 in B,.(0) x (Ag — 0, Ag + 9) satisfy

1
T = s0y + xg, where xg = s/ D h(tsto, N)dtig € Xo
(I1.5.37) 0

1
and ||zo|| < 5\5\
Thus all local nontrivial solution continua are in closed cones of X xR defined
as follows:

Let x € X be decomposed as x = svg + xg, where
s € R and zy € X, cf. (I1.4.6) and (I1.5.35). Then

1
(AL5:38) K = {(w,M)ls > 0, [l | < 55,13 = ol <},
1
Ky ={(z,\)|s <0, |zo] < —35 A= Xo| <6}
Clearly, K; N K; = {0} x [Ao — d, Ao + 4.

The component C in S (= the closure of all nontrivial solutions of F(x, \) =
0 in X x R) to which (0, A\g) belongs decomposes locally as

C N (B(0) x (Ao — 6, X0 +6)) =C;} . UC,,,, where
(IL5.39) Cf.C K, C,, C Kyand C.NC,,, ={(0,X)}.

Furthermore, C:X_ N d(B,.(0) x (Ao — &, Ao + 8)) # 0.

loc

Both subcontinua C; . and C;”

e 1oc Of C have global extensions. We let
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C* denote the maximal components of Clioc\{((), o)},

(1L.5.40) respectively, in C\{(0, Ao)}.

By definition, C = C* UC~ U {(0, o)}, but C* = C~ is not excluded. The
following result refines Theorem 11.3.3.

Theorem I1.5.9 Assume the hypotheses of Theorem I1.3.3 and that

dim N(D,F(0,)9)) = 1. Then each of C™ and C~ either satisfies the alterna-
tives (i) and (i) of Theorem I1.3.3 or

(iti) contains a pair of points (x,\), (—x, \), where x # 0.

Proof. At least one of C* and C~ must satisfy the alternatives of Theorem
I1.3.3. Suppose C* does not satisfy any of (i)-(iii). We define

(I1.5.41) C™ ={(z,N|(-z,)\) e C*}.
Then C*NC~ =0, and € =C* UC~ U{(0, o)} is compact. Let

U be an open neighborhood of ¢
(I1.5.42) in X x R such that (—x,\) € U whenever
(x,\) e U.

Since C is generated by C* via the involution (z,\) — (—z,\), we can assume
for U that

U=U;UU_U(Br(0) x (Mg — 3, N0 +9)),
UrnU- =0, U_=A{(xz,\)|(—x,\) €Uy}, and
Ct Cc UL U(BA0) x (Mg — 8, X0 +9)),

C~ CU_U(B.0) X (Mg — 0, \g + ).

(I1.5.43)

We define a new mapping on the closure U as follows:

F(x,\) if

({,137>\) € K;r n (ET(O) X [)\0 — 9,0 + 6]),
mF@HxOH@O + o, ) if

x = sy + x0, 0 < s < 2|z, and
(SL’,AA) S ET(O) X [)\0 — (5, Ao + 5],
(I1.5.44)  F(z,A) =<4 —F(—z,A) if

x = sUp + 29, s <0, and

(.’L‘,)\) € ET(O) X [)\0 — 9,0 + (5],
F(x,\) if

(2, ) € U \(B-(0) x (Mg — 8, A0 +9)),
—F(—z,)) if

(2, \) € U_\(B-(0) x (Mg — &, Ao +0)).

The goal of Definition (II1.5.44) is that
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F is continuous on U,
Fisa compact perturbation of the identity, i.e.,
F(z,\) =2+ f(z,)\) and

(I1.5.45) f:U — X is completely continuous,
D,F(0,)) = D,F(0,\) has an odd crossing
number at A = )\g, and finally,
E(-,)\) is an odd mapping.

Furthermore, F' = F on (K; N (B,(0) x [Ao — 8, Ao +6])) UT £ \(B,-(0) x (Ao —
8, Ao + d)), which contains C* by (IL5.39) and (I1.5.43). By the oddness of
F(', )‘)7

C=CTUC U{(0,\)} is the component, of

S (which is the closure of the set of nontrivial

solutions of F(z,\) =0 in U) to which

(0, Ao) belongs.

(I1.5.46)

Since C is compact, we obtain, as in the proof of Theorem II.3.3,

a bounded open set U C X x R such that
CcU, aUNS=0, and

11.5.47 - R R
( ) Un{0,\)|\eR} ={0} x (A\g — 9, 0 +9)
for some arbitrarily small § > 0.
This leads to a contradiction as in the proof of Theorem II.3.3. O

Since the Global Bifurcation Theorem for Fredholm operators, Theorem
I1.5.8, has the same proof as Theorem I1.3.3, one might expect the refinement
as stated in Theorem I1.5.9 also for nonlinear Fredholm operators. The ob-
struction, however, is in the Definition (I1.5.44) of the odd mapping F, which
is only continuous and not of class C2. However, if F': X x R — Z is admis-
sible as in (I1.5.32) and if F'(-, A) is odd, we do not need Definition (I1.5.44),
and we obtain immediately the following:

Corollary 11.5.10 Assume the hypotheses of Theorem I1.5.3 or of Theorem
I1.5.8 and that dimN (D, F (0, A\o)) = 1. If F'(-, \) is odd, then the component C
of 8 to which (0, o) belongs decomposes into C =CtUC~ U{(0, o)}, so that
C™ ={(z,\)|(=z,\) € CT}. Then each of C* and C~ satisfies the alternatives
of Theorem I1.3.3 or of Theorem I1.5.8.

This does not exclude alternative (iii) of Theorem II.5.9.

If dimN (D, F(0,\p)) > 1, then for odd F'(-, A), the solution set is “odd” in
the sense that it is invariant under the involution (z, A) — (—z, A). The defini-
tion of C* and C~, however, does not make sense. In particular, a local decom-
position as in (I1.5.39) has no analogue, in general, if dimN (D, F(0, Ao)) > 1.
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11.6 A Global Implicit Function Theorem

We consider a continuous mapping F: X X R — Z, where X C Z is continu-
ously embedded, and we assume a solution

(II.6.1) F(l‘o, /\0) = 0.

Apart from the assumptions (I.1.2) and (I.1.3) for the local Implicit Func-
tion Theorem, Theorem I1.1.1, we need a setting such that a degree for F'(-, \)
can be defined.

The Leray—Schauder degree is applicable if X = Z, F(z,\) =z + f(z, \),
and f : X x R — X is completely continuous. The degree for Fredholm
operators can be used if F € C?*(X xR, Z), D, F(z,)\) € L(X, Z) is admissible
according to Definition I1.5.1, and F' is proper on every closed and bounded
subset of X x R according to Definition II.5.2(iii).

A Global Implicit Function Theorem then reads as follows:

Theorem I1.6.1 Assume the preceding properties of F' : X x R — Z and
(I1.6.1) such that

D, F(xg, o) € L(X, Z) is bijective and

(I1.6.2) D,F € C(B,(z9) x (Ao — py Ao + p), L(X, Z)) for some r,p > 0.

Let S denote the set of all solutions of F(xz,\) = 0 in X X R and let C

be the (connected) component of S that contains the local solution curve

{(x(N), M|A € (Ao—0, Ao+9)} through (zo, Ao) = (2(Xo), No) given by Theorem

1.1.1. Then

(i) C = {(xo, \0)}UCTUC™,CTNC™ =0, and CT,C™ are each unbounded,
or

(11) C\{(z0, Xo)} is connected.

Proof. Assume that C\{(xo, A\o)} is not connected. Then C = {(zg, \o)} U
Ctu C, where C* N C~ = (), and let C* denote the component of
{(@(N), N)[A € (Ao, Ao + )} in S\{(z0, Xo)}-

Assume that C* is bounded. As shown in the proofs of Theorem I1.3.3
and Theorem I1.5.8, the bounded and closed set C* U {(zg, o)} = C' s
compact. As in the proof of Theorem I1.3.3, we can construct a bounded open
set U C X x R such that

(11.6.3) Ct CcUand U NS = {(xg, o)}
Setting as before Uy = {z € X|(z,\) € U}, we can also assume that

g% N B, (z0) = 0 and

(I1.6.4) Ux, UB,(x0) = (U)x,,

where 7 > 0 is so small that x = x¢ is an isolated solution of F(z,)g) = 0
in B,(xp). (Note that (I1.6.4); denotes the closure of the fiber in X, whereas
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(I1.6.4)2 denotes the fiber of the closure in X x R.) Then the additivity and
the homotopy invariance of the respective degree imply

d(F (-, X0), Br(x0),0)+ d(F(-,\o),Ux,,0)
(I1.6.5) =d(F(-,\), Uy,0) for A > Ao,
=0, since Uy = () for large A > .

On the other hand, if Uy, # 0,

d(F(7 )‘0)7 U)\oao)
(I1.6.6) =d(F(-,\), Uy,0) for A < g,
=0, since Uy = () for large A < Ag.

This proves
(I1.6.7) d(F (-, Xo), Br(x0),0)=0.

But D, F (9, ) € L(X,Z) is bijective, and the local degree (I1.6.7) is the
index i(F (-, o), zo) € {—1,1}; cf. (I1.2.10), (I1.2.11), or (I1.5.2). This contra-
diction proves that C* is unbounded, and the unboundedness of C~ is proved
in the same way. a

Remark I1.6.2 The proof of Theorem II.6.1 shows that the assumption
(I1.6.2) can be reduced to (I1.6.2),. Note that the local Implicit Function The-
orem does not hold without assumption (I1.6.2)s, which means that there is
not necessarily a unique local curve of solutions {(x(X),\)} through (xo, Ao).
But the nonzero local degree (I1.6.7) and the homotopy invariance of the de-
gree imply that the solution (xg, \g) is continued for X € (A\g — 0, Ao +6). Let
C denote the component in S containing (xo,\o). Then the same alternative

(i), (i) holds, and in any case, C\{(zo,Xo)} # 0.

Remark I1.6.3 The possibility of a global extension of the local solution
curve gwen by the Implicit Function Theorem 1is also called Global Con-
tinuation. It gives solutions of F(x,\) = 0 for all X € R, provided that
(z0, o) is the only solution for A = \g and that there is an a priori estimate
for solutions x for all X\ in finite intervals of R. This possibility motivated
Leray and Schauder to extend the Brouwer degree to infinite dimensions in
order to solve nonlinear elliptic partial differential equations; cf. Section II1.5.

I1.7 Change of Morse Index and Local Bifurcation
for Potential Operators

Zero is called a hyperbolic equilibrium of a linear operator A € L(X,Z), X C
Z if after a natural complexification of X and Z (cf. Section 1.8), there is no
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spectral point of A on the imaginary axis of C. If A has only a point spectrum,
the number of eigenvalues (counting multiplicities) in the right half-plane of
C is called the Morse index of A. For general operators, however, there might
be infinitely many such eigenvalues, even if A is a Fredholm operator. Under
the assumptions of Section II.4, however, a local Morse index is defined as
follows.

Assume for a family of linear operators A(A) € L(X,Z) for A € R the
properties (I1.4.1), (I1.4.2), and (I1.4.3). Then the generalized eigenspace E),
of the eigenvalue 0 of A()\p) is finite-dimensional, and that eigenspace is per-
turbed to an invariant space E for A(\) of the same dimension for A near \y.
The eigenvalue 0 of A(\g) perturbs to eigenvalues of A(\) near 0 (the so-called
O-group) that are the eigenvalues of A(\) € L(E\, Ey); cf. [80], Chapters 1T
and III.

Definition I1.7.1 Assume that zero is a locally hyperbolic equilibrium of
AN) € L(X, Z) for all X € (Ao — 6, A0) U (N, Ao + 9); i.e., there is no eigen-
value in the 0-group of A(N\) on the imaginary axzis. Let n” (\) be the number
of all eigenvalues in the 0-group of A(X) (counting multiplicities) in the po-
sitive complex half-plane. This number is constant for X € (Mg — 0, Ag) and
for A € (Mo, Ao +9), and it is called the local Morse index of A(X) at 0. The
number

(I1.7.1) X(AN), M) =n" (Mg —e) —n" (Ao +¢e), 0<e<yd,
is the crossing number of the family A(X) at A = Ao through 0.

Clearly, if x(A(N), Ag) is an odd number, then the family A(\) has an odd
crossing number at A = \g according to Definition I1.4.1. Observe, however,
that Definition I1.4.1 does not require a local hyperbolicity of the equilibrium
zero of A(X). A nonzero crossing number (I1.7.1) means that the local Morse
index of A(X) changes A = Ag. If x(A()), \o) is nonzero but even, then the
family A(M\) does not have an odd crossing number at A = Ag according to
Definition I1.4.1.

As in Section 1.4, we show that a change of the local Morse index is
detected by the method of Lyapunov—Schmidt, provided that the family A())
is symmetric in the sense of Section I.3.

For the sake of convenience, we restate the assumptions. On the Banach
space Z a continuous and definite scalar product (I.3.1) is defined. We assume
that

(11.7.2) (A(N)z1,72) = (71, A(N)72)

forall x1, 20 € X C Z, A€ (Ao — 0, +9).

Let E be the perturbed finite-dimensional invariant space for A(\), where
E), is the generalized eigenspace of the eigenvalue 0 of A(X\g). Then E) C
X C Z, so that E) is endowed with a scalar product and (I1.7.2) holds on Ej.
Thus A(X\) € L(E\, E\) is symmetric, and therefore

E) possesses a basis of eigenvectors of A(\),

(IL7.3) and all eigenvalues of A(\) are real.
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Furthermore, the algebraic multiplicity dimFEy =dimFE,, of the eigenvalue 0
of A(X\g) coincides with its geometric multiplicity.

Thus N(A(Xo)) = E),, and there are invariant decompositions of X and
Z as follows (cf. (I1.4.4)):

ar7a) X=NeXo, N= N(A(N)), Xo=R(A(N))NX,
o Z=R®Z;, R=R(A(N)), Zop=N.

By the symmetry (I1.7.2), the spaces N and X as well as R and Z; are

orthogonal with respect to the scalar product ( , ). We also make use of

the following decompositions, which are continuous perturbations of (II.7.4)

for 7 near \g:

(IL7.5) X=E.0X, X.=(-Pm)X,

Z =R, ®E., R.=(I-P(1)Z

Here P(7) is the eigenprojection of A(7) onto the eigenspace E, C X C
Z, which depends continuously on 7 in L(X, X) and in L(Z,Z) for 7 near
Ao Since A(7) is symmetric with respect to the scalar product ( , ), the
eigenprojection P(7) is symmetric as well, so that the decompositions (I1.7.5)
are orthogonal with respect to ( , ). Clearly, (I1.7.4) is embedded into
(I1.7.5) for 7 = Ag. The Lyapunov—Schmidt projections defined by (II.7.5) are
Q- = P(1) : Z — E. along R, and P, = Q;|x : X — E, along X, and
P(T)N = P(T)E), = E;.

We represent A(A\) : X — Z according to a decomposition (I1.7.5) as a
matrix

I—Q)AN) (I-Q-)AN
(I1.7.6) AN) = (( QTA())\)( ) QTA()A)( ))’

identifying the direct sums in (I1.7.5) with Cartesian products whose elements
are written as columns; cf. (I1.4.10).
Defining C'(Q, A) and D(7, @, A) as in (I1.4.12), we obtain, as in (I1.4.13),

(IL7.7) C(Qr; N)AN) = D(7,Q-, A).
Following (I1.4.15) with [(I — Q;)A(\)]™* € L(R,, X,) and

(IL7.8) f (LQ%’ 2)): Q-AM{Ip, —[(I = @)A1 (I — Q-)AN)}

we see that the symmetry of @, and A()\) with respect to the scalar pro-
duct (, ) implies the symmetry of B(7,Q,,\) € L(E., E.). Therefore, all
eigenvalues of B(7, Q., \) are real for all 7 and A near Ag.

By definition (I1.4.12), C(Qx, )| g, = IE,, and B(A,Qx, \) = A(N)|g, -
Furthermore, D(7,Q,,\)|g. = B(7,Q,,\) and therefore, (I1.7.7) defines a
homotopy in L(E., E;):

- A(N) € L(Ey, Ey) for 7 = A,
(IL7.9)  C(Qr AW, = { B0, Qay: V) € LN, N) for 7 = .
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(Recall that N = E),.) Since C(Qr, ) is an isomorphism for all 7 and A
near \g, cf. (11.4.14), B(7,Q,,\) € L(E,, E,) is regular for all A € (A9 — 4,
Ao) U (Ao, Ao + 0) and for all 7 € (Mg — d, A\g + d). This, in turn, implies that
for all 7 between A and \g, zero is a hyperbolic equilibrium of B(7,Q., \)
(all eigenvalues are real) and that the Morse index of B(7,Q,,\) is constant.
According to Definition I1.7.1, this proves the following theorem:

Theorem I1.7.2 Let A(\) € L(X, Z) be a family of Fredholm operators sat-
isfying (I11.4.1), (11.4.2), and that is symmetric in the sense of (11.7.2). Let
0 be an isolated eigenvalue of A(Ng) and assume that zero is a locally hy-
perbolic equilibrium of A(X) for A € (Ao — 6, A0) U (Ao, Ag + 9). Choose the
Lyapunov-Schmidt decomposition (I1.7.4) with projection Q = Qx, : Z — N
along R. Then zero is a hyperbolic equilibrium of B(\o,@,\) € L(N,N) for
all X € (Ao — 0,X0) U (Ao, Ao + 9), and the families A(N\) € L(X,Z) and
B(Xo,Q,\) € L(N, N) have the same crossing numbers at A = Ao through 0 :

(IL.7.10) X(A(A); o) = X(B(Xo, @, A), Ao)-

We apply Theorem I1.7.2 for the proof of a local bifurcation theorem for
a family of potential operators.

I1.7.1 Local Bifurcation for Potential Operators

Let FF: U xV — Z be a mapping such that 0 €e U C X and \j € V C R
are open. We assume that F'(0,\) = 0 for all A € V and that F is a nonlinear
Fredholm operator with respect to x € U and for all A € V: To be more precise,
FeCWUxV,Z)and D, F € C(U xV,L(X, Z)) such that A(A\) = D, F(0,\)
is a family of Fredholm operators satisfying (11.4.1), (IL.4.2). Moreover, we

assume that Z is endowed with a scalar product ( , ) satisfying (1.3.1) and
that
(I17.11) F(-,\) is a potential operator from U into Z

according to Definition 1.3.1 for all A € V.

A consequence of (I1.7.11) is that A(\) = D, F(0,)) € L(X, Z) is a family of
symmetric operators satisfying (I1.7.2), cf. Proposition 1.3.2.
We prove next a Bifurcation Theorem for Potential Operators:

Theorem I1.7.3 Let F (-, \) be a family of potential operators satisfying the
hypotheses summarized above in this Section. Let 0 be an isolated eigenvalue
of A(No) = D, F(0, o). If zero is a locally hyperbolic equilibrium of A(\) =
D,F(0,X) for A € (Ao —6,X0) U (Ao, Ao +9) according to Definition 11.7.1 and
if the crossing number x(A(N), Xo) of the family A(N) at X = X through 0O
is nonzero, then (0, \g) is a bifurcation point of F(x,\) = 0 in the following
sense: (0, o) is a cluster point of nontrivial solutions (x,A\) € X xR, = #0,
of F(xz,\) =0.
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Proof. In order to find nontrivial solutions of F'(z,A) = 0 near (0, o) a
Lyapunov—Schmidt reduction as in Section 1.2 is adequate. To this end, we de-
compose the Banach spaces X and Z as in (I1.7.4), and according to Theorem
1.2.3, the problem F(x,\) = 0 for (x, A) near (0, \o) is equivalent to a finite-
dimensional problem &(v, A\) = 0 near (0, \¢) in N x R. Clearly, #(0,\) = 0,
and as shown in Section I1.4, formula (I1.4.25),

D,®(0,A) = B(Ao, @, A)
= QAN{Iy — [(I = QAN (I = Q) A(N)} € L(N, N).

By Corollary 1.2.4, D,®(0, o) =0 € L(N, N), but by Theorem IL.7.2, zero is
a hyperbolic equilibrium of D, ®(0, A) for all A € (Ag— 0, A\g) U (Ao, Ao +9), and
the crossing number x (D, ®(0,\), Ao) is nonzero. If we consider the dynamical
system in N,

(I1.7.13)

(I1.7.12)

dv

o = P(v, \),

this means, by definition, that

zero is a hyperbolic equilibrium of the dynamical
(I1.7.14) system (IL.7.13) for A € (Ao — 0, Ag) U (Ao, Ao + 9)
whose Morse index changes at A = .

Using Conley’s index theory [20], the change of index (I1.7.14) has the follow-
ing consequences for (I1.7.13): {0} C N is an isolated invariant set of (I1.7.13)
for all A € (Mg — 0, A\o)U (Ao, Ao + &) and let N. C B.(0) C N be a compact
isolating neighborhood of {0} for (I.7.13) with A = Ao 4 ¢,0 < ¢ < 6. Then
there is some A € (Ao — €, A\gp + ¢) such that (I1.7.13) has a global solution
whose trajectory is in N; for all ¢ € (—o00,00) and touches the boundary of
N. at some t. If there where no such \ € (Mo — &,X0 + €), then N. would
define a continuation from \g — & to Ag + &, and the Morse indices would be
the same, contradicting (I1.7.14). The union of all such bounded trajectories
forms a nontrivial bounded invariant set in N, C B.(0) for (I1.7.13) with
A€ (Mg — &, g +¢€). Since 0 < e < ¢ is arbitrary, we can state that

(117.15) (0, A\o) is a bifurcation point of nontrivial
o bounded invariant sets of (I1.7.13).

By Theorem 1.3.4, @(-, \) : U— N, Uc N, is a family of potential operators

for all A € (Ag — 9, Ao+ 0): There exists a functlon ©:Ux(N—08 +0) =R

such that

(11.7.16) Dyp(v, \)h = (@(v, A), h) for all

(v A)EUX(A0—6A0+5)CNXR h e N.

Here the scalar product ( , ) on N is induced by the scalar product on Z.
Let {v(t)|t € (—00,00)} be a global nontrivial bounded trajectory of (I1.7.13)
with A = A. Then
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(I1.7.17) %‘P(U(t% N) = Dup(v(t), N)i(t)

= [|®B(v(t), \)||> > 0 for all t € (—o0, o0),

where [[v]|?> = (v,v), v € N. In this sense, ¢(-,A) is a Lyapunov func-
tion for (I1.7.13) with A = X whose orbital derivative (I1.7.17) is nonnega-
tive and vanishes only at equilibria of (I1.7.13) with A = A Furthermore,
{o(v(t), )|t € (—o0,00)} is a bounded monotonic function such that the lim-
its lim o(v(t),\) exist and lim %gp(v(t),j\) = 0. The a-(or w-)limit set
t— oo t—doo
of {v(t)} is not empty. Let vo be any element of the w-limit set, say. Then
Tim p(0(t). ) = (e, A), lim Lp(u(t), ) = [#(v0, N[ = 0, and ey is an

equilibrium of (I1.7.13) with A = . This proves the well-known fact that the
a- and w-limit sets of a bounded trajectory of a dynamical system having
a Lyapunov function ¢(-, \) as in (I1.7.17) consist only of equilibria, i.e., of
solutions of &(v, \) = 0. If the a- and w-limit sets were both {0}, then by the
monotonicity, ¢(v(t), ) = ¢(0,A) or Lp(v(t),A) = [|P(v(t), A)||* = 0, which
means that v(¢) = 0 or v is trivial. Thus at least one of the a- or w-limit
sets of a nontrivial bounded trajectory v is nontrivial. Clearly, the nontrivial
equilibrium (vg, A) is in N. x (Ao — &, Ao 4 €). Since 0 < & < 4 is arbitrary,
every neighborhood of (0,\) contains a nontrivial solution of &(v,\) = 0,
which proves the theorem. O

Remark I1.7.4 The proof of Theorem II.7.3 reveals its validity also for
F(-,\), which is not a family of potential operators: For the application of
Theorem I1.7.2 one needs the symmetry of D,F(0,\) = A(\) in the sense
of (II.7.2). If the dynamical system (II.7.13) has a Lyapunov function as in
(I1.7.17), then the a- and w-limit sets consist only of equilibria. If these prop-
erties for F' and @ can be verified, a nonzero crossing number of the family
A(N) at X = Ao through 0 implies the same conclusion for F(x,\) = 0 as
given in Theorem I1.7.3.

The set of nontrivial solutions {(x,\)} of F(x,\) = 0 near (0, o) does
not form a curve or a continuum, in general (provided that x(A()\), Ag) is not
odd, cf. Theorem I1.4.4). A counterexample can be found in [14].

The example in [14] is a counterexample to Theorem 1.21.2. We show that
Theorem 1.21.2 is a special case of Theorem I1.7.3:

Assumption (I1.21.2) on F implies (I1.7.11) for F(xz) — Az with potential
f(z) — 5(z,x). Here A(\) = DF(0) — M = Ay — M satisfies (I1.4.1), (IL.4.2)
for A € (Ao — 0, Ao — ) according to (1.21.3), and the O-group of A(\) consists
of {Xo — A} if A is an isolated eigenvalue of Ag. Since Ey, = N (Ao — AoI) by
assumption (I1.21.3), we obtain E\ = N(Ag — A\gI) as well, and counting the
multiplicity of the positive eigenvalue A\g — A of Ag—AI for A € (A\g— 9, o), we
obtain x(A(A), Ag) =n > 0if n =dimN (Ag—Aol). Therefore, the assumptions
for Theorem 1.21.2 allow us also to apply Theorem I1.7.3, and the example in
[14] is a counterexample to Theorem I1.7.3.
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We close this section by a remark that odd crossing numbers in general
and nonzero crossing numbers in case of a family of potential operators are in-

dispensable for bifurcation. This is illustrated by the following simple example
2.

in R=:
3
(IL7.18)  F(z,\) = A(Il) + ( 1723) =0, z= (Il) € R2
X9 —Iy X9

Here F(0,\) = 0, A(A) = D,F(0,A\) = X such that x(A(\),0) = —2.
Nonetheless, © = (z1,22) = (0,0) is the only solution of (II.7.18) for all
A € R. Thus even and nonzero crossing numbers do not imply bifurcation in
general unless F'(-, A) has a potential. Finally, a zero crossing number does not
entail bifurcation even if F'(-,A) has a potential. This is seen by the following
example in R:

(I11.7.19) F(z,\) =Mz +2>=0, zcR.

Again, F(0,\) = 0, A(\) = D,F(0,A) = X\2I, x(A()),0) =0, and = = 0 is
the only solution of (I1.7.19) for all A € R.

Remark I1.7.5 The local Theorem I1.7.3 is included in Chapter II about
a global theory, since the methods to prove it differ considerably from the
analytic methods expounded in Chaper I about a local theory. The Brouwer
or Leray—Schauder degree as well as Conley’s index are topological and global
tools. Furthermore, the condition for bifurcation in terms of a nonzero crossing
number fits perfectly into the framework of Chapter II.

11.8 Notes and Remarks to Chapter II

Degree theories have been developed for various classes of mappings, not all of
which are mentioned here. A degree for Fredholm operators was suggested by
Smale [143], and after this, using a concept of orientable Fredholm structures,
such a degree was introduced in [39]. In [46], [47] that concept was replaced by
a notion of orientability of Fredholm maps via their Fréchet derivatives, yiel-
ding a degree in the usual way. For a subclass of bounded Fredholm operators
whose Fréchet derivatives have bounded and finite spectra on the negative
real axis, thus having an orientation in a natural way, a degree was defined in
[42], [29], [38], [116]. The extension to unbounded Fredholm operators whose
Fréchet derivatives have again finite spectra on the negative real axis is given
in [43] and independently in [92]. For relatively compact perturbations of li-
near Fredholm mappings the coincidence degree was defined in [122]; cf. also
[50], [123]. A preliminary synopsis of these degree theories is given in [13].
The application of the degree in Bifurcation Theory goes back to Kras-
nosel’skii [109]. Here the sufficient (and in some sense also necessary) condi-
tion of an odd multiplicity was introduced. For a linear dependence on the
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parameter, it is the algebraic multiplicity of an eigenvalue, whereas for a non-
linear dependence on the parameter, the notion of a multiplicity is much more
involved, cf. Remark I1.4.6. We mention [137], [76], [119], [112], [92], [41], [40],
[130], [46], [78]. In most articles, the different notions of multiplicity are com-
pared and proved to be equivalent (up to regularity of the mappings with
respect to the parameter).

The bifurcation results for Fredholm operators are taken from [92]. Here
the relation between an odd crossing number and (local and global) bifurcation
was established.

The Global Rabinowitz Bifurcation Theorem, including the case of a one-
dimensional kernel, was published in [131]. For the structure of global continua
we refer also to [28], [78], where Theorem I1.5.9 is sharpened.

Bifurcation for Potential Operators has a long history. Usually, the bifur-
cation parameter plays the role of a Lagrange multiplier; cf. Section 1.21 and
the remarks at the end of Section 1.22. This means that it appears linearly in
the equation. A nonlinear dependence on the parameter was first allowed in
[18], and after this, in [94], [130]. The approach here is taken from [94].
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Applications

I11.1 The Fredholm Property of Elliptic Operators

The Fredholm property is a leitmotiv, since it was assumed in all sections of
Chapters I and II. Clearly, all finite-dimensional linear operators have that
property, but we have infinite-dimensional applications in mind. A prototype
of a Fredholm operator, playing also a central role in applications, is an elliptic
operator over a bounded domain. We confine ourselves to operators of second
order acting on scalar functions.

Let £2 C R™ be a bounded domain with sufficiently smooth boundary 02
such that the elliptic regularity theory is valid. For u : 2 — R (in C?(£2),
say), the linear operator

Lu = sz‘zl Q45 ('r)uwle + ZZL:l bz(x)uwb + c(x)u
with smooth and bounded coefficients

aij, by, c: 2 — R is called elliptic if

Sor i @ij(2)&:&; > d||€|]*for all z € 2, € € R,
with some uniform constant d > 0 and the
Euclidean norm || || on R™.

Without loss of generality, we can assume that
a;j(z) = aj;(x) fori,j=1,...,n.

(II1.1.1)

In the literature, the nomenclature includes “uniformly elliptic” and “strongly
elliptic,” but we call it simply elliptic. The indices z; denote partial derivatives
with respect to x;.

Closely related to the operator L is its bilinear form B of first order,
obtained by an integration by parts if w is a test function in C§°(£2):

B(u,v) = (Lu,v)o = (u, L*v)g

for all u,v € C§°(12),

where (, )g is the scalar product in L?(£2).
L* is called the formally adjoint operator.

(I11.1.2)
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If L = L*, then L is formally self-adjoint, and in this case,

LU = ZZj:l(a’ij (m)uIz)Z] + c(m)u,
(I11.1.3) with a;;(x) = aji(z) for i, =1,...,n; ie.,
L is of divergence form.

The bilinear form is symmetric, i.e., B(u,v) = B(v, u), if and only if L = L*.

In the sequel we define the operator L on function spaces that include
boundary conditions on the functions u, v such that (IT1.1.2) holds (the reg-
ularity and boundary behavior of test functions is too much). For general L
homogeneous Dirichlet boundary conditions

(II1.1.4) u=0 on 0f2,
and for formally self-adjoint L, so-called natural boundary conditions

Do j=1 @ij(T)ug,v; = 0 for x € 012,
(II1.1.5) where v = (v1, ..., v,,) is the outward
unit normal vector field on 942,

guarantee B(u,v) = (Lu,v)o = (u, L*v) for all u,v € C?(f2) satisfying
(IT1.1.4) or (II1.1.5). In particular, if L = A, then the natural boundary condi-
tions are homogeneous Neumann boundary conditions. They play an important
role in the calculus of variations, since (local) minimizers of B(u,u) —2(f,u)o
satisfy the natural boundary conditions if no boundary conditions on u are
required a priori; cf. our remarks after (II1.1.20).

Remark ITI.1.1 Other homogeneous boundary conditions that provide an el-
liptic operator with all properties summarized in (II1.1.6) below are possible.
We confine ourselves to Dirichlet and natural boundary conditions, since on
the one hand, they simplify our presentation, and on the other hand, they are
important in applications.

For our functional analysis, the linear operator L is defined in a Banach
space (or Hilbert space) with an appropriate domain of definition. Then L is
unbounded but closed, and when its domain of definition is given the graph
norm (or an equivalent norm), then L is a bounded operator from one Banach
space into another Banach space. In our abstract setting we use both aspects;
cf. (I.4.1), (I1.4.2): Let X and Z be real Banach spaces such that X C Z is
continuously embedded. Then we need the following properties of the linear
operator L:

L : 7 — Z with domain of definition
D(L) = X C Z is closed and
(I11.1.6) L: X — Z is bounded; i.e.,
Le L(X,Z) and
L is a Fredholm operator of index zero.
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The first setting is needed for a spectral theory of L, whereas the last
(and more subtle) property is crucial for a Lyapunov—Schmidt reduction, the
universal tool of our abstract chapters. We verify (I11.1.6) for different classes
of spaces X C Z.

This can be done (and it is well known) because an elliptic operator L has
a regularizing property with respect to various scales of smoothness. Due to
this crucial property, it suffices to establish its Fredholm property in a Hilbert
space, which is the most convenient space for linear problems: The geometry
of a Hilbert space is Euclidean, and apart from local compactness, it is the
same as the geometry of R™ or C™. If the domain of definition of a linear
operator is dense, its adjoint is defined and acts in the same space.

In view of these advantages of a Hilbert space, one is tempted to formulate
all applications in a Hilbert space. However, the benefits of a Hilbert space
for linear problems turn eventually into obstructions for nonlinear problems
that cannot be overcome. Nonlinear operators, in general, are defined only
on Banach spaces of continuous functions (with continuous derivatives, etc.),
which from a functional-analytic point of view are “bad,” since they are not
reflexive.

Therefore, when analyzing a nonlinear problem, we recommend the follow-
ing flexibility: Use the Hilbert space for its linear aspects and switch to the
Banach space to study its nonlinearity.

An elliptic operator (III.1.1) with homogeneous Dirichlet boundary condi-
tions (III.1.4) defines an operator

(II1.1.7) L : L?(2) — L*(£2) with domain of definition

" D(L) = H*(2) N HL(02).

We use the following notation for the Sobolev spaces: W (£2), WE*(£2)
for p € [1,00],k € NU {0}, Wk2(Q) = H*(2), Wi?(2) = HF(R), and
HO(02) = HJ(£2) = L*(£2). The respective norms are denoted by || ||, and
I llk2 =1 |l& which are generated by scalar products ( , ). (A good
reference for Sobolev spaces is [1], and in [22], [48], [52], [111], [114] one finds
all we need for elliptic operators.)

By ellipticity, Poincaré’s inequality, and Garding’s inequality the bilinear
form B(u,u) — c||lul|3 is negative definite on HE(£2) for some constant ¢ > 0
such that the Lax—Milgram Theorem gives a unique weak solution u € H}(§2)
of Lu—cu = f for every f € H°(§2). The above-mentioned regularity of weak
solutions implies that u € H?(§2) N H}(£2), and therefore,

L—cl:H?*(Q)NHYN) — H ()

(IT1.1.8) is bounded and bijective.

Here D(L) = H?(£2) N H(£2) is given the norm || ||z, which turns it into a

Hilbert space. By Banach’s Theorem, (L — cI)~!: H°(£2) — D(L) is contin-

uous, which implies that the operator L defined in (III.1.7) is closed.
Furthermore,



222 CHAPTER III. APPLICATIONS

(L—cl)~' = K, € L(H(2), H(2))

(II1.1.9) is compact,

by the compact embedding D(L) C H°(£2). Then for f € H°({2),

Lu=f, weD(L)<

(T11.1.10) I+ cK)u=K.f, uec HO(1).

The Riesz—Schauder Theory implies that I + cK, is a Fredholm operator of
index zero. The equivalence (I11.1.10) proves directly that

dimN (L) = dimN(I + cK;) = n < oo,
(III.1.11) fe€R(L)s K.f € R(I+cK.), and
R(L) is closed in H°(§2

).

The trivial decomposition f = (I + cK.)f — cK.f shows that H(2) =
R(I + ¢K.) + R(K.). Then H°(Q2) = R(I + cK.) ® K.(Zy) for some n-
dimensional space Zo C HY(£2) with R(L) N Zy = {0}. On the other hand, if
Zy is any complementary space in the sense that R(L)® Zy = H°(£2) (choose
the orthogonal complement Z, = R(L)*, e.g.), then (IT1.1.11) implies also
that K.(Zo) N R(I 4+ cK.) = {0}. This proves n < codimR(L) < n, and in
view of (IT1.1.11),

L:D(L) = H2(2) N HE(2) — HO()

(IL.1.12) is a Fredholm operator of index zero.

Considering L as an operator in H%(£2) as in (IIL.1.7), it is closed, densely
defined, and in view of (I11.1.12), the Closed Range Theorem in its Hilbert
space version is applicable:

(IM1.1.13)  R(L) = {f € H*'(2)|(f,u)o =0 for all u € N(L*)}.

Here L* : HO(2) — HY(£2) is the adjoint of L with D(L*) C H°({2). Recall
that the definition of the adjoint includes the definition of D(L*). If the formal
adjoint defined in (II1.1.2) is given the domain of definition H?(£2) N H}(£2),
then the same arguments as for (I11.1.8) imply that L*—cI : H*(2)NH}(2) —
H°(£2) is bijective, which proves that

L*: L*(2) — L?*(2) with domain of definition

(LI pore) = H2(02) 1 HL(82) is the adjoint of L.

(See [152] for a definition of L* and its properties.) Interchanging the roles of
L and L* (clearly, L** = L), we obtain the decompositions

H°(£2) = N(L) & R(L"),

(II1.1.15) H°(2) = R(L) ® N(L*),

which are also orthogonal with respect to ( , )o. For applications the fol-
lowing representation of the corresponding orthogonal projections is useful:
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Let {01,...,0,} C N(L) be an orthonormal basis.
Then Pu =Y, _, (u, )00 is an orthogonal projection
P: H°()— N(L) along R(L*).

Let {07,...,0%} C N(L*) be an orthonormal basis.
Then Qu =Y _;_, (u, 9} )00} is an orthogonal projection
Q: H°(2) — N(L*) along R(L).

(I11.1.16)

Since N(L) C D(L) = X and X C Z = H°({2), we obtain Lyapunov—Schmidt
decompositions

X=NL)& (R(L*)NX),

Z = R(L)® N(L"),

with projections (II1.1.16); note that
PeL(X,X)and Q € L(Z,2).

(I11.1.17)

If L = L* (formally), then L with homogeneous Dirichlet boundary conditions
is self-adjoint, and (IT1.1.15)—(II1.1.17) hold with L = L*.

Remark IT1.1.2  Note that the Lyapunov-Schmidt decomposition is not
unique, and in particular, it is not necessarily orthogonal with respect to the
scalar product (, )o. In case of a semisimple eigenvalue 0 of L, one might
choose X = N(L)® (R(L)NX), Z = R(L) ® N(L), so that P = Q|x.

If L = L* (formally), the Dirichlet boundary conditions can be replaced
by the natural boundary conditions (II1.1.5). Accordingly,

L : L?(2) — L*(£2) with domain of definition

(TTL.1.18) D(L) = H*(02) N {ul > i je @ij()ug, vy = 0 for x € 002},

where the boundary conditions hold in the generalized sense of the trace of
functions in H2(£2) on 9. By B(u,v) = (Lu,v) = (u, Lv)o for all u,v €
D(L), all conclusions drawn for D(L) = H?(£2) N H(£2) hold literally also
for D(L) as defined in (I11.1.18), since the regularity of weak solutions is also
true in this case. In particular, a bijectivity as in (III.1.8) holds, which implies
by the steps (II11.1.9)—(I11.1.12) that

L:D(L) — H°(£2), where D(L) as defined

(II1.1.19) in (I11.1.18) is given the norm || |2,
is a Fredholm operator of index zero.

Since L = L* (formally), we obtain for the same reasons as for (I11.1.14)
that the operator L defined in (I11.1.18) is self-adjoint, and the Closed Range
Theorem gives

H°(2) = N(L)® R(L),

yielding Lyapunov—Schmidt decompositions
X=DL)=NL)® (R(L)NX),

Z =H°$)=R(L)® N(L).

In this case, P = Q|x.

(IT1.1.20)
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The peculiarity of the natural boundary conditions can be seen from the
following: Consider the associated bilinear form B : H'(Q2) x H*(2) — R,
which is negative definite if c¢(z) < —¢o < 0 for all z € §2; cf. (II1.1.3).
Then the Riesz Representation Theorem gives a weak solution u € H'(£2) of
Lu = f for every f € H°(£2), i.e., B(u,v) = (f,v)o for all v € H'(§2). By
elliptic regularity, u € H?(£2) and the Divergence Theorem (in its generalized
form) then give u € D(L) as defined in (II1.1.18). This observation is restated
as follows: If w € H'(£2) is a solution of the Euler-Lagrange equation for
B(u,u)—2(f,u)o in its weak form, which is B(u,v) = (f,v)o for allv € H(£2),
then u satisfies the natural boundary conditions.

We emphasize that L has the Fredholm property also in other spaces.
Assume that a Banach space Z C L?(£2) is continuously embedded and that
there is a domain of definition X C Z for L such that

L : X — Z is continuous when
(II1.1.21) X = D(L|z) is given a norm that
turns it into a Banach space.

We assume an elliptic reqularity in the following sense:
(II1.1.22) Lu=f forueD(L),feZ=ueX.
(Note that D(L) = H?(£2) N H}(£2).) Then

N(L) = N(L|z) € X, and

(I11.1.23) R(L)NZ = R(L|y) is closed in Z,

since Z C L?(£2) is continuously embedded and R(L) is closed in L?(£2). The
ellipticity of L* implies (II1.1.22) also for L* (with D(L*) = D(L)), so that

(I11.1.24) N(L*) C X.
The decomposition (IT1.1.15)2 implies that for every z € Z,
z=Lu+u*, whereu € D(L),u* € N(L*),
(III.1.25) Lu=z—-u"€Z = ue X, whence
Z =R(L|z) ® N(L*).
Since dimN (L|z) =dimN (L) =dimN (L*),

L:X —Z X=D(L|z),
(I11.1.26) is a Fredholm operator of index zero.
Finally, the decomposition (I11.1.15); implies, by (I11.1.23);,
(I11.1.27) X =N(L|z)® (R(L*) N X),

so that the projections (I11.1.16) also define Lyapunov—Schmidt projections
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P|x : X — N(L|z) along (R(L*)N X),
(IT1.1.28) Qlz : Z — N(L*) along R(L|z),
P|X € L(X7X)u Q‘Z € L(sz)

The crucial assumptions (II1.1.21) and (IT1.1.22) are true for the following
spaces:
Z =LP(9), X =W2r(2) N Wy (£2),

with norms || |jo, and | ||2,p, and

I1I.1.2 — P - R

(IL129) ) ca(@), X = C2(2) 1 {ulu = 0 on 92},
with norms || [jo,o and || |2,

where for the Sobolev spaces 2 < p < oo and where for the Hoélder spaces
0 < a < 1. In all cases, the elliptic operator L : X — Z is a Fredholm
operator of index zero. For applications it is very useful that for all settings
the same projections (II1.1.16) can be used; cf. (II1.1.28).

Replacing the homogeneous Dirichlet boundary conditions by the natural
boundary conditions for L = L*, we see that the elliptic regularity (II1.1.22)
holds as well when in Z = LP(2) or Z = C®(2) the domain of definition
X for L is defined as in (II1.1.18), where H?({2) is replaced by W2P(£2) or
C?2(0), respectively. The decomposition (II1.1.20) then yields

X = N(L|z) ® (R(L) N X),
III.1.

. 7= R(Llz) & N(L),
where L denotes the operator (II1.1.18). Again, N(L|z) = N(L) and R(L|z) =
R(L) N Z, so that Q|x and Q|7 are continuous projections according to the
decompositions (II1.1.30) when @ is the projection defined in (III1.1.16).

I11.1.1 Elliptic Operators on a Lattice

Recall that the elliptic regularity (III.1.22) for the spaces (II1.1.29) requires
a smooth boundary 0f2. For regular domains with corners, however, such as
rectangles, squares, and certain triangles, we argue as follows: For

2 =(0,a) x (0,b) C R?, we define
Xp = {u:R? = Rlu(x1,72) = —u(—z1,72) = —u(z1, —22)
(I11.1.31) = u(z1 + 2a,22) = u(z1, T9 + 2b) for (z1,22) € R?},
Xy = {u:R? = Rlu(z1, 22) = u(—z1,22) = u(w1, —22)
= u(z1 + 2a,z2) = u(z1, x0 + 2b) for (z1,z2) € R?}.

Then all functions u € C(R?)NXp satisfy homogeneous Dirichlet boundary
conditions v = 0 on 0f2.

All functions u € C*(R?) N Xy satisfy homogeneous Neumann boundary
conditions (Vu,rv) =0 on 0f2.

Let L be an elliptic operator (III.1.1) with smooth coefficients defined on
R? such that
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aii,azz2 € Xn, aiz,a21 € Xp, c € Xy,

by € {u: R? = Rlu(zy, 22) = —u(—x1,22) = u(z1, —22)
(IT1.1.32) = u(z1 + 2a,22) = u(x1, x9 + 2b) for (z1,22) € R?},
by € {u: R? — Rlu(z1, 22) = u(—z1,72) = —u(z1, —T2)

= u(z1 + 2a,22) = u(z1, v9 + 2b) for (z1,22) € R?}.

(If L = L* is of divergence form (III.1.3), then (III1.1.32); implies automati-
cally the assumptions on by and bs.)

Define 2_55 = (—2a,2a) x (—2b,2b),2_209 = (—2a,0) x (—2b,2b), and
202 = (0,2a) x (—2b,2b). In dealing with weak solutions, the boundary
plays no role. Choose ¢ > 0 such that B(u,u) — c||u||? is negative definite
over H}(£2_22) and that by the Lax-Milgram Theorem there is a unique
weak solution u € H(2_22) of Lu — cu = f for every f € L?*(2_55).
Choose f € L*(£2_22) N Xp. By symmetry of 2_s 5, the function i(zy,z2) =
u(—z1,22) is also in H}(£2_25). The assumptions (II1.1.32) imply that @ is
a weak solution of Lu — cu = f = —f, so that by uniqueness, & = —u. This
oddness of u with respect to x1 implies that u(0,2z2) = 0, and by approxima-
tion by smooth functions (using the odd part of approximating sequences),
u € HE(2_9,0)NH(£202). Therefore, @i(x1,z2) = u(z1+2a,22) € H (2_2,),
too, and the assumptions (II1.1.32) imply that @ is a weak solution of
Lu—cu = f = f. Since B(u, u)—c|u||2 is also negative definite over H(£2_50),
uniqueness of weak solutions in H&((LZO) implies v = 4. In view of the
oddness of u, we obtain then u(—a,z2) = u(a,x2) = —u(a,x2), and as be-
fore, u(—a,x3) = u(a,z2) = 0 implies u € HJ(2-1,0) N H}(20,1), where
2_10=(—a,0) x (—2b,2b) and 201 = (0,a) x (—2b,2b).

Using the same arguments for an inverse reflection and a 2b-shift in direc-
tion of 22, we have proved that the weak solution u € H} (2_22) of Lu—cu = f
for f € L?(2_52) N Xp is in Hj(£2_22) N Xp, and in particular, u € H}(£2)
for 2 = (0,a) x (0,b).

By interior regularity of weak solutions in H}(§2_22) we obtain u €
H?(2) N H}(£2). Since there is a one-to-one correspondence between f €
L2(2) and f € L?(2_22) N Xp (by extension via inverse reflections and
periodicities), we have proved (III1.1.8) also for £2 = (0, a) x (0, b).

Consequently, (I11.1.12) holds, and since the corresponding coefficients of
L* satisfy (I11.1.32) as well, the statements (I11.1.14) and (I11.1.15) are proved
analogously.

Let Lu = f for u € H>(2)N Hi(2) and f € C*(R?) N Xp. Extending
u via inverse reflections and periodicities to a function in Xp, the properties
(IT1.1.32) of the coefficients of L imply Lu = f (almost everywhere) on R?.
By interior regularity, v € C%*%(R?) N Xp, which proves (I11.1.22) for Z =
C*(R*) N Xp and X = C%%(R?) N Xp. Consequently,

L:C**(R?*)NXp — C*R?)NXp

is a Fredholm operator of index zero,
C?*(R*)NXp = N(L)® (R(L*) N X),
C*(R?*)NXp = R(L) ® N(L*).

(111.1.33)
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Observe that the formal adjoint in (II1.1.33) is also considered as an operator
L X — Z.

The homogeneous Neumann boundary conditions are the natural boun-
dary conditions for L. = A+ cl = L*. For negative ¢ € X, the corresponding
bilinear form B(u, u)+c||u||3 (where B(u,u) is the negative Dirichlet integral)
is negative definite over H'(£2_5 ), so that by Riesz’s Theorem there is a
unique weak solution u € H*(£2_55) of Au+cu = f for every f € L*(£2_2.).
Proceeding as before, if f € L*(£2_25) N Xy, then u € H'(2_55) N Xx.
(Here the arguments are easier, since we do not have to take care about
boundary conditions.) By interior regularity of weak solutions in H*(£2_52)
we obtain u € H?(§2). We have two choices in proving the homogeneous
Neumann boundary conditions for u: As mentioned before, weak solutions of
Au+cu = fin H?($2) satisfy (Vu,v) = 0 on 942 in a generalized sense by the
Divergence Theorem. On the other hand, if u € H?(§2) for 2 C 2 C (2_5.5)
and u € X, then the symmetries and periodicities of functions in C*(2)NX v
imply (Vu,v) = 0 on 912 in the classical sense, which is extended to functions
in H2(2)N Xy by approximation. In any case, we end up with the statement
that for negative ¢ € Xy,

A+cl: H*(2) N {u|(Vu,v) =0 on 002} — H°(2)

(IT1.1.34) is bounded and bijective; cf. (IT1.1.8).

This, in turn, implies (IT1.1.19) and (I11.1.20) for L = A+-cI for every (smooth)
ce Xy.

Let Lu = f for u € D(L) (defined in (I11.1.34)) and f € C*(R?*) N Xy.
As before, replacing inverse reflections by reflections, we obtain by interior
regularity u € C?%(R?) N Xy, proving (I11.1.22) for Z = C*(R?) N Xy and
X = C?%(R?) N Xy. This implies, by (II.1.20), for any (smooth) ¢ € Xy,
that
L=A+cl:C?**R*))NXy — C*R*))NXn
is a Fredholm operator of index zero,
C**R?*)NXy=N(L)® (R(L)N X),

C*(R?) N Xy = R(L) & N(L),

where the decompositions are orthogonal with respect to the scalar product
( ) )0 in LQ(Q)

The previous analysis for the rectangle 2 = (0,a) x (0,b) and for a rect-
angular lattice in R? is easily generalized to higher dimensions.

For a square lattice, i.e., when a = b, we can impose another (inverse)
reflection across a diagonal, yielding

(I11.1.35)

(111.1.36) Xp ={u:R* = Rlu € Xp,u(a1,22) = —u(~22 +a,~z1 + a)},
" XL ={u:R? - Rlu € Xn,u(r1,22) = u(—22 + a,—z1 + a)}.
For v € C(R*)NX},, the nodal set {(x1,z2)|u(x1,z2) = 0} contains {(z1, x2)|
x1 = ka,xo = ka,x1 + 9 = (2k + 1)a, —x1 + x2 = (2k + 1)a for all k € Z}.
Therefore, homogeneous Dirichlet boundary conditions are satisfied for the
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“tile” 2 = {(z1,22)[0 < 21,0 < x9,27 + 29 < a}, which is the triangle
with corners (0,0), (a,0), (0,a). Every other tile obtained by reflections and
translations defining X}, has clearly the same property. We sketch the lattices
of Xp and X}, in Figure II1.1.1.

a a

Lattice of Xp, Xy Lattice of X},, X3

Figure III.1.1
In addition to (I11.1.32), we assume that

the coefficients a;; and c have a reflection
(IT1.1.37) symmetry and all b; have an inverse
reflection symmetry across the line {z1 + z2 = a}.

Then L and L* have the “equivariance” mapping C?(R?) N X3, into C'(R?) N
X1, By the previous arguments, L—cl : H2(2)NH}(£2) — H°(£2) is bijective
for the square 2 = (0,a)x(0,a). If f € L?(2)NX},, in view of the equivariance
of L — cl, the inverse reflection symmetry of f across the diagonal of 2 is
inherited by the unique solution u of Lu — cu = f. As shown earlier, this
implies the Fredholm property and the decompositions (I11.1.33) where Xp
is replaced by X}.

The arguments for (I11.1.35) apply also when Xy is replaced by X 3. Every
u € C%%(R?) N X}, satisfies homogeneous Neumann boundary conditions on
the boundary of the triangle with corners (0,0), (a,0),(0,a), and of every
other triangular tile of the lattice of X4; cf. Figure IT1.1.1.

Adding to X}, X3 another (inverse) reflection across the second diagonal
{x1 = 22} of the square, we obtain the lattice shown in Figure I11.1.2.

Note that the square lattices in Figure III.1.1 and Figure III.1.2 are not
essentially distinct, since they are transformed into each other by an affine
mapping.

Another class of triangles for which our analysis applies is given by hexa-
gonal lattices shown in Figure II1.1.3. The double periodicity of u in both
cases is u(r1 + a,x2) = u(xy, x2) = u(x + %a,xg + %\/ga).

Assume first an inverse reflection across each line of a lattice shown in
Figure I11.1.3, which, together with the two periodicities, defines the “isotropy
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group” of the respective lattice. If the coeflicients of the elliptic operator L
on R? have the double periodicity and all (inverse) reflection symmetries by
analogy with (I11.1.32), then L is “equivariant” with respect to the “isotropy
group” of the lattice. (We leave it to the reader to give the precise conditions
on L. A sufficient condition is found in (I111.6.15), (I11.6.16).)

a

Figure I11.1.2

Figure I11.1.3

Let u be the unique weak solution of Lu — cu = f with weak homogeneous
Dirichlet boundary conditions on a hexagon of side length 2a in the lattice. We
sketch the proof that u inherits the isotropy of f, which is the isotropy of the
lattice shown in the left picture of Figure III.1.3. (For details, see the proof for
the rectangular lattice.) By uniqueness, u has an inverse reflection symmetry
across all diagonals of the hexagon. Therefore, u satisfies weak homogeneous
Dirichlet boundary conditions on the boundaries of each of the six equilateral
triangles of side length 2a. Shift v along each diagonal by an amount of a to
the middle of the hexagon. The shifted triangles do not match any other of the
six triangles but form triangles with three sides in the interior and one corner
on one side of the hexagon. By the periodicities of f and the equivariance of
L, the shifted u are weak solutions of Lu — cu = f with weak homogeneous
Dirichlet boundary conditions on each shifted triangle. On the other hand, the
original u is also a weak solution of Lu—cu = f on each of these triangles, but
on two sides of the triangles, which are not on a diagonal of the hexagon, weak
homogeneous Dirichlet boundary conditions are not necessarily satisfied.
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Here is a new argument: Let 2; denote one of these triangles. Then the
bilinear form B(u,u) — c||ul|3 is negative definite on H'(§2;), too, if ¢ > 0
is large enough. Therefore, by uniqueness of weak solutions in H'(£2;), the
solutions u and the shifted u coincide, proving u € H}(§21). A closer look
at the geometry of a hexagon of side length 2a reveals the following: u has
weak homogeneous Dirichlet boundary conditions on the boundaries of all 12
equilateral triangles of side length 2a and therefore also on all 24 equilateral
triangles of side length a; u has the double periodicity; and u has also the
inverse reflection symmetry across every line shown in the left picture of Figure
II1.1.3, provided that it is in the chosen hexagon of side length 2a.

By interior regularity, u € H*(2)NH}(2) and L —cl : H*(2)NH(2) —
H(02) is bijective for every tile 2 of the left lattice of Figure I11.1.3 that is
an equilateral triangle of side-length a. If f has the additional three inverse
reflection symmetries shown in the right picture of Figure I11.1.3, then again
by uniqueness and assumed equivariance of L, these symmetries are inherited
by the solution of Lu — cu = f, too.

If f € C*(R?) has the isotropy of one of the lattices shown in Figure
I11.1.3, then every solution v € H?(£2) N H}(2) of Lu = f is extended to R?
having that isotropy, too, and by interior regularity, u € C%<(R?).

Consequently, (III.1.33) holds if the isotropy of the function space Xp
defined in (III.1.31) is replaced by a “fixed-point space” of any of the isotropy
groups of the lattices shown in Figure III.1.1-Figure I11.1.3, provided that L
has the equivariance with respect to that isotropy group. Recall that each line
of the lattices is an inverse reflection line and therefore a nodal line of every
u in their respective “fixed-point spaces.” Thus every u in a fixed-point space
satisfies homogeneous Dirichlet boundary conditions on the boundary of each
tile of the respective lattice.

Finally, if each line of the lattices is a reflection line and therefore a line
where u satisfies homogeneous Neumann conditions, then (I11.1.35) holds if
the isotropy of X defined in (I11.1.31) is replaced by any of the isotropies of
the lattices shown in Figure III.1.1-Figure III1.1.3.

II1.1.2 Spectral Properties of Elliptic Operators

At the end of this section we make some useful remarks on the spectrum of
an elliptic operator L that is closely connected to its Fredholm property.

As usual, for a spectral theory, the underlying real function spaces are
complexified in a natural way; cf. Section I.8. For the operator L defined in
(IT1.1.7), property (II1.1.8) means that the number ¢ > 0 is in the resolvent
set p(L) of L and that the resolvent (L —cI)™! = K, is compact; cf. (I11.1.9).
This allows the application of the Theorem on Compact Resolvents in [80]:
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The spectrum o (L) of L defined in (I11.1.7)
consists of isolated eigenvalues of finite algebraic
multiplicities, and all resolvents are compact.

If ¢ € p(L), then for (L —cl)™! = K,,

1
(IT1.1.38) we p(K.) < m +ce p(L),
and the geometric and algebraic multiplicities
of an eigenvalue pg of K. and of

the eigenvalue — + ¢ of L are the same.
Ho

(Observe that 0 € p(K.) and 0 is not an eigenvalue of K..) Defining

L:Z— Zwith D(L|z)=XC Z

(IT1.1.39) with Z and X as in (II1.1.29),

then the elliptic regularity (III.1.22) implies that

the geometric and algebraic eigenspaces
of L for an eigenvalue p are in X,
(I11.1.40) so that the spectrum and the geometric and algebraic
multiplicities of an eigenvalue of L
are the same for all settings (II1.1.39).

This means that not only the Lyapunov—Schmidt projections (III.1.16) but
also necessary spectral informations on L (or on a family of elliptic operators)
can be taken from its Hilbert space realization (II1.1.7).

The results (I11.1.38) and (II1.1.40) hold accordingly for L = L* defined in
(I11.1.18) and for its restriction (I11.1.39) when Z = LP(£2) or Z = C%({2) and
X is defined as in (II1.1.18), where H?(£2) is replaced by W2P(£2) or C%%((2),
respectively.

Finally, the spectral properties (IT1.1.38) and (III.1.40) hold also for equi-
variant L if {2 is a tile in one of the lattices shown in Figure I11.1.1-Fig.IT1.1.3.
The alternative setting here is (I11.1.39) with Z = C*(R*) N Xp and X =
C?*(R?)N Xp when Xp is the fixed-point space of the isotropy group of one
of the lattices. The subscript D means “inverse reflections” across the lines
of the lattice. For L = A + ¢l we can also choose Z = C%(R?) N Xy and
X = C?%(R?) N Xy, where the subscript N means “reflection” across the
lines of the respective lattice.

Remark II1.1.3 Properties (111.1.38) and (II1.1.40) provide another proof
of the Fredholm property of L in all settings (111.1.39): If 0 € p(L), then
N(L) = {0} and R(L) = Z, so that the Fredholm property of L is trivial. If 0 €
o(L), it is an isolated eigenvalue of finite algebraic multiplicity. By the results
in [80], [152] on isolated eigenvalues, the Banach space Z decomposes into
7 = Eo®Zy, where Ey is the finite-dimensional generalized eigenspace of L for
the eigenvalue 0. Both spaces Ey and Zy are invariant for L, L € L(Ey, Ey),
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and 0 € p(L|z,), so that N(L) C Ey and Zo C R(L). From finite-dimensional
linear algebra we know that Ey = R(L|g,) ® Eo with dim Ey = dim N(L).
Therefore, Z = R(L|g,)® Eo® Zo = R(L)® Ey, proving the Fredholm property
of L.

II1.2 Local Bifurcation for Elliptic Problems

Let 2 C R™ be a bounded domain with a boundary 9f2 such that linear
elliptic operators over {2 have the properties provided in Section I11.1. A fully
nonlinear elliptic problem with homogeneous Dirichlet boundary conditions
is of the form

G(V*u,Vu,u,z,\) =0 in 902, X € R,

(ITL.2.1) w0 ondf,

where we use the following notation:

Vu is the gradient of u with components u,,,
V2u is the second gradient or Hessian of u
with components uy,s;,%,7 = 1,...,n,

u: 2 — Risin C*(2), say, and x € (2.

(111.2.2)

If G € CF1(RMXM x R x R x 2 x R, R), then
FeCFC*(2) xR C’O‘( )), where

111.2.3 ?

(I1.2.3) Flu, N () = G(V2u(x), Vu(z), u(x), 2, \).

Assuming G(0,0,0,z,\) = 0 for all (z,\) € 2 x R, we have F(0,\) =0
and the trivial solution (0, ) for all A € R. The Fréchet derivative of F' with
respect to u along the trivial solution is given by

D,F(0,\)h =

i1 Gy (0,0,0,2, Moy, + 3514 G (/o + Gul./ )
(I11.2.4) for h € C*<(£2), where the variables of

G: R xR*xRx 2 xR —Rare

sym

denoted by (W, v, u,z,X), W = (w;;), v = (v;).

If for some A = A the operator D, F (0, \g) is elliptic in the sense of (IT1.1.1),
then for X = C%*(2) N {ulu =0 on 902} and Z = C*(12),

FeCHX xR,Z), and

(IIL.2.5) D, F(0,)\) is a Fredholm operator of index zero;
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see (II1.1.26), (II1.1.29). (For the local analysis of this section we need smooth-
ness of F only in a neighborhood of the bifurcation point (0, \g). Accord-
ingly, the global smoothness of G can be reduced to G € CFL(W x V x
U x 2 x (M — 08,  +96),R), where W x V x U is an open neighborhood of
(0,0,0) € RY " x R™ x R.)

In many applications the operator in (I11.2.1) is of a more special form,

G(V?u,Vu,u,z,)\) =
S i (Vu,u, @, N, o, + g(Vu,u,z, \),

7,7=1

(I11.2.6)

called quasi-linear, since the highest-order derivatives of u appear linearly.
Euler—Lagrange equations of first-order variational problems are quasi-linear,
which explains the importance of this class of problems. Moreover, for an
Euler-Lagrange equation we obtain automatically a;; = a;; in (II1.2.6), and
when linearized about v = 0, an Euler-Lagrange equation is of divergence
form (I11.1.3) and therefore self-adjoint. Its ellipticity is directly related to
the convexity of the underlying functional, which explains the importance of
ellipticity. For such problems, not only Dirichlet but also natural boundary
conditions are of interest; cf. the example at the end of this section. In Section
ITI.1 we provide the Fredholm property (II1.2.5) also for this class of problems.

IT1.2.1 Bifurcation with a One-Dimensional Kernel
We start with the application of Theorem 1.5.1. We set

DuF(0,\)h =
(I1.2.7) LA R = 370 aij (2, Ny + 3052 bi(, Nhae, + c(z, A)h,
with coefficients given in (I11.2.4).

Then the hypotheses of Theorem 1.5.1 are the following;:

L(\p) is elliptic,
N(L(Xo)) = span[to], [|tolo =1,
(IT1.2.8) N(L(A O)A ) = span(d¢], [[95]lo = 1,
(Lx(Xo)P0,05)0 # 0, where
Lx(Mo)h = %L(A)hL\:AO.
Here L(\p)* is the adjoint operator according to (I11.1.2), and || lo,( , )o
are norm and scalar product in L?(£2). Observe that in view of the results
of Section III.1, the properties (III.2.8)3 5 are independent of the setting of
L(X\o) : X — Z, and for the nondegeneracy (1.5.3) we choose the projection
Q of (II1.1.16); cf. also (II1.1.17).
If (I11.2.8) is satisfied, there exists a smooth (depending on k& > 2 in
(II1.2.3)) nontrivial curve of solutions {(u(s), A(s))|s € (—=6,0)} of F(u,A\) =0
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through (u(0),A(0)) = (0,X) in X x R and, by (I.5.16), (I.5.17), u(s) =
stp + o(s) in X.

The Bifurcation Formulas of Section 1.6 determine the bifurcation diagram
for (II1.2.1) near (u,A) = (0, Ag). The formula for A(0) (cf. (1.6.3)) reads in
this case as

(I11.2.9) A0) = — (D2, F(0, o) [do, %], 95 )o

2 (Lx(Xo)0, 08 )o ’
where F' is defined in (II1.2.3). The derivatives of F' with respect to u are ex-

pressed by derivatives of G with respect to its variables (w;;, v;, u), cf. (II1.2.4).
In the so-called semilinear case,

(I12.10)  G(VPu, Vu,u,2,0) = 30 aii (@, g, + 9(Vu,u, x, ),

the formula for D2, F(0,\o) uses only derivatives of g, and in the simplest
case, in which g = g(u,z, \), then D2, F(0, \o)[00, 0] = guu (0,2, Xo)3.

If A(0) # 0, then we have a transcritical bifurcation as sketched in Figure
1.6.1. If A(0) = 0, the computation of A(0) given in (I.6.11) is more involved,
and we give it only for a particular example; cf. (I11.2.75). Since this example
serves as a paradigm for more phenomena in local and global bifurcation
theory, we postpone it until the end of this section.

The properties of the elliptic operator (II1.2.7) expounded in Section III.1
allow us also to apply Theorem I1.4.4.

In Case 1, i.e., when dim N(L(\g)) = 1, an odd crossing number of the
family L(X\) at A = A is equivalent to a change of sign of the one-dimensional
bifurcation function D,®(0,\) given in (I1.4.25) at A = Xg. This genera-
lizes the nondegeneracy (II1.2.8);, which is equivalent to D2,&(0,\g) # 0,
cf. (I1.4.27). Consider the example (II1.2.12) below, where the coefficients a;;
and b; of L(X\) given by (II1.2.4) do not depend on A, and the coefficient ¢
does not depend on x. Then (I11.2.8)4 reduces to

d

II1.2.11 ! 0o, Upy =
( ) c ()\0)(’00’1}0)0 7é Oa d\

The condition (09, 0§ )o # 0, however, requires that 0 be an algebraically simple
eigenvalue of L(Ag); cf. (I.16.4). On the other hand, the family

(I11.2.12)  L(A\)h = szzlaij(x)hmixj + >0 bi(2)hy, + c(A)h
has an odd crossing number at A = \q if

the eigenvalue 0 of L(Ag) has an
(II1.2.13) odd algebraic multiplicity and if
¢(\) is strictly monotonic near A = \g.

This clearly allows ¢/(A\g) = 0. Note that condition (I11.2.13) for local bifur-
cation applies to a fully nonlinear elliptic problem of the form
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LN u+ g(V?u,Vu,u,z,\) =0 in £,

(I11.2.14) u=0 on 012,

where L(A) is of the form (I1.2.12) and g, (0,0,0, 7, \) = g4, (./.) = gu(./.) =
0. The famous result of Krasnosel’skii about “odd algebraic multiplicities” re-
lies on the Leray—Schauder degree and does not apply to fully nonlinear prob-
lems. (The one-dimensional kernel is clearly not necessary for the application
of Theorem 11.4.4, as we note below in (II1.2.22).)

The price one has to pay if the nondegeneracy (I11.2.8),4 is given up is that
the bifurcation diagram does not necessarily consist of only one nontrivial
curve; see also Remark I1.4.5. This is explicitly seen by the example (II1.2.15)
below for Degenerate Bifurcation discussed in Section 1.16. In this case, 0 is
an algebraically simple eigenvalue of L(X) (cf. (1.16.4)); i.e., (o,05)0 # O.
Nonetheless, (IT1.2.11) is violated by ¢/(Ag) = 0.

Remark II1.2.1 If the lowest-order coefficient of an elliptic operator L as
in (III.1.1) is nonpositive, c(x) < 0, then the elliptic mazimum principle
and Hopf’s boundary lemma are valid. Consequently, for all settings discussed
in Section III.1, L : X — Z is bijective, L™' € L(Z,Z) is compact, and
— L~ is strictly positive in the sense of ordered Banach spaces. This means in
particular that every solution uw € X of —Lu = f € Z is nonnegative, provided
that f is nonnegative. The Krein—Rutman Theorem (cf. [150]) then states
that the eigenvalue py € o(L) of smallest modulus is unique, real, negative,
and algebraically simple. The corresponding eigenfunction 0o is positive (or
negative) in (2.

The statement for the dual operator implies that po € o(L*) is simple and
the eigenfunction 0g is positive in 2 as well. Here L* is the adjoint operator
in the sense of (II1.1.2), (II1.1.14).

For an arbitrary elliptic operator L we have c¢(z) < v € R, so that the
operator (—L+~I)~1 is strictly positive in the above sense. Therefore, L —~I
has a simple eigenvalue pg < 0 with positive eigenfunction vy. Then po+v € R
is a simple eigenvalue of L, or 0 is a simple eigenvalue of L — (po+y)I with a
positive eigenfunction 0y. Accordingly, 0 is a simple eigenvalue of the adjoint
(L = (po +7)I)" = L* = (ko + )1

If L is self-adjoint, L = L*, then all eigenvalues in o(L) are real, and
Lo s the largest negative eigenvalue, called the principal eigenvalue. It was
known long before the Krein—Rutman Theorem, in particular it was known
to Courant, Hilbert, Fischer, and Weyl, that the mazimum of the negative
definite Rayleigh quotient B(u,u)/|u||? in H}(2)\{0} is attained for some
positive (or negative) g € HE(£2) and that its value o < 0 is the largest
etgenvalue. Its simplicity follows directly from the positivity of the eigenfunc-
tion dg: Every eigenfunction that is orthogonal to ©g in L?(§2) changes its
sign. On the other hand, the maximum g is attained only for some positive
(or negative) function.

The significance of the principal eigenvalue of a parameter-dependent fa-
mily L(X) is that it is the first eigenvalue that might cross the imaginary azis
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through 0 at A = Ao, causing instability in the sense discussed in Section I.7.
The benefits for bifurcation “created by that instability” is that the kernel of
L(X\o) is one-dimensional and that due to the positivity of the eigenfunction
Ug, it is easily seen which terms in bifurcation formulas do not vanish. Last
but not least, by the simplicity of the eigenvalue 0 of L(X\o), the Principle of
Exchange of Stability is valid; cf. Section I.7.

As an example for Degenerate Bifurcation expounded in Section 1.16 we
consider the semilinear boundary value problem

Lou 4+ A"u— Mu? + Xt —u" =0 in 12,

(IT1.2.15) u=0 on 02,

where 0 is an algebraically simple eigenvalue of some elliptic operator L with
positive eigenfunction 0g. According to Remark II1.2.1, the adjoint L§ has a
simple eigenvalue 0 with positive eigenfunction 93, too.

In view of the simplicity of the eigenvalue 0, we can use the Lyapunov—
Schmidt decomposition

X = N(Lo) ® (R(Lo) N X),
(I11.2.16) Z = R(Ly) ® N(Ly),
with eigenprojection Qu = (u, 0 )o0o on N(Lg) along R(Lg) when we norma-
lize (0o,05)0 = 1, cf. (1.16.4)—(1.16.6). (Observe that (II1.2.16) is orthogonal
with respect to (, g only if 09 = 0f or Ly = L{. In contrast to the ortho-
gonal projections (IT1.1.16) valid for (IT1.1.17) or (IT1.1.27), we need here only
one projection @, since P = Q| x. Note that the Lyapunov—Schmidt reduction
is not unique and that bifurcation formulas depend clearly on the chosen
reduction. Their vanishing or nonvanishing, however, or a change of sign does
not depend on the chosen reduction.)
For L(\) = Lo + A1 we obtain

(IT1.2.17) (L(A)o, 05 )0 = AT,

so that the nondegeneracy (I11.2.8)4 for A\g = 0 is violated (in accordance with
(1.7.36), since the simple eigenvalue perturbation is trivially z(\) = A7, so that
1/(0) = 0). The degenerate condition (I111.2.13), however, is satisfied, and the
method of Section 1.16 provides the following: Identifying v € N(L(0)) =
N(Lgy) with s = (v,0§)0 and @ € N(Lg) with (P, 9])o, we see that the scalar
bifurcation function @(s, \) = ®(s, \)/s given in (1.16.23) is of the following
form: ~

D(5, ) = cro\T + caa M5 + 230253 + co6s® + huo.t.,
(I11.2.18) where c7g = 1 by p(\) = A7 and Theorem 1.16.3,

car = —(03,05)o, c23 = (05,080, cos = —(0§, 05 )o-
By positivity of the eigenfunctions g, 05 we have czo =1 >0, ca1 <0, c23 >
0, cos < 0, so that the Newton Polygon Method described in Section 1.15
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yields the bifurcation diagram shown in Figure 1.16.3; see also (I.16.55),
(1.16.56)

As mentioned at the end of Remark III.2.1, the Principle of Exchange of
Stability is valid; see Theorem 1.16.8. If Ly = Lj is self-adjoint, then pu(\) =
A" is the principal eigenvalue of L(A\) = Lo + A7I, and the trivial solution
(u, A) = (0, A) of (II1.2.15) indeed loses stability at A\g = 0. Consequently, the
bifurcating branches have the stability properties that are marked in Figure
1.16.3.

Another example is

Lou+ (N —gu—ud=0 in £,

(IT1.2.19) u=0 on 02,

with the same operator Ly as before in (II1.2.15). All solutions of (II1.2.19)
near (u, \,e) = (0,0,0) are obtained by solving ®(s, \? —¢) = sP(s,\2 —¢) =

0, where @(s,)) is the bifurcation function for (II1.2.19) when we simply
substitute A2 — e = \. As in (II1.2.18), we obtain

D(s5,\2 — ) = X2 — £ + c25% 4+ h.o.t.,

(I11.2.20) where coy = —(08,9%)0 < 0.

The solution set {(s,\)} of &(s,A? —¢) = 0 is sketched in Figure 111.2.1 for
different values of € near 0.
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Figure II1.2.1

If Ly = L, then 0 is the principal eigenvalue of L, so that the solutions
have the stability indicated in Figure II1.2.1

Remark I11.2.2 The “generic” simple bifurcations at A = ++/¢ for e > 0
become a degenerate bifurcation for e =0, and for € < 0 no bifurcation takes
place at all. One might believe that the eigenvalue 0 of Lo + (A2 — &)I for
A =¢e =0 is no longer simple, since two eigenvalues “collide” at 0. This is a
misunderstanding: The eigenvalue N2 —¢ of Lo+ (A2 —¢)I is throughout simple,
and bifurcation takes place at those values of A for which \> — e = 0. This is
completely different from the Hamiltonian Hopf Bifurcation, cf. Section I1.11,
where for fized A the operator A(N) has indeed two different eigenvalues that
collide for A = \g. As mentioned in Remark 1.17.7, a degenerate bifurcation
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for e = 0 is always perturbed to “generic” bifurcations, but those perturbations
are best understood from the degenerate diagram. We recommend a study of
the bifurcations for Lo + A\ — e)I in (I11.2.19), too. For more examples see

[90].

I11.2.2 Bifurcation with High-Dimensional Kernels

The most general local result (in view of counterexamples) for fully nonli-
near elliptic problems is given by the application of Theorem I1.4.4. With
D,F(0,)\) = L(X\) with L()) as in (II1.2.7), as previously, the hypotheses of
Theorem 11.4.4 are the following:

L(\) is elliptic for A € (Mg — 6, Ao + ),
(I1.2.21) 0 is an eigenvalue of L(\o), and
L(A) has an odd crossing number at A = Ag.

The last statement means that an odd number of eigenvalues (counting multi-
plicities) in the 0-group of L(\) leave the left complex half-plane when X passes
through Ag (see Definition I1.4.1). As proved in Theorem II.4.3, assumption
(II1.2.21) implies that det(D,®(0,\)) changes sign at A = X\ for every bifur-
cation function @(v, A) obtained by the method of Lyapunov—Schmidt.

The verification of (I11.2.21)3 is not easy, in general, but for the special
case that L()) is given by (I111.2.12) with a coefficient ¢()) satisfying (I11.2.13)
it is simple. We summarize this result for convenience briefly as follows:

If 0 is an eigenvalue of odd algebraic multiplicity

of L(\g) is of the form (III.2.12)

with strictly monotonic coefficient ¢(\), then

a continuum of nontrivial solutions of the

fully nonlinear elliptic problem (II1.2.1) bifurcates

at (0, \g) in X x R, where X = C%%(2) N {u|u =0 on 912}.

(IT1.2.22)

Note that the hypotheses (I11.2.21) are more general, and the statement of
Theorem I1.4.4 is sharper than those of Krasnosel’skii’s Theorem in [109].

Another type of bifurcation theorem is given by (11.4.31), which is sum-
marized thus:

L()) is elliptic for A € (Mg — 9, Ao + ),
dimN (L()g)) is odd,

(Lx(Xo)0,0%)g # 0 for all

o € N(L(A))\{0}, 0* € N(L(Ao)")\{0}-

(I11.2.23)

We recall that the spectral properties of an elliptic family L(\) are the same
for all settings L(\) : Z — Z with D(L) = X C Z, cf. (I11.1.39), (III.1.40).
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II11.2.3 Variational Methods I

We give an application of Theorem 1.21.2 to a so-called nonlinear eigenvalue
problem
(111.2.24) Lu = pg(z,u) in 2, p € R,

u =0 on 0f2,

where L = L* is of divergence form (II1.1.3) and elliptic. Assuming c(x)
then the bilinear and symmetric form B(u, v) is negative definite on Hg (£2
(IT1.1.8) (use Poincaré’s inequality). This means that ( , ); and —B(
are equivalent scalar products on H}(2).

Weak Solutions for Functions g with at Most Critical Growth
For the function g : 2 x R — R, we assume that the partial derivative
gu : {2 x R — R exists, that g, g, € C(£2 x R,R), and that

<0,
); cf.
)

|g(x7u)| <c+ 02‘u|ra
(I11.2.25) |gu(z,u)| < c3+ cqlul""1 for all (x,u) € 2 x R,
o n+2

n—2

1<r< forn>2 1<r<ooforn=2,
and no restriction on g for n = 1. Here n is the dimension of the domain {2,
ie. 2 € R".

Defining the primitive

G(z,u) = /ug(x,s)ds for (x,u) € 2 x R and
(I11.2.26) 0
flu) = /QG(:E,U(:E))dx for u € H(£2),

then the following is well known; see [109], for example. The function f :
HL(£2) — R satisfies

f € C*(H}(2),R) and

(IT1.2.27) Df(u)h = /g(x,u(sc))h(:c)dx for u,h € H}(02).

Q
Setting g(u)(z) = g(z,u(x)) we see that the function §(u) is in L1(£2) with ¢ =
2n/(n+2), by assumption (I11.2.25); and by continuous embedding H} (£2) C
LP(12) for p = 2n(n — 2), where we assume n > 2; the cases n < 2 are left
to the reader. Since 1/p + 1/q = 1, Holder’s inequality proves that D f(u) €
L(H}(2),R), which is the dual of Hg(£2). Furthermore,

D2 f (), ] = / (2, 0(2))ha (2o () de

(I11.2.28) 5
for u, h1,ha € HE(£2),

and the same arguments using (I11.2.25)s prove that D?f(u) : Hg(£2) x
H}(2) — Ris bilinear and continuous; i.e., D?f(u) € Lo(HE(£2),R). The con-
tinuity of f, Df, and D? f with respect to u in the norms of H}(§2), L(Hg(£2),R),
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Lo (HJ(£2),R), respectively, is more subtle and is proved in [109]. By Riesz’s
Representation Theorem, for each u € Hg (£2) there is a unique

VLf(U

) € H}($2) such that
Df(u)h =

(I11.2.29) _B(VLf( ), h) for all u, h € HE(12).

According to Definition 1.3.1, the mapping Vpf is the gradient of f with
respect to the scalar product —B( , ), and the subscript L denotes its
dependence on L. In the notation of Theorem 1.21.2 we have X = Z = H{(£2).
Staying with the notation of Section III.1 where X and Z have a different
meaning, we set H}(£2) = X1, and we define

F=-Vof: X1 — Xy,
F(0) =0if g(x,0) =0 for all z € {2,
(I11.2.30) F e CY(X;, X1), by (IIL2.26)(I11.2.29), and

B(DF(u)hl,hg) = \/qu(’u)hlhgdib,

where as before g, (u)(z) = gu(z, u(z)). For Ag = DF(0) we verify hypothesis
(I.21.3) of Theorem 1.21.2.

Remark I11.2.3 Let r = r(x) be any function r € C(£2). Then the operator
Ap € L(Xy,X1), defined by

(II1.2.31) B(Agv,h) = (rv,h)o  for all v,h € X1 = Hy($2),

is symmetric (self-adjoint) with respect to the scalar product —B( , ) and
compact: By continuity, the linear operator Ay maps weakly convergent se-
quences in X1 onto weakly convergent sequences in Xy, which, by compact
embedding H}(£2) C L*(£2), converge strongly in L*(§2). Choosing h = Agv,
we see that the defining equation (II1.2.31) proves that Ag maps weakly conver-
gent sequences in Xy onto strongly convergent sequences in X1, which means
compactness of Ayg.

Therefore, by the Riesz—Schauder Theory, the spectrum o(Ag) consists of
real nonzero eigenvalues of finite (algebraic) multiplicities and of 0, which
is the only possible cluster point of o(Ag). If Ao # 0, then its spectral ra-
dius || Ao|lL(x,x,) (with the operator norm generated by —B( , )) is po-
sitive. Therefore, there exists an eigenvalue Ao with |Ao| = ||Ao| > 0. Fur-
thermore, it is known that the following completeness of orthonormal sys-
tems of eigenfunctions holds: If Ao, A1, ... are all nonzero eigenvalues of Ay
with orthonormal eigenfunctions ¥y, 01, ... (with respect to —B( , )), then
X1 = N(AO) D Span[f)o,f)l, .. ]

A closer look reveals more: Let r(x) > 0 for x in an open subset 24 C (2.
Then dim{v € X;i| supp(v) C 21} = oo (where ‘supp” denotes the sup-
port), so that the complement of N(Ag) in X1 is infinite-dimensional. Let
v # 0, supp(v) C 24, and v = > axl; be its Fourier series. Then
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0 < (rv,v)o = B(Agv,v) = =Y. ai . If there were only finitely many eigen-
values A\, < 0, then there would exist such a v # 0 with Fourier coefficients
ay =0 for all \y, < 0 such that 0 < (rv,v)o = — Y. @i, < 0. This contradic-
tion proves that there exist infinitely many negative eigenvalues A\, < 0 of Ag
with Ay — 0 as k — oco. The same argument yields infinitely many positive
eigenvalues g > 0 with Ay — 0 as £ — oo if r(z) < 0 for x € 2_ C (2.

The eigenvalue problem for Ag, i.e.,

(IT1.2.32)  B(Agv, h) = AB(v,h) = (rv,h)o for all h € H}(82),
is the weak formulation of the elliptic eigenvalue problem

Lv=prv in 2, p=\"1,
(IT1.2.33) ot on 8%
with possibly indefinite weight function v € C(82). The preceding results about
the eigenvalues A\ # 0 of Ay yield the following: If 2 = {x € Q|r(x) >0} # 0
(or 2_ = {x € Qlr(x) < 0} # 0), then there exist infinitely many negative
eigenvalues p, < 0 with pu, — —oo as k — oo (or infinitely many positive
eigenvalues fip > 0 with py — +00 as £ — o0) of the weak eigenvalue problem
(I11.2.33). Furthermore, there exists a largest negative (or smallest positive)
etgenvalue, and these possibly two “principal” eigenvalues are the mazximum
(or minimum,) of {—B(v,v)/(rv,v)elv € H}(£2),(rv,v)e > 0 (or (rv,v)p <
0)} (respectively). These extrema are attained at some positive (or negative)
function 99 € H(2); cf. Remark II1.2.1.

If v changes sign on {2, the simplicity of a principal eigenvalue g is not
as obvious as in the definite case. Furthermore, all other eigenfunctions of
(II11.2.33) that do not belong to a principal eigenvalue change sign in (2. For
details we refer to [72], [102].

If the boundary of £2 allows an elliptic regularity theory, then the weak
formulation (I11.2.32) for v € HL($2) and the strong version (II1.2.33) for
v € D(L) = H?(2) N HE(2) are equivalent. If the weight function r belongs
to C*(£2), then elliptic regularity implies that v € C>*(2) N {ujlu = 0 on
002} for every eigenfunction v of (II1.2.33); cf. (III.1.40). Conversely, all
eigenfunctions of Ay with eigenvalues A\, = ;. * are in C**(2) N {ulu = 0 on
00} if the data of the problem are smooth enough.

We apply the results described in Remark II1.2.3 to the weight r = §,,(0) €
C(92). If G, (0) # 0 (i.e., if gu(z,0) # 0), then all eigenvalues Ay # 0 of Ay are
candidates for the application of Theorem 1.21.2. (Since Ay € L(X1, X1) is
self-adjoint, we have clearly (I.21.3)4, and Remark 1.21.1 is trivially satisfied.)

Let Ag # 0 be one of the eigenvalues of Ag. Then for every sufficiently
small € > 0 there are at least two solutions (u, \) = (u(e), A\(¢)) € H}(2) xR

of

_ B _
(IT1.2.34) F(u) =M, —B(u,u)=¢?

and A(g) — A as € \, 0.
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By definitions (I11.2.29), (I11.2.30), and (II1.2.26), this means that

Bluh) = p [ glo.whds, ="
(9]

(IT1.2.35) for all h € H}(2) and p = p(e) — po = Ay,
where pg is an eigenvalue of (I11.2.33)
with r = g,(0).

In other words, (u, 1) € H3(£2) xR are weak solutions of (I11.2.24) clustering
at (0’ /~LO)'

For u € H}(£2), assumption (II1.2.25); implies that g(u) € L%(£2) with
q = 2n/(n + 2). If the data, in particular the boundary 942, allow an elliptic
regularity theory, then (I11.2.35) implies u € W?2:4(42). Since this does not give
more regularity for §(u), that is §(u) € LI(f2) with ¢ = 2n/(n+2), no further
gain of regularity via a so-called “bootstrapping” is possible, in general. (It is

possible, however, if the growth in (II1.2.25); is “subcritical,” i.e., if r < Z—i’g)

Some comments on this result are in order: Theorem 1.21.2 provides weak
solutions of (II1.2.24) in the sense of (I11.2.34) or (II1.2.35) under rather weak
regularity conditions on the data of the problem. The coefficients of L of
the form (II1.1.3) have to satisfy only a;; € C*(£2),c € C(£2), and for the
nonlinearity it suffices that g,g, € C(£ x R,R). Then all hypotheses on
F € CY(H(2),H}(2)) and on Ay = DF(0) € L(HZ(£2),H}(£2)) to apply
Theorem 1.21.2 are satisfied irrespective of the regularity of the boundary
d12. We obtain bifurcation of weak solutions at every eigenvalue of the weak
eigenvalue problem (111.2.24) for every bounded domain 2 with no condition
on its boundary 052.

Apart from the lack of regularity of the weak solutions, the Hilbert space
approach for (II1.2.24) clearly also has the drawback mentioned in Section
ITI.1: The Hilbert space setting might impose obstructions to nonlinear prob-
lems, which in the case in question are the growth conditions (IT1.2.25) on the
nonlinearity g. As recommended in Section III.1, we overcome this drawback
by a Banach space approach.

Strong Solutions for Arbitrary Functions g

Now the boundary 0f2 and the coefficients of L are again smooth enough to
ensure the properties of the elliptic operator L as expounded in Section III.1.
Let g : 2 x R — R be any function in C%(£2 x R, R) such that g(x,0) = 0
for all z € 2. Then, for G as defined in (II1.2.26);, the functional f given in
(I11.2.26)5 is defined on X7 , = CH*(2)N{u|u = 0 on dN2}. Furthermore, f €
C?(X1,4,R), and its derivative DF (u) is given by (I11.2.27)5 for u,h € X1 4.
By g(u), §u(u) € C(2) = Z C L*(§2), we can state (I11.2.27)5 and (I11.2.28)
as

(236 P h=(90),ho for u,h € Xya,

D2 f(u)[h1, ha] = (Gu(u)hy, ha)o for u,hy, hy € X1 q.

By the assumption that c¢(z) < 0, the elliptic operator L from (III.1.3) is
bijective via L : H?(2) N H}(2) — HOY(£. Therefore, L is also bijective as
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a mapping L : X = C?22(02) N {uju = 0 on 9N} — Z; cf. Section IIL1, in
particular (IT1.1.40). Defining

F(u) = L7g(u) for u € X 4, then
(111.2.37) B(F(u),h) = (§(u), h)o = Df(u)h
for all u, h € X1 4,

so that —f € C?(X1 4, R) is a potential for F' € C'(X} 4, X1,,) with respect
to the scalar product —B( , ) on X, C H}(2) = X;. Furthermore,

(I11.2.38) DFE(u)h = L™ (gu(u)h) for wu,h € Xy q,
which implies for Ay = DF(0) the equivalence

(Ag—AM)v=0 forve X, N#£0s
(TI1.2.39) Lv = pg,(0)v forve X, p=A"1

As discussed at the end of Remark I11.2.3, for » = §,(0) € C%(£2), every
eigenfunction v of (I111.2.33) in H2(£2) N Hg(£2) is also in X, so that all results
for (I11.2.33) summarized in Remark II1.2.3 hold for the eigenvalue problem
(IT1.2.39)5 as well. Therefore, the eigenvalue problems (111.2.32) and (I11.2.39),
are equivalent, too.

Let Ao # 0 be one of the eigenvalues of Ay. Then the decomposition X; =
N(Ag — Xol) ® R(Ag — Nol) for Ay € L(X1,X1), defined in (II1.2.31) for
r = §,(0), implies for X7 , C H}(£2) = X; the decomposition X; , = N(A4g—
)\0[) (S5 R(AO — )\0[) for Ay € L(Xl,oqu,a) defined by Ay = L 1to gu(O)I
(The same notation Ag for different settings should not be confusing.)

Thus all hypotheses of Theorem 1.21.2 are satisfied for F' € C’l(XLa, X1.a)
defined in (I11.2.37), and every nontrivial pair solving F(u) = Au yields a
classical solution (u,u) € X x R of (I11.2.24) for = A1

The two approaches for problem (I11.2.24) show that weak solutions un-
der weak regularity assumptions are obtained via a Hilbert space setting that
requires growth conditions on g, whereas strong solutions under strong regu-
larity of all data are given by a Banach space approach having the advantage
that it applies for every smooth nonlinearity g, irrespective of any growth at
nfinity.

In general, we know only the properties (I11.2.34) of the nontrivial solu-
tions. However, if dim N(L — 0§, (0)I) = 1, then Theorem 1.5.1 applies: For
the family L(p) = L — pg.(0)1, the nondegeneracy (I11.2.8), is satisfied by

(Lyu(p0)00,90)0 = (§u(0)00, 00)o
(111240) _ )\OB(@O,ﬁO) 7& 0 for AO _ ,U,al7

so that the bifurcating solution set is a smooth curve {(u(s), u(s))|s € (=4,0)}
in X x R through (0, po). This is true, in particular, if uo is a principal
eigenvalue of Lv = pg, (0)v; cf. (I11.2.33) and the comments after it.
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The application of Corollary 1.21.3 gives many more solutions in the Hilbert
space as well as in the Banach space approach:

If g(z, —u) = —g(x,u) for all (x,u) € 2 x R, then at
(IT1.2.41) (0, p10) at least n pairs of solutions (£u, ) of (I11.2.24)
bifurcate, where n = dim N (L — 10§, (0)1).

IT11.2.4 Variational Methods II

There is still a drawback to overcome: The method used to prove Theorem
1.21.2 allows only a linear dependence on the parameter A, which means that
the parameter p in (I11.2.24) appears linearly, too. Application of Theorem
I1.7.3, however, allows an arbitrary dependence on the parameter, which we
denote again by A. Although we could stay with the foregoing setting, we
change it in order to avoid an inversion of L.

Let L(A) = L(A\)* be a family of operators of divergence form (I11.1.3)
with coefficients a;; € C(R,CY%(2)),c € C(R,C*(£2)). (This means that
A = aij(-,A), A c(-,A) are continuous from R into the Banach spaces
CLe(0),C*(0), respectively.) The boundary 942 is smooth enough to apply
all properties of elliptic operators summarized in Section III.1. Assuming that

L(Xo) is elliptic and that

(TT1.2.42) 0 is an eigenvalue of L(Ao),

then the continuous family L()\) : X — Z satisfies (IL.4.1), (I1.4.2), and
(I1.4.3) for X = C%*(2) N {ulu = 0 on 9N} and Z = C%(£2). We consider
the semilinear problem

LANu+g(u,z,A\) =0 in £

(I11.2.43) u=0 on 02,

where g € C?(R x 2 x R, R) satisfies g(0,7,\) = ¢,(0,2,)\) = 0 for all
(z,\) € 2 x R. (The first condition gives the trivial solution (u,\) = (0, \)
and the second is imposed without loss of generality by adding ¢, (0, x, \) to
the coefficients ¢(z, A) of L(\).) Then

F:XxR— Zisin C(X xR, Z), where

F(u, M) (z) = (L(A)u)(z) + g(u(z), z, A),
(TI1.2.44) DoF e O(X * B L(X.2)). and

D, F(0,\)h = L()\)h
If we endow Z with the scalar product ( , )o, then F(-, \) is a potential
operator from X into Z according to Definition 1.3.1. We give the potential:
1
flu, ) = §(L(/\)u,u)0 + / G(u(z),z, N)dx
Q
(I11.2.45)  for (u,A) € X x R, where

G(u,z,\) = / g(s,z, N)ds for (u,z,\) € R x 2 x R.
0
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Then Theorem I1.7.3 provides nontrivial solutions of F'(u,A\) = 0in X xR,
i.e., of (II1.2.43), which cluster at (0, Ao), if

(II1.2.46)  the crossing number x(L(A), Ag) of L(\) at A = X¢ is nonzero.

Since all eigenvalues of L(\) are real, local hyperbolicity is true if 0 is
not an eigenvalue of L(\) for A € (Ag — d,Ao) U (Ao, Ag + d). By Definition
I1.7.1, a nonzero crossing number means that a nonzero number of eigenvalues
(counting multiplicities) leaves or enters the positive real axis when A passes
through A\g. We give a simple sufficient condition that implies (II1.2.46):
LA = Z;L,jzl(aij (@)ha,)z; + c(A)h,

(TI1.2.47) and ¢()) is strictly monotonic near A = \;

cf. (I11.2.12), (II1.2.13). Note that in contrast to (II1.2.22), the multiplicity
of the eigenvalue 0 of L(\g) is arbitrary in the variational case. Therefore,
for F(u,\) = Au+ Ag(u) = 0 with g(0) = 0, ¢’(0) > 0, for example, every
eigenvalue p, > 0 of —A provides a bifurcation point (0, \,,). where u, =
Ang'(0), cf. Section IIL7.

Since Theorem I1.7.3 generalizes Theorem 1.21.2, our result on (111.2.43)
is our most general for elliptic problems of variational structure.

I11.2.5 An Example

This example, which is continued in Sections II1.5 and III.6, is presented, since
it serves as a paradigm for the following techniques:

e By an exploitation of symmetry, only nondegenerate bifurcations with one-
dimensional kernels occur.

e An evaluation of bifurcation formulas reveals sub- and supercritical pitch-
fork bifurcations and determines, in turn, their stability.

e The global extensions of the local bifurcating curves satisfy the second
Rabinowitz alternative. The proof includes the following steps:

e A combination of symmetry and of the elliptic maximum principle applied
to a differentiated equation proves that the maxima and minima of all
solutions on a global branch have a fixed location.

e This qualitative property separates all global branches and helps at the
same time to prove an a priori estimate excluding the first Rabinowitz
alternative.

e In view of the separation of branches, there is only one possibility left to
meet the trivial solution line a second time.

e This establishes the global bifurcation diagram.

We start now to discuss the following model: Minimize or find critical
points of the energy
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Ey(u) = /Q CIVulP + W)z, = >0,
(I11.2.48) over 2 =(0,1) x (0,1)

under the constraint [ wdz = m.
9

This functional is commonly called the Cahn—Hilliard energy, describing
the total energy of a binary alloy of mass m in {2 with (¢ > 0) or without
(¢ = 0) interfacial energy. According to the two components of the alloy, the
free energy potential W: R — R is a so-called two-well potential having two
minima; cf. Figure I11.2.2. We assume that W is sufficiently smooth (C* is
enough).

w

Maxwell line

mi ma

spinodal region
Figure II1.2.2
The Euler-Lagrange equation for (II1.2.48) is

—eAu+ W'(u) =X in 2, A = Lagrange multiplier,
(II1.2.49) Z?:lumil/i =0 on 012,
Joudr=m,

where v is the outer normal; i.e., (IT1.2.49), are the natural boundary condi-
tions for the self-adjoint operator A called homogeneous Neumann boundary
conditions; cf. (III.1.5). For € > 0, (I11.2.49) is a semilinear elliptic problem
with a nonlocal term, namely,

(IT1.2.50) A= / W (u)da.
2

In order to incorporate the constraint (II1.2.49)3 into a function space, we
make the substitution
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(II1.2.51) u=m+v, where /Q vdr =0

(recall that |£2] = 1), and we set

(II1.2.52)  F.(v,m) = —eAv+ W'(m +v) — /Q W' (m+v)dz.

In the subsequent analysis we fix € > 0, and we use the mass m as a bifurca-
tion parameter. We have the trivial solutions (v,m) = (0,m) of F.(v,m) =0
for all m € R (describing a homogeneous mixture), and before choosing the
adequate function spaces, we study its linearization along the trivial solution.
We obtain from (II1.2.52)

—cAv+W'(m)v=0 in £,
(II1.2.53) (Vo,v)=0 on 012,
Jovdz =0,

having the following special classes of eigenfunctions:

(21, 22) = Q COSNTLY + Q2 COSNTEo, a1, € R,
provided that W”(m) = —en?r%,n € N,

Opn (x1,2) = ccosbmay cosnmxs, a € R,
provided that W (m) = —e(¢?> + n?)7w?, ¢,n € N.

(I11.2.54)

The kernels are not necessarily one-dimensional: Whereas this is obvious in the
first case, it is possible also in the second case if 12 = ¢2+n? or (2472 = (2+n2
for different integers.

Since higher-dimensional kernels are not convenient in bifurcation theory,
we can pursue two tracks: Restrict the problem to a one-dimensional one, i.e.,
allow the dependence on only one variable x1, say (in which case the Euler—
Lagrange equation is an ODE), or impose symmetry constraints that reduce
the dimension of the kernels to one. We choose the second possibility, since
the first one is simpler and is treated analogously..

From the first class we pick the eigenfunction

(IT1.2.55) Op (21, 2) = cosnmay + COSNTL,

which belongs to the following symmetry class:

X, = {v :R? — Rlv(x1, 22) = v(—21,22) = v(w1, —22)
(IT1.2.56) ) )
=v(r2,71) =0 (331 + g#h) = ($17$2 + E) };

cf. (IT1.1.31)5. We change the notation of (II1.1.31): The subscript n refers to
the period, and we have an additional symmetry with respect to the diagonal
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{z1 = z2}. The symmetry lattice is shown in Figure IIL.1.1 for a = 1 when it
is shifted by the vector (,0).
The eigenfunctions of the second class have the symmetry

n l
(IT1.2.57) v(xy,x9) = <zx2, Eml) ,

which is not orthogonal if £ £ n. Therefore, the operator A is not equivariant
with respect to the oblique symmetry, so that its fixed-point space is not
invariant, cf. the discussion in Section III.1. For £ = n, however, we set

(I11.2.58) Opn (21, T2) = 2 CO8 NTT1 COSNTT2,

which belongs to the symmetry class

1 1
(M1.2.59) Xy = {U € Xplv(wy,22) = v <—332 + -, —rt —) } )
n n

whose lattice is shown in Figure II1.1.2. As remarked in Section III.1, the
lattices for X,, and X,,,, are not essentially distinct, since they are transformed
into each other by an affine mapping. We confine our analysis to the symmetry
class X,, and state simply that the modifications to the class X,,, are simple
enough to be left to the reader. (For details see [100].)

The classes X, are appropriate for homogeneous Neumann boundary con-
ditions on 2 = (0,1) x (0,1) for all n € N. Accordingly, we define

2,0 _ (2,0 (TR2 _
(I11.2.60) Xo*=C0R%)NX, ﬂ{vl/ﬂvdaz 0},

X analogously,
and the mapping defined in (II1.2.52) satisfies
(I11.2.61) F.: X2 xR — X2,

since by the boundary conditions, |, o Fe(v,m)dz = 0. Clearly, all solutions
(v,m) € X>* x R of F.(v,m) = 0 give via v = v + m solutions of the
Euler-Lagrange equation (I11.2.49) satisfying the constraint (111.2.49)s.

By the analysis of Section III.1, in particular by (IT1.1.35),

Dy F.(0,m) = —e A+ W"(m)I : X>* - X2

(I11.2.62) is a Fredholm operator of index zero.

Note that the Fredholm property remains valid in the subspaces of functions
with mean value zero in 2. (Constant functions span N(A) and are comple-
mentary to R(A).) As seen in (II1.2.54),

dim N (D, F.(0,m)) = 1, provided that

(I11.2.63) W (m) = —enn?.
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By the assumed shape of W’ shown in Figure I11.2.2, there are two solutions
mb,m2 of the characteristic equation (II1.2.63)3 for n = 1,..., N(e) if e > 0
is small enough. These candidates for bifurcation points are in the spinodal
region (my, ma).

By formal self-adjointness of L = —eA + W (m)I, we have by (III.1.35)

the decomposition
(T11.2.64) Xy =R(L)® N(L),

where the spaces R(L) and N(L) are orthogonal with respect to the scalar
product ( , ) in L?(£2). This yields the Lyapunov—Schmidt projections

119,65 Qu = (v,0,)00n, Q: X2 — N(L) along R(L),
(ML2.65) P _ Qlyae - X2 — N(L) along R(L) N X2°.
Observe that |0, lo = 1 for all n € N.

Again by the assumption on W”, cf. Figure II1.2.2, the nondegeneracy
(I.5.3) of Theorem 1.5.1 is satisfied:

(ngFE(Oa m)'&na @n)O = Wm(m) 75 0

(T1.2.66) if W (m) = —en?m? has two solutions mL,m

2
2.

Therefore, there exist nontrivial curves of solutions {(v(s), m(s))|s € (—=4,0)}
of F.(v,m) = 0 through (v(0),m(0)) = (0,m’),i = 1,2, and by (1.5.16),
(1.5.17),

(I11.2.67) v(s) = s, +o(s) in X2

If (v,m) € X2 x R is a solution of F.(v,m), then the reversion
- 1 1
(I11.2.68) Ban,as) =0 (= — a1, ~ — 2
n n

defines a solution (9, m) € X2 x R, too. Since the reversion of the eigenfunc-
tion v, is its negative —0,,, the uniqueness of the bifurcating curve implies that
the two components {(v(s), m(s))|s € [0,9)} and {(v(s),m(s))|s € (=4,0]}
are transformed into each other by the reversion (II1.2.68). This implies, in
particular, m(—s) = m(s) and 7(0) = 0. We verify this by evaluating the
Bifurcation Formula of Section 1.6. Sub- or supercriticality of the pitchfork is
then determined by m(0), provided that it is nonzero.
By definition (IT1.2.52),

D2 F.(v,m)[0n, 0p] = W (m + v)02 — / W (m 4 v)02de,

(I11.2.69) Q
D3, Fo(0,1) [0, 5] = WO ()03 by / W dz = 0.
0

Using the projection (II1.2.65), we see that the numerator of formula (1.6.3)
for m(0) (see also (I11.2.9)) is
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(D12}'UF5 (Ov m)[’[)", @HL ﬁn)O
(111.2.70) — W///(m)/ ’ﬁidl’ _ W”I(m)H’lA)an/ ﬁndl‘ —0.
2 2

Therefore, 112(0) = 0. Formula (I1.6.11) for 72(0) is more involved. We evaluate
the numerator (1.6.9) step by step:

w%EQMWMMM%h:WWW/ﬁW:%MWM7
0

D3, Fe(0,m)[on, 0n] = W (m)(3;, = 1),

Q‘D’?}’UFE(OV m) [0, 0n] = 0.

(I11.2.71)

Next we solve

— mn N2
(I11.2.72) D,F.(0,m)v =W"(m)(v; — 1)

forve (I-— P)Xs’a; ie., (v,0,)0 = 0.

By 172 —1= %(cos 2nmxy +cos 2nmway) + 2 cos nwxy cos nwre we obtain, in view
of (I11.2.62) and W"(m) = —en?n? for the solution of (I11.2.72),

(II1.2.73) v = %(é(ms 2nmxy 4 cos 2nmwxa) + 2 COS NTE | COSNTT2).
Finally,

(D2, F(0,m)[on 0], 500 = W) [ wids
(IT1.2.74) W) A 2

=15 gz Since (v, )0 = 0.

For the denominator of (I.6.11) we use (II1.2.66), and we obtain for m = m(0),

1 9WW(m)  13W"(m)
3 4 W (m) 4en?n?

(I11.2.75) i (0) =

By the assumed shape of W” we have W) (m) > 0 and
W (mbL) <0, W”(m2) > 0. Therefore, for small £ > 0,

(I11.2.76) m(0) <0 at (0,m},), 7m(0)>0at (0,m}),

yielding the bifurcation diagrams sketched in Figure I11.2.3.

In Sections III.5, II1.6 we see how the two local curves shown in Figure
I11.2.3 are extended globally; see Figure I11.6.2.

In Figure II1.2.3 the instability of the solutions (m,v) is marked by a
hatched line. We define the stability of a conditionally critical point of the
energy F.(u) = E.(m+wv) given in (I111.2.48) by its stability as an equilibrium
of the negative gradient flow, i.e., of

dv
(II1.2.77) pri —F.(v,m); see (II1.2.52).
(The evolution equation (II1.2.77) is not what is called the dynamical Cahn-
Hilliard model. In that model the preservation of mass is ensured by the
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application of the Laplacian together with an additional boundary condition.
It does not contain a nonlocal term, but it is a parabolic PDE of fourth order.)

v
\\ //
‘ - I ;
\
™ Jmd m2\_ " m
Figure I11.2.3
In the symmetry class X,,, the value W”(m?) = —en?z? is the principal,

i.e., greatest negative, eigenvalue of ¢A; cf. Remark I11.2.1. In other words,
0 is the principal eigenvalue of —D,F.(0,m!),i = 1,2. The assumed shape
of the graph of W shown in Figure II1.2.2 implies that the eigenvalue 0
becomes a negative eigenvalue of D, F.(0,m) for m < ml,m > m2, and a
positive eigenvalue for m € (ml, m2). This proves the stability properties of
the trivial solutions (0,m), as indicated in Figure II1.2.3.

By the Principle of Exchange of Stability proved in Section 1.7, both bifur-
cating pitchforks sketched in Figure II1.2.3 are therefore unstable; cf. Figure
[.7.3. Presumably the branches regain stability at the next turning point; cf.

Figure 1.7.1 and Figure I11.6.2.

IT1.3 Free Nonlinear Vibrations

Another class of nonlinear problems to which many of our local bifurcation
theorems apply is given by the nonlinear wave equation. We discuss the one-
dimensional case in detail and give the extensions to higher dimensions in
Remark II1.3.4.

The one-dimensional wave equation for scalar v = wu(t,x) with (¢,z) €
R x R is
(IT1.3.1) Ut — Uz = g(u),

where g : R — R is some smooth function. As usual, we assume ¢(0) = 0, so
that we have the trivial solution v = 0. Its linearization at u = 0,
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(I11.3.2) Ut — Vg — ¢'(0)0 =0,
has nontrivial solutions

(I11.3.3) vgt, x) - E‘?/e"’(“’tik"”), provided that
k* —w* —¢'(0) =0.

These solutions are periodic in ¢ and in x. We try to answer the following
question:

Do any of these doubly periodic solutions persist in a perturbed form for
the nonlinear equation, at least for small amplitudes?

Following P. Rabinowitz [136], we call nontrivial solutions of (II1.3.1) free
vibrations. We treat this as a bifurcation problem.

We assume that the periods in time and space are locked and that they
are perturbations of the periods of the linearized equation: After a rescaling
t— t/\, x — x/\, we obtain the problem of small-amplitude solutions of

g — Uz = A2g(u)  for X near 1

(I11.3.4) with fixed periods 27 /w in time and 27 /k in space.

The locked periods serve as a hidden bifurcation parameter A for (II1.3.1).
Actually, we consider the following generalization (after another rescaling,
we can assume w.l.o.g. that the period in space is 27):

Ut — Ugpgy — C()\)U = g(t7 T, u, >‘),
(IIL3.5) u(t+ P x) = u(t, ),
u(t,x +2m) = u(t, z),

or instead of periodicity in space, we impose homogeneous Dirichlet or Neu-
mann boundary conditions,

u(t,0) =wu(t,m)=0, or
(TI1.3.6) wa (£,0) = ua(t, 7) = 0.

The period P in time is a period of the linearized problem (a linear period)
and will be specified later. The function ¢ : R — R is in C*(R, R), the function
g : R* = R is sufficiently smooth and satisfies

g(ta z,0, )\) = gu(t,:a(), >‘) = 07
(I11.3.7) gt + Pyz,u, \) = g(t,z,u, A),
g(t,x + 2w u, \) = g(t, z,u, \),

and in case of homogeneous Neumann boundary conditions (I11.3.6)a,

gw(t,O,u,/\) = ga:(t77r7ua )‘) =0

(ITL3.8) for all (¢,2,u,)) € RY;

cf. also (II1.3.20) below. We define
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(I11.3.9) glu, N\ (t,z) = g(t, z,u(t,z), )

and consider
(IT1.3.10) Ut — Uz — (N u — G(u, \) =0

in an appropriate function space that incorporates the periodicities and
boundary conditions.

For the special case (I11.3.4) we assume simply ¢(0) = 0, ¢’(0) # 0, and
we write it as gy — tuge — A2g'(0)u = A?(g(u) — ¢’(0)u). Then all assumptions
(I11.3.7), (II1.3.8) are satisfied and c(\) = A2¢/(0) is nontrivial. Note that a
rescaling of solutions of (III.3.4) yields solutions of (II1.3.1).

Remark II1.3.1 When written as a first-order system,

Uy =0,

I11.3.11 N
(IIL.3.11) UVt = Uy + c(N)u+ Gu, A),

the nonlinear hyperbolic PDE (II1.3.10) can be considered to be an infinite-
dimensional Hamiltonian system, provided that g does not depend on t.

We give the formal arguments, confining ourselves to the boundary con-
ditions (II1.3.6);. Let X = H?(0,7) N H}(0,7) and Z = L*(0,7). Then
a solution (u,v) of (II1.3.11) defines a trajectory (u,v)(t) in X x X wvia
[(u,v)(®)](x) = (u(t,z),v(t,x)), solving the parameter-dependent evolution
equation

(I11.3.12) %(D N (L()\)u i i(u, A)> = F(u,v,\)

in Z X Z with L(\)u = tuge + c(N)u.

We define a Hamiltonian

™

H: X xXXxR—=R by
1 N 1
H(u,v,\) = §(L(/\)u,u)0 —|—/ G(u, N)dz — i(v,v)o,

0
where (, o is the scalar product in Z = L?(0,),
G is a primitive such that Gy (x,u, \) = g(z,u, \),
and G(u,\)(z) = G(x,u(x), \).

(I11.3.13)

Then the gradient of H with respect to the scalar product (
(cf. Definition 1.3.1) is

, JoonZxZ

L(A G(u, A
V(u,v)H(u7U7)‘) = ( )u +g(u’ )> caxs
—v
for (u,v,A) € X x X xR, and
(L3.14)  p, 3 = 070 ) Ve Hww.X) or F = IV E,

0-I L(xo) 0\ _
D(u,v)F(OaOaAO): (I O) (O T = J By,
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by gu(x,0,X) = 0; ¢f. (II1.3.7),. Now, L(\o) : Z — Z with domain of defini-
tion D(L(X\o)) = X, has the eigenvalues c(A\o) —n?,n € N, so that

AO = D(u,U)F(O, 0, )\0) = JB() has

(IT1.3.15) the eigenvalues i, = +1/c(Ag) — n2, n € N.

Therefore, Ao has infinitely many (discrete) eigenvalues on the imaginary
axis, and Ay does not generate a holomorphic semigroup. Apart from that ob-
struction, the infinitely many purely imaginary eigenvalues could be “almost
resonant,” a phenomenon that gives rise to “small-divisor problems”; cf. Re-
mark I11.3.2 below. Therefore, a Lypunov Center Theorem like Theorem 1.11./
cannot be proved for the nonlinear wave equation (I11.3.10) or (II1.3.11).
Nonetheless, some of the problems are overcome by methods of KAM Theory
in [23], for example, providing time-periodic solutions of (I11.3.10) of small
amplitude for a frozen parameter X, i.e., in the spirit of a Lyapunov Center
Theorem.

The appropriate function spaces for treating (I11.3.10) with the periodici-
ties (II1.3.5) or boundary conditions (II1.3.6) are the following:

X = {u(t, $) = ZZO:_OO Zzo:_oo Ckneikxei%nta C—k,—n = Ckn,
oo o0

||u||?X = Zk:—oo Zn:—oo |cl€n|2(k2 t 77,2) < OO}?

X ={ult,z) =332, 307 cinsinkzet P cp _p, = Ty,

(ITL.3.16) ;

llull5%  as above }, or

X ={u(t,z) =3 000> ome o Ckn COS kxetFnt, Chk—n = Ckn,
llull% as above }.

Using Fourier analysis, it is not difficult to prove the alternative definitions

X ={u e W?2((0,P) x (0,2))[u(0,2) = u(P, z),
ur(0,2) = ug(P,x), u(t,0) = u(t, 2m), uy (¢, 0) = uy (¢, 2m)}
with equivalent norms |ul|x, ||ul2,2,
X ={ueW?2((0,P) x (0,7))[u(0,z) = u(P,z),

(LBT) 7 (0,2) = w(P,), u(t,0) = u(t, m) = 0}, or
X = {u € W2,2((O’P) X (0,7T))|U(0,$) = U(P,:C),
u(0,2) = uy (P, x),u(t,0) = uy(t, ) = 0},
for all t € (0, P),z € (0,27), or x € (0, ), respectively.
All spaces X are Hilbert spaces with norm || || x or || [|2,2. (Since C?([0, P]x

[0,27]) and C?([0, P] x [0,7]) are dense in the spaces W22((0, P) x (0,2m))
and W22((0, P) x (0,)), respectively, the conditions on u on the boundary
of the respective rectangles are extended from C?-functions to W22-functions
by approximation. One could also say that the boundary condition on the
Lipschitz boundary holds in the sense of the “trace” of W?22-functions on the
boundary.)

The wave operator acts as follows:
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2 2
(TL3.08) AU S e~ thaa = 53 ckn (K — Frn®)p(a)e 7
for u € X with ¢y (z) = e** sinkz, or cos k.

We define

(IT1.3.19) A: X - X with D(A) ={ueX|Aue X} =Y

o and A acting as in (I11.3.18).

Since A : X — L?*(Q) is continuous and X C L?(Q) for Q = (0, P) x (0,27)
or @ = (0,P) x (0,7), it follows immediately that A as defined in (II1.3.19)
is a closed operator.

Endowing Y = D(A) with the graph norm (||u|% + ||Au[/%)/2, we obtain
a Hilbert space Y, and A : Y — X is obviously continuous.

Next, we show that the nonlinear mapping ¢ (see (II1.3.9)) can be de-
fined on X x R. Since the rectangle @ is in R?, the Sobolev space W%2(Q)
is a Banach algebra: Let u € W22(Q) € C(Q) and D = 2 or D = Z.
By u € C(Q), the element g(u,)) is in C(Q) C L*(Q) and Dg(u,\) =
Gt (uy \) + G (u, \)Du or DG(u, \) = G (u, ) + Gu(u, \)Du € L2(Q), too, since
Gt (u, A), 9o (u, N), 9u(u, A) € C(Q) and Du € L?(Q). For each second derivative
we obtain D?g(u, A\) = it (u, A) + 2040 (u, N) Du + G (u, \) D?u or the same ex-
pression with ¢ replaced by x. Since gy (u, A), Gru (U, A),y Guw (U, A)y Gau(u, ),
Gu(u,\) € C(Q) and Du, D*>u € L*(Q), we end up with D?g(u, \) € L%(Q).
This proves §(u,\) € W22(Q), provided that v € W22(Q). Furthermore,
(u, A) — g(u, \) is a continuous mapping from W22(Q) x R into W22(Q).

The space X is also defined via periodicities and boundary conditions; cf.
(IT1.3.17). By assumptions (II1.3.7)2 3, the periodicities of w in time and space
are preserved for g(u,A). By (II1.3.7)1, the homogeneous Dirichlet boundary
conditions of u imply the same boundary conditions for g(u, A). Finally, for
Dyg(u, A) = §u(u, A) 4 Gu(u, \) Dy, assumption (IT1.3.8) implies that g(u, A)
satisfies homogeneous Neumann boundary conditions, provided that u satisfies
them. This proves that (u, \) — §(u, \) is a continuous mapping from X x R
into X for all three cases (II1.3.17).

(Since spaces of C2-functions satisfying the Dirichlet or Neumann bound-
ary conditions in space are dense in X, all the above proofs can be carried
out for classical derivatives. The extension to weak derivatives follows then
by approximation.)

Finally, D,g(u, \)v = gu(u, A\)v for all u,o € X, and by assumption
(I11.3.7)4,

G: X xR— Xisin OY(X xR, X),
D,g(0,\) =0 for all A € R, if

g(u, A) is defined by (I11.3.9) and if
g, 9u € C*(RY,R).

The functional-analytic setting of problems (I111.3.5), (II1.3.6) is the follow-
ing: Solve

(I11.3.20)
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F(u,\) =0 for (u,\) € Y xR, where
F:Y xR — X is defined by
(II1.3.21) F(u,\) = (A—c(N)D)u— g(u, A),
FeCY xR, X),D,FeCY xR, L(Y, X)),
D,F(0,\) = A—c(\NI =A(\).

For all three realizations of X, the mapping F'(-, \) : Y — X defines a potential
operator with respect to the scalar product ( , )¢ of L?(Q); cf. Definition
[.3.1. We give the potential:

Flu ) = ;((A—C(A)) 0—/Gu>\dtdm

(II1.3.22) where G (t,z,u,\) = g(t, z,u, )\) and
G(u, \)(t,x) = G(t,z,u(t,z),\) for (t,z) € Q,
(u,\) €Y xR, @ =(0,P) x (0,27) or @ = (0, P) x (0,m).

The Fredholm property of D, F(0,\) = A—¢(A\)I is crucial. In contrast to
families of elliptic operators L(\) studied in Sections I11.1, I11.2, the hyperbolic
family A(A\) = A — ¢(A\)I has the Fredholm property only for specific values
of ¢(A). For ¢()\) in a complementary set the properties of A — ¢(\)I might
change dramatically, cf. Remark I11.3.2 below.

In view of (I11.3.18), we define for fixed Ay € R,

(I11.3.23) P2

CZxZ, NxZ, or (NU{0}) x Z;

S = {(k;,n)|k2 - £n? — () = o}

cf. (I11.3.16). Then

N(DyF(0, X)) = {u(t,x) . cmpk(x)ei%nt}
(k,n)eS
and 0 < dim N (D, F(0,\g)) < 0o &

S # () is a finite set.

(I11.3.24)

First of all,

47?
S+0 e ki — Eng —¢(Xo) = 0 for some (ko, ng)
(I11.3.25) ok
& P=——+— = Py is a linear period.
kg — c(Xo)

Here we exclude the case ng = 0 or k3 — ¢(\g) = 0. If g does not depend on
t, then a special class of solutions of (IIL.3.5), (I11.3.6) is given by stationary
solutions of

uxw( C(é\)l; = g((x,)u, /\)a

w(xr +2m7) = ulx or

(I11.3.26) w(0) = u(r) =0 or
uz(0) = uy(m) =0,
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which are one-dimensional elliptic problems and are treated with methods
described in Section III.2. Parameters Ag where bifurcation for (II1.3.26) is
possible are characterized by k% — c¢(\g) = 0 for some ko € N U {0}. Here we
assume that the linear period Py in (II1.3.25) is well defined by a nonstationary
element ug € N(D,F(0,\o)); i.e., ng # 0 and k3 — c¢()\g) > 0.

Fixing the period P = P, we see that the so-called characteristic equation
defining the set S is

(I11.3.27) nak? — (k3 — c¢(\o))n? —ndc(Ao) = 0.

The (nonempty) solution set S of (II1.3.27) depends on ¢(Ag) in a sensitive
way: If ¢(Xg) is irrational, then S = {(£ko,£no)} or S = {(ko,£no)}. In
this case, the kernel N(D,F(0,)\y)) is 4- or 2-dimensional, respectively, but
the behavior of D, F(0, Ag) on its complement is hard to control; cf. Remark
II1.3.2. In particular, we cannot prove the Fredholm property of D, F (0, Ag)
if ¢(Ao) is irrational.

Therefore, we assume that c(Ao) = £ € Q, ¢ €N, p € Z\{0}.

In this case, the characteristic equation becomes a Diophantine equation

(IT1.3.28) noq*k* — (¢°k — pg)n® = nipg # 0
whose solution set S is characterized as follows:

S # () is a finite set <

(I11.3.29) ¢*k% — pq = r? for some r € N.

For a proof we refer to most books on elementary number theory, where one
can find (II1.3.29) in sections about Pell’s equation.
It is of interest that the set

_JPy 22 o
(I11.3.30) A= {qq kg — pg = r* for some (ko,7) € Ny X N}
is dense in R (Ng = NU {0} or N),

which means that the set of rational values of ¢()\g) such that the kernel
N(D,F(0,X)) = N(A — ¢(Xo)I) is finite-dimensional for some linear period
Py is dense in R.

We call a rational number in A admissible. The linear periods for which a
rational number is admissible are rational multiples of 27r. In this sense they
are locked to the period in space, (II1.3.5)3, or to the boundary conditions
(I11.3.6).

Let ¢(Ag) # 0 be admissible for a period Py and let (k,n) ¢ S. Then

472
‘]ﬂQ — Fﬂ? — C(A0)|
0
1
(I11.3.31) = 2 mea’k* = (*Ks — pa)n® — nipy]
()
1 2. 2712 2,2 2 1
= 2%k — 22 — p—
n%qz\noq rn” —ngpq| > n2q®’
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and for .
flta)= 3 dinpr(z)e’ ™™ € X,
(k,n)¢S .2
ult,z) = S crmpr(z)e' ™ with
(I11.3.32) (s

= dpn/(k* — Arin2 — ¢(Ag)) is in X,
0

it solves Au — ¢(Xg)u = f, and by

Au = c(Mo)u+ f € X we obtain u € Y = D(A).
This proves that the closed orthogonal complement of N(D,F(0,)\q)) with
respect to the scalar product ( , )g of L?(Q) is the range of D, F(0, o),
ie.,
(I11.3.33) X = N(DyF(0,A)) ® R(D,F(0, Xo)).

In order to complete the list of all hypotheses of our various bifurcation

theorems we prove that

0 is an isolated eigenvalue of D, F(0, Ao)
with algebraic multiplicity n = dimN (D, F(0, A)).

By (I11.3.31) we obtain for all (k,n) € Z x Z (or Nx Z or (NU{0}) x Z) and
for p € C,

(I11.3.34)

472
2 _
(IIL.3.35) =g o) o

. 1 1
me{lul Iul} for 0 < |pu| < ——,
q noq

so that the argument of (I11.3.32) proves that

1
noq

(I11.3.36) 2
resolvent set of A — ¢(Ag)I = D, F(0, o).

Corresponding to the isolated eigenvalue 0 of D, F(0,\g) = Ay there exists a
generalized closed eigenspace Ey C X such that Ay € L(FEy, Ep) with spec-
trum o(Ap|g,) = {0}. Since the operator Ag = A — ¢(\g)[ is symmetric with
respect to the scalar product (, )x defining the norm || ||x in (I11.3.16),
the spectral radius of the bounded operator, Ag|g, is given by its norm. This
implies Ag|g, = 0 and Ey C N(Ag) C Ey, which proves (II1.3.34) (see also
(I11.3.33)).
We assume that the function

(IT1.3.37) ¢(A) s strictly monotonic near A = A.

Then the eigenvalue 0 of Ag = D,F(0,\) = A — ¢(X\g)I perturbs to the
eigenvalue p(A\) = ¢(Ao) — ¢(A) # 0 of D, F(0, ) = A — ¢(M)I for A # Ny, so
that according to Definition I1.7.1, zero is a locally hyperbolic equilibrium of
D, F(0, o) for all A € (Mg — 9, Ag) U (Ao, Ag + 0), and the crossing number of
the family D, F(0, \g) at A = Ag through 0 is £ dim N (D, F(0, o)), which is
nonzero. Note, however, that the crossing number is always even.
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Remark II1.3.2 By (II1.3.20) the operator F' defined in (II1.3.21) also sat-
isfies

. _ 72
(I11.3.38) FrXxR—2=17(Q),

FeC(X xR,Z), D,F € C(X xR, L(X, Z)).

One might ask why we lift it to F :' Y x R — X. The reason is that
D,F(0,)\) € L(X, Z) is not a Fredholm operator even if ¢(X\o) is admissible
for some Py. We show that

Z = N(D,F(0,\)) ® R(D,F(0, \g)),

(II1.3.39) but R(DyF(0, o)) is not closed.

Define f € N(D,F(0,X))* C Z as in (II1.3.32),. If the Fourier series of f is
finite, then the function u defined in (II1.3.32)y is in X, and D, F (0, \o)u =
f € R(D,F(0,)\)). The set S = {(k,n)|n3¢*k*> — r>n® = 0} is infinite,
and SN S = 0. Define f € N(D,F(0,\0))* C Z by a Fourier series with
infinitely many modes (k,n) € S. The function u defined in (111.5.32)5 is
then u = —c(\o) "L f, u & X if f € X, and in this case f ¢ R(D,F(0,)o)).
If ¢(Xo) is not admissible but rational, we have an infinite-dimensional
kernel N(D,F(0,)\)). None of our abstract bifurcation theorems allows an
infinite-dimensional kernel, so that we cannot treat that case. If ¢(Xg) is ir-
rational, we have a 4- or 2-dimensional kernel, and the analysis of (111.3.32)
yields formal solutions of Dy, F (0, \o)u = f for all f € N(D,F(0,)))*. Al-
though the denominators in (II1.3.32)s do not vanish, they cannot be controlled
asin (I11.3.31). As a matter of fact, depending on a “degree of irrationality” of
c(No), the absolute values of the divisors (II1.3.32)3 become arbitrarily small,
and Au—c(Nu = f is a typical “small-divisor problem.” In the KAM Theory
specific values for c¢(X\g) are distinguished for which the divisor can become
arbitrarily small but in a controlled way. A “rapidly convergent” Fourier se-
ries can then overcome the deficiency caused by the divisors. The set A of
(II1.3.30) can be considered as a subset of admissible sets in KAM Theory.

In order to solve F'(u, \) = 0 defined in (II1.3.21), we apply various of our
abstract bifurcation theorems. Before doing this, we mention that another
“lift” of F' provides classical solutions of (II1.3.5), (II1.3.6): Define for X as in
(II1.3.17),

9 o7
= W2 o _ -
(III340) X4 - X N {’LL € (Q)| 8tj ’LL(O, (E) 6tj ’LL(P, x)vj 27 3}
endowed with the Sobolev norm || ||4,2.

Then the wave operator A of (II1.3.18) defines a closed operator A : X4 — X4
with D(A) = {u € X4lAu € Xy} = Yy, and g of (IIL.3.20) satisfies § :
X4 x R — X, with all properties listed in (III.3.20), where X is replaced by
X4, provided that g, g, € C*(R* R). Consequently, F(u,\) = (A — c(A\))u —
§(u, A) defines a mapping F : Yy x R — X, that has the same properties as
F:Y xR — X. By embedding X, C C?(Q), all solutions (u,\) € Y3 x R of
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F(u, ) = 0 are classical solutions of (II1.3.5), (II1.3.6). For simplicity, we stay
with the setting F': Y x R — X. (Note that this “lifting” to gain regularity
differs from a “bootstrapping” to prove regularity for elliptic problems.)

II1.3.1 Variational Methods

Our most general results are given by the application of Theorem I1.7.3. Note
that all its hypotheses are verified for F : Y x R — X.

Theorem II1.3.3 If ¢(\o) # 0 is admissible for a linear period Py, and if
(I1I1.3.37) holds, then (0,Xg) € Y X R is a cluster point of nontrivial solutions
(u,A) of (II1.8.5), (II1.3.6).

Together with the observation (I11.3.30), we obtain the following result:

If ¢: R — R is globally strictly monotonic,

then the cluster points {(0,A0)} C Y xR
(I11.3.41) of nontrivial solutions (u, A) of (I111.3.5), (II1.3.6)

for some period P = P, depending on )\

form a dense set in {0} x R.

We mention that we cannot apply Theorem I1.4.4 in order to provide con-
nected sets of solutions: Since the cardinality of the solution set S of (II1.3.28)
is 0 (mod 4) or 0 (mod 2), the dimension of N(D,F(0, X)) always yields
even crossing numbers by (II1.3.37). (Note, however, the results (II1.3.46),
(IT1.3.47), below.)

For ¢(A\) = X and for nonlinearities g that do not depend on A, Theorem
1.21.2 and Corollary 1.21.3 are applicable: If Ay # 0 is admissible for a linear
period Py, then there exist at least two solutions (u(g),A(¢)) € Y x R with
lu(e)llo =€ and A(ge) — Ag as e \, 0. (Here || ||o is the norm in L?(Q).)

If g(t,x,—u) = —g(t, z,u), Corollary 1.21.3 gives at least n pairs
(£u(e),A(g)) € Y x R of solutions with ||u(e)]jo = € and A(e) — A as & \, 0,
where n = dim N (D, F(0, Ag)).

If (II1.3.5) is autonomous, i.e., if g does not depend on ¢, then with each
solution u(t,x), all phase-shifted functions Spu(t,z) = u(t 4+ 0, z) are again
solutions. Let g(x, —u) = —g(z, u). Then speaking of n pairs of solutions does
not make much sense, since a phase shift creates a continuum of infinitely
many solutions. Let us consider the “orbit of u” {£Spul@ € R} to be one
element. How many solutions has (II1.3.5), (II1.3.6) with an odd nonlinearity
9= g(z,u)?

The critical points of the potential f (cf. (II1.3.22) for A = \y) on the
manifold M. (cf. (I.21.22) in the proof of Theorem 1.21.2) are obtained via a
“minimax method” using families of subsets of M. whose “genus” is bounded
from below. (We cannot go into the details here, but we refer to [109], [134],
[103].) The minimax method gives critical values, and different critical values
yield clearly different critical points. If r+1, say, critical values are equal, then
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a theorem about multiplicities tells that the genus of the set of critical points
at that level is at least r + 1. The genus of an orbit is 1 or 2, depending on
whether it has two or one component. Using the subadditivity of the genus,
we obtain the following result: Let A\g # 0 be admissible for the period Fy.
Then

Upp — Uy — AU = g(x,u),
u(t + PO) ‘T) - U(t, I’),
with boundary conditions (II1.3.5)3 or (II1.3.6)
and g(z, —u) = —g(z, u),
has at least m different solution orbits ({£Spu(e)}, A(¢))
with ||u(e)|lo = € and A(g) — Ao as € \, 0,
where 2m = dim N (D, F(0, \g)) = dim N (A — \oI);
of. (IIL3.18).

(IT1.3.42)

I1I1.3.2 Bifurcation with a One-Dimensional Kernel

The high-dimensionality of the kernels N(D,F(0, \p)) can be reduced to di-
mension one as follows: Let c(Ao) = & # k? for all k € NU {0} be admissible
in the sense of (II1.3.30); i.e., ¢(A\g) € A. Then it is admissible for all periods
2mnoq/r = Py such that pqg = ¢*k3 — r? for (ko,r) € Ng x N. Obviously, there
are only finitely many such pairs (ko,r) € Ng x N. Choose 71 maximal among
all solutions of pg = ¢*k3 — r?. Then P; = 2mq/ry is the minimal period for
which ¢(Ao) = £ is admissible and

4 2
S = {(k,n)|k2 - %aﬂ — (M) =0

(I11.3.43) :
= {(&ko, £1)} or {(ko, £1)}.

By definition of Py, the characteristic equation in (I11.3.43) is ¢?k?—r3n? = pq.
By assumption on ¢(Ag) = % # k%, a solution (k,0) is excluded. If there was

a solution (k,n) with n > 1, then » = nr; > r; and pg = ¢*k* — r? would

contradict the maximal choice of r;. This means, in view of (IT1.3.24), that
if Py is the minimal period

(IT1.3.44) for which ¢(Xo) = g +# k? is admissible, then
dim N(D, F(0,\)) = 4 or 2.

The kernel is 4-dimensional if ky # 0 and if we impose periodic boundary
conditions (IT1.3.5)3. In the cases of the homogeneous Dirichlet or Neumann
boundary conditions (II1.3.6), the kernel is 2-dimensional.

The reduction to one-dimensional kernels is possible if

g(—t,z,u, \) = g(t,x,u, \),

and in case of periodic boundary conditions, additionally
g(ta —T,u, )‘) = g(t’ T, u, )‘)

for all (t,z,u,\) € R%.

(I11.3.45)
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When the wave equation (II1.3.5); with the boundary conditions (IIL.3.6)
is restricted to the function space {u € Y|u(—t,x) = u(¢,z)}, then

(I11.3.46) N(D,F(0,\)) = span[sin kox cos %—;t] or

N(DyF(0,Ag)) = span[cos kox cos 5 t].
In case of the boundary condition (II1.3.5)s, i.e., in case of periodicity in
space, we restrict problem (II1.3.5) to the subspace {u € Yl|u(—t,z) =
u(t,x),u(t,—x) = u(t,z)}, and then

(IIL.3.47) N(DyF(0,X)) = span[cos kox cos Fxt].

By (I11.3.33), the number 0 is an algebraically simple eigenvalue of the
operator D, F(0, o) = A — ¢(X\g)I, and the nondegeneracy (I1.5.3) of The-
orem L.5.1 is satisfied if ¢/(Ag) # 0. We obtain a nontrivial solution curve
{(u(s), A(s))|s € (—0,0)} through (u(0), A(0)) = (0, o) and

u(s)(t,x) = spg, () cos ?,—Tt + o(s),

(TI1.3.48) where @, (x) = cos ko or sin koz.

The Bifurcation Formulas of Section 1.6 are applicable with projection Qu =
(u, g, )oDo, where 9g(t, ) = apy, (x) cos %t’ so that ||0g|lo = 1. Here ( , )o
and || |0 denote the scalar product and the norm in L?(Q) with Q = (0, P;) x
(0,27) or Q = (0, Py) x (0, 7), respectively.

We give an example: Consider

Ut — Upy — M = u’ with £ = 2 or 3,

(I1.3.49) periodicity (II1.3.5)3, or boundary conditions (II1.3.6).

Then the value A\g = 24 is admissible for the linear periods Py = 27 and Py =
27 /5. Since a function with period 27 /5 also has period 2, the solutions of the
characteristic equation for Py = 27/5 also yield solutions of the characteristic
equation for Py = 2m, that is, (+5,+1), (+7,+5) or (5,+1),(7,+5). These
solutions give 8- or 4-dimensional kernels, respectively, and for ¢ = 2, Theorem
1.21.2 provides at least 2 different 27-periodic orbits ({Spu}, A) near (0,24).
For ¢ = 3, Corollary 1.21.3 guarantees at least four different 27-periodic orbits
({£Spu}, A) near (0,24) in case of periodic boundary conditions in space.

When we restrict the period to the minimal period 27 /5, then the char-
acteristic equation has only the solutions (+7,+1) or (7,41). In the spaces
of even functions in time, and also in space in case of periodic boundary
conditions, Theorem I1.5.1 provides a curve of solutions {(u(s),A(s))|s €
(—0,9)} of (II1.3.49), where u(s)(t,z) = scos Tz cosbt + o(s) or u(s)(t,x) =
ssin 7x cos 5t 4 o(s). Note that in view of the autonomy of equation (I11.3.49),
all phase-shifted functions u(s)(t+ 0, z) are solutions, too, and in case of peri-
odic boundary conditions, we can also allow any phase shift in space, namely,
u(s)(t,x 4+ £). Note that for £ = 3, Corollary, 1.21.3 does not give more than
2 different 27 /5-periodic orbits.
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Finally, the Bifurcation Formulas of Section 1.6 determine the local shape
of the bifurcating curve {(u(s), \(s))|s € (—9,0)} of (II1.3.49). By

27 /5
cos®5tdt =0, we obtain for £ = 2,
0 .
(Dqu(O, )\0)[’{)0, ’00]7 13.0)0 = O7 whence )\(0) =0.
For ¢ = 3, we obtain A(0) = 0 by D2,F(0, ) = 0.

(I11.3.50)

Note that (II1.3.50) holds in the cases of periodic, Dirichlet, or Neumann
boundary conditions. Evaluation of formula (I.6.11) for A(0) is more involved.
We give only the results:

For ¢ = 2, we obtain A(0) > 0;
(II1.3.51) for £ = 3, we have A(0) < 0,

so that in all cases, (I11.3.49) gives rise to pitchfork bifurcations at A\g = 24
that are supercritical for ¢ = 2 and subcritical for ¢ = 3; cf. Figure 1.6.1.
Whereas by oddness, the pitchfork is obvious for ¢ = 3, it is surprising for
¢ =2, since one would expect a transcritical bifurcation. (In case of Dirichlet
boundary conditions, the computation of A(0) for £ = 2 is not easy.)

By (II1.3.34), the algebraic multiplicity of the eigenvalue 0 of D, F'(0, \g) is
not larger than its geometric multiplicity, which means that 0 is semisimple.
In case (I11.3.44), when the assumptions (II1.3.45) allow us to reduce the
bifurcation of P;-periodic solutions of (II1.3.5), (II1.3.6) to a one-dimensional
kernel, the eigenvalue 0 of D, F(0, \g) is algebraically simple. Therefore, the
analysis of Section 1.16 about Degenerate Bifurcation is applicable. We give
an example:

Ugp — Uz — Aot + (N2 — &)u = u?
(IT1.3.52) with periodicity (I11.3.5)s,
or boundary conditions (II1.3.6).

Let Ao # k? be admissible, i.e., A\g € A (cf. (I11.3.30)), and let P; be the
minimal period for which )¢ is admissible. Then the analysis of P;-periodic
solutions for (II1.3.52) is precisely the same as for (II1.2.19): The solutions
{(u, \)} of (II1.3.52) near (u, A) = (0,0) are sketched in Figure II1.2.1 for dif-
ferent values of ¢ near 0. (By the Lyapunov—Schmidt reduction, every solution
(u, \) near (0,0) is of the form (II1.3.48), and there is a one-to-one correspon-
dence between solutions (u, A) of (II1.3.52) near (0,0) and solutions (s, A) of
(s, A) near (0,0), and Figure II1.2.1 shows the solution sets {(s, A)}.)

If 0 is an algebraically simple eigenvalue of D, F'(0, Ag), then it perturbs to
an eigenvalue p(s) of D, F(u(s), A(s)) according to the Principle of Exchange
of Stability stated in Theorem 1.7.4. However, the sign of y(s) has nothing to do
with the stability of u(s) considered as a time-periodic solution of an evolution
equation, namely, the nonlinear wave equation (I11.3.5);. The “energy” of
(II1.3.5); with boundary conditions (II1.3.6), e.g.,
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(I11.3.53) % / u? +u — c(Nulde — / G(u, N)dz,
0 0

for autonomous G(u,A)(z) = G(z,u(z),\) with G, (z,u,\) = g(x,u,N), is
constant along any solution of (III.3.5);, (IIL.3.6). This provides nonlinear
stability for stationary solutions wug if ug is a strict local minimizer of the
functional | g .
(I11.3.54) 5/ ui—c(A)uZdz—/ G(u, \)dz,

0 0
i.e., if its second derivative (its “Hessian”) is positive definite (cf. the remarks
in Section 1.7 after (1.7.3)). If ug is a nonstationary periodic solution, however,
this stability analysis fails.

Remark I11.3.4 [t is interesting and instructive to extend the analysis of this
section to the two-dimensional analogue of the one-dimensional wave equation,
namely,

(I11.3.55) uy — Au — c(N)u = g(t, z,u, \),

where u(t, x) is defined on R x £2, 2 C R2. The Fourier analysis is completely

analogous if 2 = (0,7) x (0,7), and we end up with a characteristic equation
of the form

(I11.3.56) A2(k? + 0?) — Byn® = Cy,

where Ay, By, and Cy are integers with Ag # 0, By > 0. Classical results from
number theory show that an indefinite quadratic ternary form like (I11.3.56)
has either no solution or infinitely many solutions [12]. This means that there
is no admissible set (II1.3.30) with the property (II1.3.29) in this case. (For
c(No) & Q, the same obstructions arise as for the one-dimensional wave
equation.) Consequently, we are not able to treat (II1.3.55) over the square
2=(0,m) x (0,7).

However, if we replace the square by the unit sphere S* C R3 and “A” by
the Laplace—Beltrami operator, the analysis of this section is applicable: Here
the characteristic equation is again a binary form

(I11.3.57) A2k(k 4+ 1) — Bon® = Cy,

for which an admissible set A with the property (II1.3.29) can be defined.
Moreover, for the nonlinear wave equation (II1.3.55) on the sphere, and when
c¢(No) is an integer, not only do we find small-amplitude solutions, but we
obtain global and unbounded branches of free vibrations (in the sense
of Theorem I1.5.8).

There is another new feature of the wave equation on the sphere: By the rich
symmetry of S?, we can distinguish solutions by their precise spatiotemporal
patterns. In order to discover these patterns systematically, they are classified
via subgroups of 0(2) x 0(3), which leaves [0, Py] x S? invariant (by periodicity,
[0, Py is identified with S'). In this way we discover local and global branches
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of so-called standing waves, which are characterized by a fized spatial sym-
metry while oscillating periodically in time. We find rotating waves, which
correspond to rigidly rotating patterns. Finally, we get discrete rotating
waves: Unlike rotating waves, these patterns do not rotate rigidly but rather
reappear in rotated form at reqular fractions of the period. All these results
are found in [57], where all types of waves are also illustrated by their nodal

lines. For convenience, we give some examples here in Figure II11.53.1-Figure
111.5.5.

Figure I11.3.1 Standing Waves

(These methods apply also to nonlinear wave equations on the spheres S™
for n > 3. The eigenvalues of the Laplace—Beltrami operator are given by
k(k +mn —1), so that the characteristic equation is always a binary quadratic
form. An exploitation of symmetry, however, for 0(2) x 0(n) is much more
involved.)

However, for 2 C R? a square and an equilateral triangle, the nonlinear
plate equation

(IT1.3.58) uge + A% — c(N)u = g(t, z,u, \)
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on R x 2 is amenable to our method; see [67], [68]. Here the characteristic
equations are of the form

A3(k? 4 %)% — Byn? = Cy for the square,

(TT1.3.59) A3(k? 4 %2 — kl)? — Bon? = Cy for the triangle,

allowing us to define admissible sets A having the property (II1.3.29). Accord-
ingly, we find free vibrations bifurcating from (0, \g) whenever ¢(N\g) € A. Due
to the symmetries of {2, we distinguish solutions by their spatiotemporal sym-
metry of any subgroup of 0(2) X Dy and 0(2) x Ds. We find standing waves
and discrete rotating waves having the properties described previously for
waves on the sphere. On the triangle we discover a new family of solutions
that we call spatiotemporal reflection waves: A rigid pattern reappears in
reflected form after half the period. In [67], [68] all types of waves are sketched
by their nodal lines.

The analysis for the plate equation on the square as well as on the equila-
teral triangle depends on the fact that the eigenvalues and the eigenfunctions of
the Laplacian with homogeneous Dirichlet boundary conditions are well known.
It is worth mentioning that the embedding of the square into the square lattice
and the embedding of the triangle into the hexagonal lattice as expounded in
Section I11.1 is crucial for that analysis.

Finally, rotating waves having spatial symmetries of the sphere, and dis-
crete rotating waves having spatial symmetries of the square and equilateral
triangle, cannot be solutions of an evolution equation that is of first order in
t. If a periodic solution has some spatial symmetry for some fixed time, then

Figure I11.3.2  Rotating Wave
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Figure I11.3.3  Discrete Rotating Wave

the fized-point space of its isotropy subgroup (of the entire isotropy group of
the domain) is invariant for all times t. Therefore, the spatial pattern cannot
rotate.
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111.4 Hopf Bifurcation for Parabolic Problems

A fully nonlinear parabolic problem with homogeneous Dirichlet boundary
conditions is of the form

u = G(V2?u, Vu,u,x,\) inRx 2, \€R,

(ITL.4.1) uw =0 onR xR,

where u = u(t, z) is a scalar function of time ¢ € R and of space x € 2 C R™.
Problem (II1.4.1) is well posed only if initial values u(0,z) are prescribed,
i.e., if it is an initial-boundary value problem. For mathematical and physical
reasons, solutions of (IT1.4.1) exist only for positive time, in general, but special
classes, such as periodic solutions, are defined for all times t € R.

If G(0,0,0,2,\) = 0 for all (x,\) € 2 x R, we have the trivial solution
u = 0 for all A € R, and we provide nontrivial periodic solutions via Hopf
Bifurcation.

If G e CFFHRIXM X R X R x 2 x R,R) for k > 1, then for

(I1.4.2) F(u,\)(z) = G(Vu(x), Vu(z), u(z), z, \),
cf. (I11.2.3), the Fréchet derivative at (0, \) is given by

D F(0, \)h =
(L43) S0y aij (@ Nha,a, + S0 bij(2, Nha, + c(z, A)h
=L(\h;  of (IT1.2.7).

Assume that for some A\ = \g the operator L()\g) is elliptic in the sense
of (IIL.1.1). When considered as an operator L()\g) : L*(£2) — L?(£2) with
domain of definition D(L(\o)) = H?(£2) N HE(£2), it is a Fredholm operator
of index zero having a discrete spectrum of eigenvalues of finite (algebraic)
multiplicity; cf. (IT1.1.12), (II1.1.38). (We assume that {2 C R™ is bounded and
that 042 has the properties such that the results of Section I11.1 are applicable.
Furthermore, for a reasonable spectral analysis the spaces of this section are
complexified, though all operators are real.)

The bilinear pairing of Z = L?(§2) = Z' is explicitly given by

(I11.4.4) (um}z/ﬁuvda@7

and the conditions (I1.8.5)—(1.8.7) for Hopf Bifurcation are satisfied if

iko(# 0) is a simple eigenvalue of L(\g)
and of its adjoint L(Ag)* according to (I11.1.2),
with eigenfunctions ¢, ¢ € D(L(Xg)), respectively,

/(pogo(’; dr =1, and
Q

Re/ (La(Xo)po)ps dx # 0; cf. (1.8.44),
Q

(IT1.4.5)
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where Ly (Ao) is defined in (II1.2.8)5.
By the results of Section III.1, in particular (I11.1.40), these spectral con-
ditions are the same for the operators

L(Xo) : LP(£2) 7 LP(£2),

D(L(X)) = W2P(2) N WP (£2), 2 < p < o0,
MLAG) ) 0o(@) — (@), ’

D(L(\o)) = C%%(2) N {u|u = 0 on 9§2}.

In other words, it is sufficient to check the spectral properties (I11.4.5) for L(\)
in its Hilbert space representation in order to know them for all representations

(II1.4.6).
Setting Lo = L(Ag) = D, F(0,\o), we see that the crucial property for
proving Hopf Bifurcation is that

d
JO_K/OE_LQ YNE—-W

is a continuous Fredholm operator of index zero,

(I11.4.7)

provided that the nonresonance condition (1.8.14) holds. The spaces Y, E, and
W are defined in (1.8.11) for Z = LP({2) or Z = CY(2) and X = D(Lg) =
W2P(02) N WyP(2) or X = C%(2) N {uju = 0 on AN}, respectively.

The Fredholm property (I11.4.7) is proved in Proposition 1.8.1 under the
assumption that L generates a compact holomorphic semigroup. We give now
some details about the generation of semigroups of the operators (I111.4.6).

For some ¢ > 0, the operator Lo—cl : H*(2)NH(£2) — L?(£2) is bijective,
cf. (II.1.8). This means that ¢ € R is in the resolvent set of Ly : L?(2) —
L?(£2), and by (I11.1.40), it is also in the resolvent set of Lq : LP(£2) — LP(§2)
and of Ly : C%(£2) — C*(2). This observation implies the a priori estimates

lell2.p < ep (| Lotllo.p + lluflop)

for all u € W2P(2) N WyP(2),¢, >0, 2 < p < o0,
[ull2,0 < call|Loullo,a + [[uflo.a)

for all u € C2(2) N {u|u =0 on N}, ¢y > 0.

(I11.4.8)

By the famous trick of Agmon [2], the elliptic a priori estimates in L?({2)
imply the following estimates of the resolvent of Ly:

For z € ¥ = {z € Cllargz| < § +0,|2| > R}
with some suitable § > 0, R > 0,

|2llullo.p < Cpll(Lo — zD)ullo,p

for all u € W2P(2) N Wol’p(Q).

(I11.4.9)

When the same trick is applied in C*(f2), one obtains (see [148], [82], [84])
that

2«
(m410)  1or 2 €% and u € C*(2) N {ulu =0 on 023,

[lllulloo + 2"~/ [lullo,o < Call(Lo — 2D)ulloa,



270 CHAPTER III. APPLICATIONS

where || [lo,0 denotes the maximum norm in C(§2). Counterexamples show
that (II1.4.10) cannot be improved; cf. [148]. In any case, the sector X' is in the
resolvent set of Ly, and the estimates (I11.4.9), (IT1.4.10) imply the existence
of the family of operators

1
Lot — —_ 2] — Lo) tdz fort >0
(II1.4.11) €= o ), ¢ B~ Lo)Tdz fort >0,

in L(Z,Z) for Z = LP(2) and Z = C*(12).

Whereas el0? is a holomorphic semigroup in LP({2) generated by Lo (see
[80], [126], [152], for example), it is not a holomorphic semigroup in C%(£2) in
its usual sense. Note that D(Lg) = C%*(2)N{uu = 0 on 92} is not dense in
C“(£2). Nonetheless, the family eZo! € L(C®(£2), C*(§2)) defined by (I11.4.11)
has similar properties to those of a holomorphic semigroup for ¢ > 0, but it
has a singularity at t = 0:

leFotullo.o < Mae®t=/2||ul|g.q for t > 0,
(111.4.12) leFotullo.0 < Mae®|ullo.a,
with some M, > 0,d € R, and for all u € C*({2),

cf. [148], [82], [84]. In both cases, definition (II1.4.11) implies that elotu €
D(Ly) for t > 0 and u € Z. Since D(Lg) is compactly embedded into Z, the
semigroup elo! is compact for t > 0.

Therefore, Proposition 1.8.1 is applicable to Lo : Z — Z with Z = LP({2)
and D(Lg) = W2P(2) N W1P(£2), which means that under the assumptions
(IT1.4.5) and (1.8.14), the Fredholm property (I11.4.7) holds.

For Z = C%(2) and D(Lg) = C*%(2) N {ulu = 0 on 92}, however,
the proof of Proposition 1.8.1 fails for the following reason: If f € C’gw (R, 2)
for some [ > «/2, then the solution of Jou = f given by (1.8.23) is only
in CA~(@/2(R, X) N C'A~(@/2(R Z), in general (the Holder exponents (3
in time and « in space are not necessarily identical). Nonetheless, we make
use of semigroups in C®(£2) in proving the regularity of bifurcating periodic
solutions, cf. (I11.4.20)—(II1.4.22) below. See also Remark II1.4.2 for a different
treatment of a fully nonlinear parabolic problem.

For an LP-theory we have to confine ourselves to quasi-linear parabolic
problems; i.e., the right-hand side of (I11.4.1) is of the form (I11.2.6). Since
W2P(§2) C CH(R2) for p > n, the quasi-linear differential operator

G(V?u,Vu,u,z,)\) =

szzl aij(Vu, u, 2, \Ug,o; + 9(Vu,u, z, \)

defines via (I11.4.2), and by our assumptions on GG, an operator
F e CHL(W2P(02) N WyP(2)) x R, LP(2)).

(I11.4.13)

(For the local analysis of this section we need smoothness of F' only in a neigh-
borhood of the bifurcation point (0, Ag). Accordingly, the global smoothness
of G can be reduced to a;j,g € C*TH(V x U x 2 x (Ag — 8, Ao + 6), R), where
V x U is an open neighborhood of (0,0) € R™ x R.)
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Thus, for & > 2, assumption (III.4.5) and the nonresonance condition
(I.8.14) imply the applicability of the Hopf Bifurcation Theorem (Theorem
1.8.2) to the evolution equation

(I11.4.14) 2_1: = F(u,\) in LP(02) for p > n.

Solutions of (I11.4.14), periodic or not periodic, are, by definition, not
classical solutions of the parabolic problem (III.4.1). Note that d/d¢ means
the derivative of the trajectory u(t)(x) = wu(t,x) with respect to the norm
in LP(£2). We show now that bifurcating 27 /k-periodic solutions of (II1.4.14)
are indeed classical solutions of the parabolic partial differential equation with
homogeneous Dirichlet boundary conditions.

In the sequel we fix A\ near \g and consider a small-amplitude solution
u € Cytf (R, LP(2)) N Y, (R, W2P(2) N WyP(82)) of (ITL.4.14) for some
8 € (0,1] and p > n.

By a continuous embedding W22(£2) N W, ?(£2) ¢ (C*(2) N {uju = 0
on 912}) for 0 < a < 1— 2, the solution u is in Cgﬂ/n(]R, C12(£2)). We insert
u = u(t,z) into the quasi-linear operator G of (II1.4.13), and we define

E(t)h = ZZj:l Qi (VU, U, T, A)hrirjw

(I11.4.15) f@) =g(Vu,u,z,\), t € R,

where we suppress the dependence on A. By the continuous differentiability

of a;; and g, the property u € C’gﬂ/ﬁ(R, C12(02)) implies

(I11.4.16) aij, f € C’fw/ﬁ(R,C“(ﬁ)), ij=1,...,n.

The assumed ellipticity of Lo = L(t) for (u,\) = (0, ) entails the uniform
ellipticity of L(¢) (uniform with respect to t) for small amplitudes of u in
C12 () and for X near \g. Therefore, (I11.4.10) holds for each L(t) and

L(t) : C**(2) N {ulu =0 on N} — C*(12)

(I11.4.17) is bijective for all t € R.

In view of (I11.4.11), the properties (I11.4.16), (II1.4.17) imply that

for each 7 € R there exists a semigroup

et on C(2) with estimates (IT1.4.12), and

I(L(t) = L(r) L7 (s)ullo,a < Clt = 717||ullo,a

for all s,t,7 € R,u € C%({2), with a uniform constant C' > 0.

(I11.4.18)

With the aid of (IT1.4.18), the construction of a so-called fundamental solution
is accomplished in [145], [48], provided that the semigroups e“(")* are holo-

morphic without singularity at ¢ = 0. In the singular case (I11.4.12), however,
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this construction still provides a fundamental solution, but having weaker
properties. We summarize the results of [84]:

Let Z = C*(2) and X = D(L(t)) = C>*(2) N {ulu = 0 on 92} and
0 < a< B <1with a gap 8 — « that is sufficiently large (conditions on § — «
are found in [84]). Then for T' > 0,

there is a fundamental solution U(t,7) € L(Z, Z),
which is continuous for 0 < 7 <t < T, such that

Q(t,r)ﬁ(r,s) =U(t,s)for0<s<t<t<T,
Ugt,T)UEX for 0<7<t<Tanduc/Z,
(ILA19) T (¢, Tyullo,a < Ci(t —7) =" ullo,a,

IL(s)U (8, T)ullo,o < Ca(t — )7~ /D|u
for0<7T<t<T,se€[0,T],and u € Z,

%U(t,r) = L(OU(t,7)in L(Z,Z) for 0 <7 <t <T.

|O,a7

For our purposes, the following Variation of Constants Formula is useful:

For f € CA([0,T], Z) and u(0) € Z

the function obtained by integration in Z,
t

(111420) u(t) = U(t, O)U(O) -+ /O U(t, S)f(s)ds,
is in C1((0,7],2) N C((0,T],X), and
d By
=L L(tyu+ f in (0,7).
dt
(Actually, one can prove u € Cﬁ([s, T, X) for some 3 < 3— (/2), but this is
not done in [84].) Using (I11.4.20), the regularity of bifurcating 27 /k-periodic
solutions of (I11.4.14) is immediate: By definitions (II1.4.15), every periodic
solution of (II1.4.14) satisfies

t

u(t) = U(t,0)u(0) +/ Ul(t,s)f(s)ds in LP(£2)

(I11.4.21) 0
with w(0) € W22(2) N WP (2) c Ch(02).

Since f € CP([0,T),Z) for Z = C*(£2), cf. (I11.4.16), the function u
Cgﬂ/ﬁ(R, C1(£2)) satisfies the same integral equation (I11.4.21) in C%({2),
so that the regularity (I11.4.20) and periodicity of u imply

u € Cy ) (R,C(2)) N Con (R, C3(R2)),
(I11.4.22) Z(t, x)=0fort € R and x € 92, and

d—? = F(u, ) holds in C%(%2).
Properties (I111.4.22) imply clearly that u = u(t, x) is a classical 27 /k-periodic
solution of (I11.4.1). As a matter of fact, the notion of a classical solution
requires less than (II1.4.22). Note that d/dt means the derivative with respect
to the norm in C*(f2). We summarize:
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Theorem II1.4.1 Consider the evolution equation (I11.4.14), where the right-
hand side given by (II1.4.2) is quasi-linear in the sense of (I11.4.13). Assume
the ellipticity of Dy, F(0, o) = L(\o), the spectral conditions (II1.4.5), and the
nonresonance condition (1.8.14). Then Theorem I1.8.2 on Hopf Bifurcation is
applicable to the evolution equation (II1.4.14) in LP(£2).

The reqularity (II1.4.22) implies that the bifurcating 2 /k-periodic solu-
tions are classical solutions of the parabolic problem (II1.4.1).

Finally, we mention that the bifurcating curve {(u(r),A(r))} of 27 /k(r)-
periodic solutions through (0, Ag) with 27/kx(0) = 27/k¢ is continuously differ-
entiable (with respect to r) in (C;:/i (o (R, LP(£2 ))OC@F/H o (R, W2r(02))) xR
and therefore, by continuous embedding for p > n, it is also continuously dif-

ferentiable in (0277//{ T)(R Ct(2)N{ulu=0on 8()}) xRfor0 <o <1-2

Remark I11.4.2 The elegant treatment of Hopf Bifurcation using semigroups
—an approach that mimics the finite-dimensional case by considering the
parabolic problem (II11.4.1) as an ODE (II1.4.14) in a Banach space—fails for
fully nonlinear parabolic problems, since the Fredholm property (II1.4.7) is not
true for Z = C%(2) and X = C%*(2) N {ulu = 0 on 9N}. The reason for
this failure is that the space W = C4 (R, C*(12)) is not adequate: the Holder
continuity in space is superimposed by the Hélder continuity in time, which is
more than just Hélder continuity in the time-space cylinder [0,T] x 2 = Q.

The adequate spaces are giwen in [49], [110]. Using the notation of [110],
we see that the space H22t1(Q.) for some 0 < € < 1 consists of func-
tions whose time derivatives up to order 1 are uniformly Hélder continuous
in time with exponent £/2 and whose space derivatives up to order 2 are uni-
formly Hélder continuous in space with exponent £. These functions are also
uniformly Holder continuous with exponent ¢ in the time—space cylinder with
weighted distance |(z,t) — (2/,t")] = (|z —2'|> + [t = t'|)Y/2, ¢f. [49]. Note that
no mized derivatives are involved.

We sketch how to prove Hopf Bifurcation for fully nonlinear parabolic prob-
lems using the parabolic regularity in those Hélder spaces over the time—space
cylinder proved in [49], [110].

We know from Proposition 1.8.1 that for Jo : YNE — W with Y =
CotP(R, LP(2)), E = Cy (R, W22(2) N WP (£2)), and W = Cy (R, LP(£2))
the decomposition

(I11.4.23) W = R(Jo) & N(Jo)

holds; cf. (1.8.28). For 8 = (/2 there is a continuous embedding He 2/2(]1% X
2) C W, where the subscript 2w denotes 2r-periodicity in time. The pambolic
regularity proved in [49], [110] applies then as follows:

Jou:fforueYﬁE,fGHg;fm(Rxﬁ)

:>uEHg:U/QH(Rxﬁ)ﬂ{u\u(t,m) =0 on R x 002}
0

andﬁoa—?—Lou:finRxQ

holds in the classical sense.

(I11.4.24)
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In contmst to the “infinite- dimenswnal ordinary differential operator” Jy =
K== dt — Lg, the operator Jy = Iiat Ly is a genuine partial differential oper-
ator. A proof of (II1.4.24) is rather involved. Since N(Jy) = N(Jp) C Xy =
Hg:“/%l(]l% x ) 0 {ulu(t,r) = 0 on R x 92}, analogous arguments as in
(1I1.1.22)—(111.1.28) prove that for Z;, = H;;f/z(R x §2), the parabolic operator

Jo:fio%*LoiXe—*Ze

is a (continuous) Fredholm operator of index zero,
(LIL4.25) 4 in particular, Zy = R(Jo) ® N(Jo)

with projection Q|z, : Ze — N(Jo) along R(J),

where Q is defined by (1.8.21) with duality (II1.4.4).

(In view of (II1.4.23) an adjoint operator is not needed.)
Let F be a fully nonlinear operator defined by (II11.4.2). We rewrite (II1.4.1)
by
ou

(I11.4.26) 5 F(u,\) in R x £,

u=0 on R x 9(2,

and the usual rescaling in time yields 27 /k-periodic solutions of (111.4.26),
provided that

G(u, Kk, \) Eng—? — F(u,\) =
for (u,k,\) € Xy x R x R.
IfG e CFHI R x R* x R x 2 x R,R), then G € C*(X; x R x R, Z,).

By D,G(0, Iig, Xo) = Jo and the Fredholm property (I111.4.25), the proof for
bifurcating nontrivial solutions of G(u, k, \) = 0 near (0, ko, \g) via the method
of Lyapunov-Schmidt follows precisely the lines of Section 1.8. In particular,
assumptions (II1.4.5) and the nonresonance condition (1.8.14) are sufficient
to solve the bifurcation equation nontrivially; that bifurcation equation is of
the form (1.8.34), or (1.8.38), since the projection Q) has the same structure
as in (1.8.21); cf. (II1.4.25).

In this way we can prove the existence of a nontrivial curve {(u(r), A(r))
(=0,8)} of 2w /k(r)-periodic solutions of (III.4.26) through (u(0),A(0)) =
(0, Xo) with 2 /k(0) = 2r/ro in (Hat>2THR x 2) N {ulu(t,z) = 0 on

27 /k(r)
R x 002}) x R.

(IT1.4.27)

r e

The Bifurcation Formulas derived in Section 1.9 hold accordingly. The
evaluation of (I1.9.11) (with duality (II.4.4)) is certainly nontrivial, since an
inversion of elliptic operators 2ikg — Lo and Ly is involved. If, however,
D2 F(0,\o) = 0, i.e., if the nonlinear part of F is at least of third order,
then the bifurcation formulas of Theorem 1.9.1 are much simpler.

Finally, the Principle of Exchange of Stability holds for nondegenerate
as well as for degenerate Hopf Bifurcation for parabolic problems. Degener-
ate Hopf Bifurcation is expounded in Section 1.17: In this case, the condi-
tion Rep/(Ng) # 0; cf. (IT1.4.5)5, is replaced by Reu™ (\g) # 0 for some odd
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m € N. If in (II1.4.13) the coefficients a;; and the function g are analytic with
respect to their real variables (Vu,u, ), the quasi-linear operator F' defined
by (I11.4.2) is analytic in the sense of (1.16.2) for X = W?2?(2)NW,"*(£2) and
Z = LP({2). Therefore, all results of Section I.17 are applicable to the evolu-
tion equation (II1.4.14) in LP((2). The Principle of Exchange of Stability then
says that consecutive curves of periodic solutions orderd in the (r, A)-plane
have opposite stability properties (in a possibly weakened sense); cf. Theo-
rem [.17.6. Stability means, by definition, linear stability determined by the
second nontrivial Floquet exponent. If that Floquet exponent vanishes, then
the Principle of Linearized Stability fails; cf. Section 1.12. In case of a nonde-
generate Hopf Bifurcation, however, the second Floquet exponent is nonzero
along a nondegenerate pitchfork, and the Principle of Exchange of Stability
applies; cf. Theorem 1.12.2, Corollary 1.12.3, and Figure 1.12.1.

If the parabolic problem (III.4.1) is semilinear (defined in (I11.2.10)), then
as proved in [71], linear stability indeed implies nonlinear orbital stability.

IT1.5 Global Bifurcation and Continuation
for Elliptic Problems

Whereas in Section II1.2 we study local bifurcations for fully nonlinear ellip-
tic problems, we prove global results only for quasi-linear elliptic problems,
namely,

G(V?u, Vu,u,z,\) =
(II1.5.1) 223‘:1 aij(Vu, u, 2, \g,o; + g(Vu,u,z,\) =0 in £,
u =0 on 0f2.

Again 2 C R" is a bounded domain with a boundary 0f2 such that linear
elliptic operators have the properties provided in Section ITI.1. As usual, we
assume G(0,0,0,z,\) = 0 for all (x,\) € 2 x R, so that we have the trivial
solution (0, A) for all A € R.

The ellipticity of problem (II1.5.1) is defined as follows:

ZZj:l Qij (V7 u, T, )‘)gigj 2 d(V, u, )‘)H§”2
(I11.5.2) for all x € 2, £ € R™, with some positive
and continuous function d : R” x R x R — R.

Then d(v,u, \) > dr > 0for all (v,u,\) € R"xRxR such that ||v||+|u|+|A| <
R.

We define X = C**(2)N{ulu = 00n 802},Y = CH*(R2), and Z = C*(£2).
If a;j, g and their partial derivatives with respect to (v,u,x) € R" x R x (2
are in C(R™ x R x 2 x R, R), then
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L(u, \)h

aij(Vu, u, 2, N\)hy, ., satisfies

= Z =1 %
(TI1.5.3) Lni g(GYCX( Rx ( ?)) here
§(u. X)) = g(Vu(z), u(x). . ).

In case a;j, 9 € C3(R™ x R x 2 x R,R), the mapping

F(u,\) = L(u, \)u + g(u, \) satisfies
FeC*X xR, Z) and
(IIL5.4)  DyF(u,\)h
=20 e @i (Vu,u, 2, Ny + 3700 b (V2u, Vu, u, x, \)hy,
+C(V2u Vu,u,z,\)h for (u,\) € X xR, h e X.

Before we apply Theorem I1.5.8 to (IIL.5.1) in its form F(u,\) = 0, i.e.,
before verifying the conditions (I.5.32) on F', we discuss the notion of an odd
crossing number of D, F'(0, \) at A = A\g. An odd crossing number is equivalent
to a change of index i(F(-,A),0) at A = Ao, cf. (11.5.34), and its Definition
I1.4.1 is here applied to the family

D,F(0,\) = L(0,\) + D,g(0, ), where
(II1.5.5)  L(0, A) is given in (II1.5.3) and
Dug(0,\)h =31 1 90:(0,0,2,\)hy; + gu(0,0,2, A)h.

For special families D, F'(0, \), an odd crossing number is easily verified; cf.
(II1.2.8), (II1.2.12), (II1.2.22). Tt is the crucial condition for local bifurcation
(Theorem I1.4.4) as well as for global bifurcation (Theorem I1.5.8).

If F is not of class C2, then Theorem II.3.3 offers a way to obtain the
same global alternative as given by Theorem I1.5.8, provided that the problem
F(u,\) = 0 is converted into a problem for a compact perturbation of the
identity, that is, u + f(u, A\) = 0; cf. Definition II.2.1. If this has been done,
then the crucial assumption is again an odd crossing number of the family
I+ D,f(0,\) at A= A.

The conversion of F(u, \) = 0 to u+ f(u, A) = 0 is not unique. Nonetheless,
one expects that the spectral properties of the families D, F(0,\) and I +
D, f(0,\) near A = )\g imply simultaneously an odd crossing number as long as
the problems F'(u, A) = 0 and u+ f(u, A\) = 0 are equivalent. That expectation,
however, is not at all obvious, as a simple semilinear example shows:

Assume that F(u,\) = Lu + g(u,\), where L is some elliptic operator
(independent of (u,\)) that is invertible and where § is given in (IT1.5.3)4.
Then the following equivalence is obvious:

F(u,\) = Lu+ §(u,\) =0 for (u,\) € X xR &

(I11.5.6) u+ fu,\) =u+ L7 1g(u,\) =0 for (u,\) €Y x R.

(Below, we prove that f : Y xR — Y is completely continuous.) It is simple to
verify that 0 is an eigenvalue of D, F'(0,\g) = L+ D,,g(0, \o) if and only if 0 is
an eigenvalue of I + D, f(0,\g) = I +L~'D,3(0,\o), and that the geometric
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multiplicities are the same. However, since L™! and D,g(0,\o) (given by
(II1.5.5)3) do not commute, in general, it is not clear whether the algebraic
multiplicities are equal, too. Consequently, it is open whether the two families
D,F(0,\) and I + D, f(0,\) have simultaneously odd crossing numbers at
A = A\g. In particular, the computation of the crossing number of the compact
perturbation of the identity might cause problems if it is not proved that it
has the same parity as the crossing number of the original elliptic family.

Having these difficulties in mind, we prefer to stay first with the original
formulation F'(u, A\) = 0 of problem (ITL.5.1); cf. (ITL.5.3), (I11.5.4).

We verify the conditions (I1.5.32) on F.

First of all, F € C*(X xR, Z) if a;j,g9 € C3(R" x R x 2 x R,R). Then the
coefficients a;j, b;, and ¢ of D, F(u, \) as given by (I11.5.4) are C?-functions of
their arguments, and by (IT1.5.2) the linear operator D, F'(u,\) € L(X, Z) is
elliptic for all (u, \) € X xR. In view of Section III.1, this proves (i) and (ii) of
Definition II.5.1. In order to verify condition (iii) of that definition we have to
replace F' by —F and accordingly D, F'(u, \) by —D, F(u, \). By the sectorial
property of elliptic operators as stated in (I11.4.9), (II1.4.10), the spectrum of
—D,F(u,\) is in a sector {z € C| |argz| < § — 6} U{z € C| |z|] < R} for
some § > 0, R > 0 depending only on the ellipticity d(v,u, A) > 0 in (I11.5.2),
on the norms ||aj|lo,a; [|billo,a, Ic]lo,o of the coefficients of (II1.5.4), and on
£2. This proves that a strip (—oo,¢) x (—ig,ie) C C for some ¢ > 0, > 0
contains at most finitely many eigenvalues of finite algebraic multiplicity; cf.
(IT1.1.38). Finally, a small perturbation of — D, F'(u, A) by a small perturbation
of (u, \) in X xR entails a small perturbation of the eigenvalues of —D,, F'(u, A)
in a sector such that their total number in that strip is stable under small
perturbations.

The last property to be verified is properness. According to (I111.5.4), we
decompose F'(u, \) = L(u, \)u+ §(u, A). Let

F(up, A\n) = fn, where f, — fin Z

(IL5.7) and {(un, An)} is bounded in X x R.

Without loss of generality, (A,)nen converges to A in R, and by compact
embedding, (u,)nen converges to w in Y. This, in turn, implies, by (IIL.5.3),

G(tn, An) — §(u, \) in Z and

(11158) |(L(un7 )\n L(ua )‘))unHO,a S 5””71”2,(1 S eM

for all n > ng(e). By (II1.5.7), (111.5.8),
L(u, Nuy, =

(IT11.5.9) (L(uy, N) = (L(tny An)) by — G(tny An) + f
converges to —g(u, \) + f in Z.

Since L(u, ) is elliptic, cf. (IT1.5.2), injective, and therefore bijective by its
Fredholm property, the elliptic a priori estimate ||uy, |20 < Cr||L(uw, Ny

0,0y
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with some constant Cr > 0 depending on ||ull1,« + [A| < R, implies that
(Un)nen converges to u € X. This proves properness and the admissibility
of F according to (I1.5.32). Therefore, Theorem II.5.8 is applicable to the
problem F(u,\) = 0.

Next, we convert F'(u,\) = 0 into a compact perturbation of the identity
u+ f(u,A) = 0 in such a way that the crossing numbers of D, F'(0,\) and of
I+ D,f(0,\) at some A\ = Ao have the same parity.

Choose a continuous function ¢ : R — R such that

9u(0,0,2,\) +¢(N\) <0

(I11.5.10) for all (z,)\) € 2 x R,
and define
(I11.5.11) L(u, \) = L(u, ) + Dyg(0, ) + ¢(M)1.

In view of (I11.5.5), the lowest-order coefficient of the elliptic operator L(u, )
is nonpositive, so that by the maximum (and minimum) principle, ﬁ(u, A) €
L(X, Z) is injective. Its Fredholm property (cf. Section III.1) implies that it
is bijective. We claim that

[hll2.s < CrIL(u, \hllo,s with some Cr > 0,

for all (u,\) €Y x R such that ||ul|1,o + |\ < R,
and for all h € C*#(02) N {u|u =0 on 9N},
where 0 < < a < 1.

(I11.5.12)

Assume the existence of sequences (un)nen, (An)nen, and (hy)neny with
”un”l,a + M| <R, ||h”||275 =1, and

(I11.5.13) L(tin, Ap)hn — 0 in CP(2) as n — oc.

By 0 < 8 < a <1 and a compact embedding, we can assume w.l.o.g. that
up — u in CHP(£2) and A\, — X in R, whence

L(tn, Ap)h — L(u, )b in CP(2)

I11.5.1 i
0 uniformly for h € C*F(2) with [[h]|2,5 < 1.
Therefore, A

L(u,A)h,
(ITL.5.15) = (L(u, A) = L(tn, \p)) n, + Lty M) oy

converges to 0 in C#(02),
whence h,, — 0 in C*#(02) as n — o

by the elliptic a priori estimate (II1.5.12); for the single operator i(u, A). This
contradicts ||hyll2,3 = 1 and proves (II11.5.12).

We convert F(u,A) =0 for (u,\) € X x R given by (I11.5.4); equivalently
into
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U+ Jf(u,)\) =
(IT1.5.16) w4 L(u, \)7Hg(u, N) — Dy (0, \)u — e(AN)u) =0
for (u,\) €Y x R.

The mapping f : Y xR — Y is completely continuous: First of all, the mapping
(u, A) — g(u, A) — Dy (0, \)u — ¢(A)u is continuous and bounded from Y x R
into Z, which, in turn, is continuously embedded into C?(£2) for 0 < 8 < a <
1. The identity L(u, \)~* — L(@, \)~ = L@, \) " [L(@, A) — L(u, A)]L(u, \)~?
together with (II1.5.12) and (II1.5.3)y, where X is replaced by C?#(£2) N
{ulu = 0 on 92} and Z is replaced by C?({2), proves that f is continuous
and bounded as a mapping from Y x R into C?#(2). Finally, bounded sets
in 024 (0) are relatively compact in Y, which proves the complete continuity
of f.

For the application of Theorem I1.3.3 we need also continuous differentia-
bility of f with respect to u along the trivial solution line {(0, \)}. This is true
if in addition to the conditions for (II1.5.3), g € C(R,C?(V x U x 2)) for a
neighborhood V' x U of (0,0) € R™ xR; cf. (ITL.5.5) and (II1.5.17) below. (This
nomenclature means that the mapping A — g(-,-,-, A) is continuous from R
into the Banach space C?(V x U x £2).)

The crucial condition for global bifurcation for the compact perturbation
of the identity u + f(u,\) = 0 is an odd crossing number of the family I +
D, f(0,\) at some A = Ag. Since §(0, A) = 0, we obtain from (I11.5.16)

I+ Dy f(0,)\) =1 —c¢(A\)L(0,\)~", where by (IIL5.11),
(IIL5.17)  L(0,A) = L(0, \) + Dyug(0,\) 4+ c(M\)I =
D F(0,\) 4+ ¢(M\)I; cf. (ITL5.5).

If 0 is an eigenvalue of D, F'(0, Ao), then by its definition (II1.5.10), ¢(Ao) < 0
and c(X\g) and 1/c(Ag) are eigenvalues of L(0, \g) and L(0, \g) !, respectively,
of the same algebraic multiplicity; cf. (II1.1.38). Furthermore,

w(A) is in the 0-group of D, F'(0,\) <
pA)
(III518) m 1S 1n the O—group Of I + Duf(O, )\)
for A € (Ag — J, Ao + J), having the same
algebraic multiplicity, respectively.

In view of p1(A) + ¢(A) < 0 for real u(A) and for A € (Ag — 9, Ag + ), provided
that 0 > 0 is small enough, this proves that

the family D, F'(0,\) has an odd crossing number
(IIL5.19)  at A=)\ <
I+ D, f(0,)) has an odd crossing number at A = A.

Before we summarize our results, we mention that for solution sets {(u, \)} C
Y x R of u+ f(u,\) = 0, connectedness and unboundedness in ¥ x R are
equivalent to connectedness and unboundedness in X x R. (For a proof use
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a “bootstrapping argument.”) By (II1.5.11), (II1.5.16) the solution sets of
F(u,\) = 0 and u + f(u,\) = 0 coincide. Theorem II1.3.3 then yields the
following:

Theorem II1.5.1 Assume that the elliptic family L(0,\) 4+ D, g(0, \) defined
in (II1.5.5) has an odd crossing number at some A = Xo. If the functions a;;
and g and their partial derivatives with respect to (v,u,x) € R™ x R x §2 are
continuous and if g € C(R,C?(V x U x 2)) for a neighborhood V x U of
(0,0) € R™ xR, then there exists a component C in the closure S of nontrivial
solutions of the quasi-linear elliptic problem L(u, \)u+ g(u,A) =0 in X xR
emanating at (0, \g) and subject to the alternative
(i) C is unbounded in X x R, or
(ii) C contains some (0, 1), where Ao # \1.

Here X = C%(£2) N {ulu =0 on 092}.

In case of dim N(D,F(0,0)) =1 =dim N(I + D, f(0, X)), the applica-
tion of Theorem 11.5.9 gives the following refinement: C = CTUC~ U{(0, \g)}
and each of C* and C~ either satisfies the alternatives (i) and (ii) or

(iii) contains a pair (u, ), (—u, A) where u # 0.

Under the assumptions (II1.2.8), the continua C* are locally given by
smooth curves {(u(s), A(s))|s € (0,0)} and {(u(s),A(s))|s € (—0,0)}. Glob-
ally, not much is known about C*, in general. In Section III.6 we provide
an example for the second alternative of Theorem III.5.1. In Section III.7 we
prove that C* are globally smooth curves parameterized by the amplitude
of u if C* are positive and negative branches emanating from the principal
eigenvalue. None of these results hold in general, but they require special
assumptions.

Remark II1.5.2 The key for the application of the Leray—Schauder degree
instead of the degree of proper Fredholm operators is the equivalence (II1.5.16),
which, in turn, relies on the inversion of i(u,A). However, there are elliptic
problems with nonlinear boundary conditions that cannot be transformed into
a compact perturbation of the identity in an obvious way; cf. the problems in
nonlinear elasticity considered in [70] and in fluid mechanics studied in [21].
In these cases the degree for Fredholm operators developed in Section II.5 is
applicable, and Theorem I1.5.8 yields the same alternative as Theorem I1.5.5.
(If for physical reasons the mapping F is not everywhere defined, there is a
third possibility, that C reaches the boundary of the domain of definition of

IT1.5.1 An Example (Continued)

The Euler-Lagrange equation (I11.2.49) for the variational problem (ITI.2.48)
gives rise to a bifurcation problem F. (v, m) = 0; cf. (II[.2.52), where the mass
m serves as a bifurcation parameter. The local bifurcation diagram for fixed
small € > 0 is sketched in Figure I11.2.3.
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Here we have a one-dimensional kernel of D, F..(0,m?,),i = 1,2, cf.(I11.2.63),
and the nondegeneracy (I11.2.66) implies an odd crossing number of D, F.(0,m)
at m =mi,i=1,2; cf. (IL4.27).

Due to the nonlocal term, it is simpler to transform F.(v,m) = 0 for
(v,m) € X2* x R into a compact perturbation of the identity, namely, v +
fe(v,m) =0 for (v,m) € XI x R, where

(I11.5.20) fg(v,m):—A_lé (W’(m+v)—/QW'(m+v)dx).

Note that A : X2 — X is bijective due to the mean value zero; cf. (I11.1.35).
The mapping f. : X& x R — X2 is completely continuous, and by (II1.2.66)
the family I+ D, f.(0,m) = I — LW”(m)A~! has an odd crossing number at
m = mi, i = 1,2, since D,F.(0,m) = —eA + W”(m)I has an odd crossing
number at m = m/,.

The application of Theorem II1.3.3 then provides the existence of compo-
nents C,, ; C X2 xR in the closure S of nontrivial solutions of v+ f.(v,m) = 0
or of F.(v,m) = 0 emanating at (0,m}),i = 1,2. Since € > 0 is fixed in that
analysis, we suppress the dependence on ¢ in the notation C,, ;.

As remarked after (I11.2.68), the local bifurcating curve {(v(s), m(s))|s €
(—=6,68)} through (v(0),m(0)) = (0,m?) decomposes into two components
{(v(s),m(s))|s € [0,6)} and {(v(s),m(s))|s € (—6,0]}, which are transformed
into each other by the reversion (III.2.68). These are the local components
defined in (IL.5.39), which are globally extended to C,; and C, ;; cf. (IL5.40).
Since those global components are transformed into each other by the re-
version (II1.2.68), too, we do not need Theorem II.5.9 in order to state the
following for ¢ = 1, 2:

Cni = Cpiy U C, UL(0,m5)},

and each of Cj;i and C,, ; is subject
to alternative (i) or (ii) of
Theorem II1.5.1.

(I11.5.21)

In Section I11.6 we show that C, ; is bounded for ¢ = 1,2, and that C, ;
each connect (0,m}), (0,m?2). Therefore, C, 1 = C, 2, and by deﬁnltlon 11.5.40,
Chi=Cyfori=1,2.

I11.5.2 Global Continuation

Solutions (ug, Ao) of a quasi-linear elliptic problem (II1.5.1) are possibly locally
continued by the Implicit Function Theorem (Theorem I.1.1) and globally
extended via the Global Implicit Function Theorem (Theorem I1.6.1.) We
give the details.
Asusual, X = C%(2)N{ulu =00on 0N}, Y = CY(2), and Z = C%(12).
Let (ug, )\0) € X xR be a solution of (IIL.5.1), and assuming ¢(0, 0, z,0) =0
for all x € £2, we have w.l.o.g. (ug, Ag) = (0,0). Assume that F': X xR — Z
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as given in (II1.5.4); is continuous and has the regularity (I.1.3) of the local
Implicit Function Theorem. If a;;, g and their partial derivatives with respect
to (v,u,z) € R* x R x 2 are globally continuous, then F € C(X x R, Z);
cf. (IIL5.3). If in addition, g(-,-,-,0) € C*(V x U x 2) for a neighborhood
V x U of (0,0) € R" x R, then D,F(0,0) € L(X,Z) exists. If, moreover,
aij, g € C((=6,8), C*(V x U x £2)), then F has the regularity (I.1.3) of the
local Implicit Function Theorem near (ug,Ao) = (0,0). (The latter means
that the mappings A — a;;(-,-,-,A) and A — g(-,-,-, ) are continuous from
(-0, 6) into the Banach space C?(V x U x £2).) Note, however, that according
to Remark I1.6.2, assumption (II.6.2) can be reduced to (I1.6.2);. In other
words, the last assumptions on a;; and g are redundant.

Convert F'(u,A) = 0 equivalently into the compact perturbation of the
identity u + f(u, A) defined in (I11.5.16). Then the crucial assumption for the
application of Theorem I1.6.1 is the following:

D,F(0,0) € L(X, Z) is bijective <

(II1.5.22) I+ D,f(0,0) € L(Y,Y) is bijective.

Observe that D, f(0,0) € L(Y,Y) exists if D, F'(0,0) € L(X, Z) exists.
In view of the ellipticity (IIL.5.2), conditions (IT1.5.22) are satisfied if

0 is not an eigenvalue of

(IT1.5.23) D, F(0,0) = L(0,0) 4+ D,§(0,0), cf. (IIL.5.5).

Apply the Leray—Schauder degree to the compact perturbation of the iden-
tity (II1.5.16) and observe that connectedness and unboundedness of solu-
tion sets {(u,A\)} € X x R of F(u,\) = 0 are equivalent to connectedness
and unboundedness of solution sets {(u,A)} C Y xR of u+ f(u,\) = 0. If
F € C*(X xR, Z); cf. (I11.5.4). Then apply the degree for Fredholm operators
to F. In any case, we obtain the conclusion of Theorem I1.6.1 for the solution
set of F'(u,\) =0 in X x R. Note that C\{(0,0)} # 0 also if the regularity of
the local Implicit Function Theorem does not hold; cf. Remark 11.6.2.

In order to eliminate the second alternative of Theorem II.6.1, we assume
that
(I11.5.24) L(u,0)u+ §(u,0) =0 implies u = 0.

In this case, the hyperplane X x {0} € X x R contains only the solution
(uo, Ao) = (0,0), so that the set C\{(0,0)} is not connected. Therefore, the
components CT,C~ of solutions of F(u,\) = L(u, \)u+ g(u,\) =0in X xR
are each unbounded. An a priori estimate like

L(u, N)u~+ g(u, \) =0 =
llull2,a < C(A) for all A € R

(I11.5.25)

implies the existence of solutions (u,\) € C for all A € R. In Section IIL.6
we give explicit conditions such that (IT11.5.24) holds; cf. Theorem II1.6.4. In
Section II1.7 we investigate the asymptotic behavior of C for a special problem:
If the nonlinearity has a sublinear growth at infinity, then (I11.5.25) holds.
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Remark I11.5.3 We consider global bifurcation and global continuation of
classical solutions of (II1.5.1) under strong assumptions on the regularity of
the data, i.e., on the mapping G and on the domain §2. For general bounded
domains §2 and less-smooth functions G defining a semilinear elliptic problem
of type (II1.2.10), the notion of a weak (or generalized) solution is still possible.
That definition, however, is apparently not adequate for a global bifurcation
or a global continuation analysis. In [69] we overcome this problem by a con-
venient formulation. As a matter of fact, a weak solution (u,\) € C(£2) x R
solves some problem u + f(u,\) = 0, where f : C(2) x R — C(£2) is com-
pletely continuous. This allows us to use all techniques for local and global
analysis expounded in Chapters I and II. The conditions on the boundary 02
are very general: It suffices that every point of 0f2 satisfy an exterior cone
condition. Moreover, it is shown in [69] that a positivity of weak solutions is
globally preserved. We return to this in the next section.

I11.6 Preservation of Nodal Structure
on Global Branches

The global branches (continua) of quasi-linear elliptic problems (III.5.1), em-
anating at (0, \g) where the linearized problem has an eigenvalue zero, are
unbounded or meet the trivial solution line at a different(0, A;); cf. Theorem
IT1.5.1. In this section we show how to eliminate one alternative in order to
get much more insight into the global solution set of (II1.5.1).

The essential step is the separation of global branches via the nodal pro-
perties of their solutions. This idea was first carried out for nonlinear Sturm-—
Liouville eigenvalue problems, cf. [24]: The number of nodes (zeros) of a solu-
tion in the underlying interval is preserved along each nontrivial branch. This
number serves as a “label” for each branch, so that the branches are separated
and unbounded.

The extension to two or more independent variables seems straightforward:
One has to prove a preservation of nodal patterns. However, it is not at all clear
how this can be done, in general. As an illustration, consider the well-known
linear eigenvalue problem characterizing the frequencies and normal modes of
a square membrane. By simple superposition, the number and arrangement
of nodal lines along a solution sheet emanating from a repeated eigenvalue
can vary drastically. Consequently, there seems to be little hope of attaining
results comparable to those of [24] for general quasi-linear elliptic problems.
However, when the symmetry of a problem fixes the location of particular
nodal lines, then we can show that a minimal frozen nodal pattern is indeed
globally preserved.

Pick one such nodal domain: The essential step is to prove that positivity
of a solution in that domain is preserved under perturbation. This is usually
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shown by an application of the elliptic minimum (maximum) principle and
the Hopf boundary lemma. This, in turn, requires a smooth boundary (or
moderate corners for more refined versions). Since we plan to consider prob-
lems on polygonal domains in a lattice (see Figure I11.1.1-111.1.3), we present
a maximum principle suitable to our purpose but that does not require any
regularity of the boundary.

I11.6.1 A Maximum Principle
Let 2 C R™ be any bounded domain and

(II1.6.1) Lu =320 @i (2) s, + D00 bi(2)ug, + c(z)u

be an elliptic operator over {2 in the sense of (II1.1.1). The coefficients satisfy
;5 € Ol(.Q), b, c € C(Q)

Theorem II1.6.1 Suppose that v € C*(2) N C(2) N HE(2) satisfies
(II1.6.2) (Lv)(z) <0 forall =z e 2.

Then there exists a number v > 0, depending only on the (mazimum) norms
of a;; € C1(£2), b, c € C(£2), and on the ellipticity of L, such that

meas{z € 2|v(z) <0} <~

(I11.6.3) implies v = 0 or v(z) > 0 for all x € 1.

Proof. Let D = {z € Qv(r) < 0} and we assume that D # (. Then
v € HY(D), since v = 0 on 9D (cf. the Appendix of [65], for example). By
Poincaré’s inequality (cf. [52]),

v]|L2(p) < <—w Vvl L2 (D),
n

where w,, denotes the volume of the unit
ball in R™ and |D| = measD.

(IT1.6.4)

Since v < 0 in D, it follows from the hypothesis (II1.6.2) that
(11165) ([/U7 U)L2 (D) 2 0,

and after integration by parts,

/Dzzjzlaij(x)vxivxjdx < /Dzyzll;i(x)vxiv + c(z)v?de,
(IIL.6.6) ) n
where bl = bl — Zl aixjaij.

i=

Then ellipticity, uniform estimates of the coefficients b; and ¢, and the in-
equality ab < (£/2)a® + (1/2¢)b? deliver
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C1

(L6.7) [ Vo|2aep < ecr|Voll2ampy + (2 ¥ 02) 19132

Choosing € = d/2¢; yields

(IH.6.8) ||VU||L2(D) < CHU||L2(D)

with a constant C' > 0 depending only on the coefficients and on the ellipticity
of L. In view of (II1.6.4), we obtain, for |D| > 0 and v < 0 on D,

1/n
(111.6.9) (%”') <Cor|D|>w,C "=+
Hence, if |D| < v, then D = () and v > 0 on (2. But then for ¢~ = min{c, 0} <
0,c” € C(12),

(111.6.10) Z:'L,j:laij(ﬂ?)%i%j + 300 bi(@)vg, + e (x)v
< Lv <0 on {2 by (I11.6.2).

By the minimum principle in [52] either v =0 or v(z) >0 forallz € 2. O

I11.6.2 Global Branches of Positive Solutions

We consider global branches of quasi-linear elliptic problems

G(V2u, Vu,u,x,\) =
Z” 1a”(Vu Uy Ty MU, + 9(Vu,u, 2, ) =0 in §2,
u =0 on 042,
(IL6-11) itten as (cf. (ITL5.3)—(ITL5.4))
L(u, N+ g, A) = F(u, \) = 0
for (u,\) € X xR, X = C**(2) N {u|lu =0 on 902}.

As usual, we consider F : X x R — Z, where Z = C%(£2). Clearly, if
9(0,0,2,A) = 0 for all x € 2 and A\ € R, we have the trivial solution line
{(0, A)}. The conditions on local and global bifurcation are given in Sections
II1.2 and III.5. Here we do not prove existence, but we focus on the qua-
litative properties of a global branch emanating at (0, \g). Necessarily, 0 is
an eigenvalue of D, F(0,\g) = L(0,X\o) + D.g(0,)\), and we assume that
N(D,F(0, X)) is spanned by some positive function 7y. There are two ways
of dealing with this situation: In the first case,

2 C R™ is a bounded domain

with a smooth boundary 0f2, and
0 is the principal eigenvalue

of the elliptic operator D, F'(0, Ag).

(I11.6.12)

The existence of a principal eigenvalue is either guaranteed by the Krein—
Rutman Theorem or by variational principles (going back to Courant, Fi-
scher, Hilbert, and Weyl) discussed in Remark III.2.1. In any case, a principal
eigenvalue 0 is (algebraically) simple.
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The second case is described as follows: Let £ C R? be a rectangular,
square, or hexagonal lattice as shown in Figure III.1.1-III.1.3. To stay with
the nomenclature of Section III.1, let

Xp = {u:R? — R|u has the double periodicity of £
(IT1.6.13)  and u has an inverse reflection symmetry
across each line of the lattice L}.

For the lattices shown in Figure III.1.1, the function space Xp is given in
(IT1.1.31) and (IIL.1.36), respectively. The double periodicity of the hexagonal
lattice is u(zy + a,z2) = u(z1, 22) = u(z1 + 3a, 2+ 1v/3a) for all (z1,22) €
R2. The inverse reflection symmetries across the lines shown in Figure IT1.1.2
and Figure II1.1.3 can be written down explicitly, too, but we leave it to the
reader. (The reflections are all of the form (z1,xz2) — R(z1,22) + (a1, a2),
where the reflection R € O(2) and the translation by (a1, a2) leave the re-
spective lattice £ invariant.) We assume that the quasi-linear elliptic operator
(II1.6.11) has the following “equivariance”:

(I11.6.14) F:(C**R*)NXp) xR — CYRY)NXp.
A sufficient condition for this is, for instance, that

G(V?, u,Vu,u,z,)\) =
V- q(Vu,u, \) + p(Vu,u, \), where
g RZxRxR—-R2 p:RZxRxR—=R
are smooth functions such that
a(Rv,u,\) = Ra(v, u, ),

(I11.6.15) q(v,—u,\) = q(v,u, \),
p(Rv,u, \) = p(v,u, \),
p(v,—u, ) = —p(v,u, \),
for all reflections R € O(2) that
leave the lattice £ invariant,
and for all (v,u,\) € R? x R x R.

In the more general quasi-linear case (II11.6.11), sufficient conditions for equi-
variance are readily obtained by differentiations of (II1.6.15) via

G;ij(V,’LL,A) = %(V,U,)\), 7/’] = 1’27
J
9

(I1L.6.16) )
g(V,U,)\) = Z (V,U, A)Uz +p(v,u,)\).
i=1 8u

We verify the hypotheses (11.5.32) of Theorem I1.5.8; i.e., we verify Def-
inition I1.5.2 for F' as defined in (I11.6.11) and acting as in (II1.6.14). If the
coefficients a;; and g of (II1.6.11) are C3-functions, the operator F of (I11.6.14)
is of class C2. The equivariance (II1.6.14) implies that
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D,F(u,)\) : C**(R?*) N Xp — C*(R*) N Xp,

the representation (II1.5.4) shows that it
(I11.6.17) is elliptic, and the results of Section III.1,

in particular (II1.1.33), prove that

it is a Fredholm operator of index zero.

To verify the spectral condition (iii) of Definition IL.5.1, it suffices to show that
the spectrum of —D,, F'(u, \) is bounded from below in the following sense: Let
{2 be a tile in the lattice £. If v € C*%(R?)N X p, then v € C%*(2)N{ulu =0
on 012}, and for an eigenvalue u € C, we can conclude that

=D, F(u,\)v = po (cf. (II1.5.4));

AVl ) < cer| Vol + (Z + ca + Re) o3 gy
(ITL.6.18) by ellipticity (II1.5.2) and estimates as in (II1.6.7),

_CHVUH%Q(.Q) < RelU’HV’U”%?(Q)a

by Poincaré’s inequality; whence

Reu > —C.

The constant C' > 0 depends only on the ellipticity d = d(v,u,A) > 0, on
the coefficients of (II1.5.4), and on the tile 2. By (III.1.38) (which is valid
also in this case), a strip (—oo,¢) x (—ig,ic) C C contains at most finitely
many eigenvalues of finite algebraic multiplicity, and their total number in
that strip is stable under small perturbations of —D, F'(u,\). (The (locally)
uniform bound Rep > —C'is a weaker statement than the sectorial property of
—D, F(u,\) as stated in (IT1.4.9), (I11.4.10). This property was used to prove
admissibility of —D, F'(u, \) in Section II.5.) The last property, properness,
is verified as in (I11.5.7)—(IIL.5.9), since C*%(R?)N X p is compactly embedded
into C1*(R?) (by double periodicity).

To summarize, the equivariant quasi-linear elliptic problem F'(u, \) = 0 on
the lattice £, where the operator F' as given by (I11.6.11) acts as in (I11.6.14),
allows a global bifurcation analysis as stated in Theorem III.5.1 with X =
C?*%(R?) N Xp. The crucial assumption is an odd crossing number of the
family D, F'(0,\) = L(0,X) + D,g(0, \) at some A = Ag.

The subject matter of this section is the bifurcation of positive solutions. As
in (IT1.6.12), this requires that the eigenspace of the eigenvalue 0 of D, F'(0, Ag)
be spanned by some positive function. What does this mean on a lattice?

We consider D, F(0,)) : Z — Z with domain X = C%%(R?) N Xp and
Z = C*(R?*) N Xp. By the definition of Xp in (I11.6.13),

all lines in the lattice £ are in the

(I11.6.19) nodal set of all w € C>*(R?) N Xp.

Now we are ready to describe the second case:
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Let {2 be a fixed tile in the lattice £
and 0 be an eigenvalue of the

(I11.6.20) equivariant and elliptic operator D, F'(0, Ao)
with an eigenfunction 99 € C**(R?)N Xp
that is positive on (2.

By the inverse reflection symmetries defining Xp, the eigenfunction vy is
positive or negative on all tiles of lattice £, and the lines of the lattice £ are
the precise nodal set of the eigenfunction 9.

For the family

(IT1.6.21) DyF(0,)) = A+ c(M)],

for instance, the assumption (II1.6.20) is satisfied for all lattices £ shown in
Figure II1.1.1-111.1.3, provided that A = A satisfies a characteristic equation
¢(A\) = po, where po depends explicitly on the lattice £. The precise values of
o and the eigenfunctions 9y are given in [65]. In any case,

(111.6.22) dimN (D, F(0,\o)) = 1.

The argument for (I11.6.22) is the following: The eigenfunction ¢y € C*(R?)N
X p satisfies
DuF(O, )\0)@0 =0 in Q,
(I1L.6.23) =0 on 0%,
B >0 in Q.

Since in all cases the elliptic operator D, F'(0, Ag) is formally self-adjoint (cf.
(I11.6.21)), the Rayleigh quotient B(v,v)/||v||3 over §2 is maximized by a func-
tion 91 € H}($2) and therefore also by |91| € Hg (£2), which is positive in §2; cf.
(ITI1.1.2) and Remark III.2.1. The last statement follows from interior regula-
rity and the minimum principle (I11.6.10). The maximal value of the quotient
is the principal eigenvalue of D, F'(0, Ag) over {2 (in its weak formulation), and
if it were not 0, then the positive eigenfunctions vy and 97 would be orthogonal
in L?(£2), a contradiction. Therefore, 79 = 1, and 0 is the principal eigenvalue
of D,F(0,\g) over {2, which is simple. This argument is valid regardless of
the corners of the boundary 0f2.

In view of assumption (II1.6.12) in the first case, (I11.6.22) holds in both
cases, where the eigenfunction 9y spanning N (D, F (0, \g)) satisfies (I11.6.23).
The conditions for an odd crossing number at A = )¢ in case of (II1.6.22)
are given in Section II1.2; for (I11.6.21) it simply means that Ay solves a
characteristic equation ¢(\) = po and that c¢(\) is strictly monotonic near
A= Ao

The main result of this section is the following:

Theorem III.6.2 Assume that 0 is a principal eigenvalue of Dy, F(0,\g) =
L(0,X0)+D,g(0, \g) in the sense of (I11.6.12) or (II1.6.20). Let C be the global
continuum in the closure S of nontrivial solutions of F'(u, \) = 0 emanating at
(0, o). Let Cy, C C\({0} x R) denote all components whose closures contain
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(0, X0). If (u, \) € Cy,, then either u > 0 or u < 0 in 2, where 2 is a bounded
domain in R™ with a smooth boundary 952, or 2 C R? is a tile in the lattice
L.

IfCN({0} xR) = {(0, \g) }, then C = Cy,U{(0, \g)}, so that the alternatives
(i) and (ii) of Theorem IIL.5.1 hold for at least one component of Cy,. It
might happen, however, that some (0,A;) € Cy,, where A\; # )¢, and that
some branch emanates at (0, A1) that is in C\({0} x R) but not in Cy,. As
we see in the Section “Unbounded Branches of Positive Solutions” below, the
assumptions (II1.6.22), (I11.6.23) are then also satisfied for A = Ay, and the
claim of Theorem IIL.6.2 holds for Cy, as well. In this way, we cover all of
C\({0} x R), and we do not lose information about C when studying only C,,.

Proof of Theorem III1.6.2: Suppose that (u,\) € Cy,. Then h =u € X =
C?%(2) N{ulu = 0 on N} is a solution of the linear elliptic problem

(I11.6.24) L(u,\)h =0,
where we define

L(u, \)h = ~
22j=1aij<vu’ U, :f’ A)hzﬂﬁy + Z?:llh(/)hﬂh + E(/)ha

(III 6 25) bi(V,u,l‘,)\) = / Gu; (tV,tu,x, A)dt7
.6. 0
1
o(vyu,z, ) = / gu(tv, tu, x, \)dt,
0
for (v,u,z,A) € R" x R x 2 x R.
We establish the claim of Theorem II1.6.2 first for local bifurcating solu-

tions. By construction via the method of Lyapunov-Schmidt, all (u, \) € Cy,
in a small neighborhood of (0, Ag) are of the form

(I11.6.26) u=sby+o(s) inX ass— 0;
cf. Corollary 1.2.4 (and (I1.5.37)). Since 09 > 0 in {2,
(I11.6.27) meas{x € 2|(u/s)(z) <0} —0ass— 0.

Since u/s € C%(2) N {ulu = 0 on N2} and L(u, \)(u/s) = 0 in 2, Theorem
ITI1.6.1 implies that u/s > 0 in §2 for small |s|. Thus v > 0 for s € (0,9) and
u < 0 for s € (=6,0). (We do not claim that Cy, consists locally of two curves
or that Cy, has only two components.)

Defining the cones

Kt ={(u,\) € X xRlu>0in 2},

(I11.6.28) K= ={(u,\) € X x Rlu < 0in £},

then we see that the preceding analysis shows that
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Cxo N (Br(0) x (Ao — 0, X0 +9))
(I11.6.29) C KT UK~ for B.(0) C X,
provided that > 0 and § > 0 are sufficiently small.

In particular, K* NC,, are each nonempty.

We show that K* NC,, are open relative to Cy,.

Let (u,\) € K¥ NCy,, i-e., u >0 in 2, and (@, A) € Cy, close to (u, \) in
X x R. Then

(I11.6.30) meas{z € 2)i(zr) <0} — 0

as (a, A) — (u,\) in X x R.

Since @ € C**(£2) N{ulu = 0 on 912} and L(i, \)@ = 0 in £2, Theorem IT1.6.1
implies 4 > 0 in 2 or (4,\) € KT NCy,.

We show that K* N C,, are each closed relative to Cy,.

Let (un, An) € KT NCy, be such that (un, A\,) — (u,\) € Cy, in X x R,
Since u,, > 0 in 2, v > 0 in {2, and f/(u,)\)u = 0 in {2, the argument of
(I11.6.10) implies u > 0 in 2. Therefore, the limit (u, ) is in K+ NCy,.

Let Ci denote the components of K* N C,, in Cy,. Then we have shown
that K+ NCy, =C{ or

Cy C KT, C,, C K™, and by (I11.6.29),

(I11.6.31) e~ et ues,

which proves Theorem II1.6.2. O
We remark that C)j\to might each consist of more than one component. In

contrast to the components C* of (I1.5.40), we have obviously Cj{o ncy, = 0.
We apply Theorem I1.5.9 to the first case (II1.6.11), (I11.6.12), and the
statement after Theorem II1.5.1 implies that

each of C;fo and C)  satisfies the
alternatives of Theorem III.5.1; i.e.,

it is unbounded or meets {0} x R at
some (0, A1) where \g # A1.

(111.6.32)

In the second case (I11.6.14), (I11.6.20), the operator F(-, ) in (I11.6.14) is
odd according to (II1.6.15). Therefore, we can apply Corollary 11.5.10 directly
without converting the problem to a compact perturbation of the identity. In
particular,

Cy, = {(w,N|(—u,\) € C;\FO}, and
(I11.6.33) each of C;\FO and C)  satisfies the alternatives
of Theorem IIL.5.1.

I11.6.3 Unbounded Branches of Positive Solutions

The positivity (negativity) on {2 along C;’O (C,,) serves as a useful criterion for
eliminating one alternative in (II1.6.32) or (II1.6.33). Assume that C;\FO meets
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some (0, A1) where A; # Ag. Then there exists a sequence (u,, A,) € C;) such
that u, — 0in X and A\, — A; in R. (Recall that X = C%%(£2) N {u|lu = 0
on 92} or X = C%*(R?)N Xp in the first or second case, respectively.) Then

Up, = Up /|| Unlf0,o € X solve
(I11.6.34) L(tn, An)vp = 0, cf. (I11.6.24), (IIL.6.25),
whence ||vy, |2, < C for all n € N,

by elliptic a priori estimates, since the coefficients aij,l;i,é of the operator
L(tn, M) are uniformly bounded in C(£2) and C*(£2) for all n € N. (Note
that the elliptic a priori estimates are also valid for i(u, A):C?**(RH)NXp —
C*(R*)N X p as expounded in Section III.1 for elliptic operators on a lattice.)
By a compact embedding we can assume without loss of generality that

vn, — 01 in C1*(£2), whence
(I1.6.35) L(un, An)vy = —Z?:lbwmi — cv,, converges to
=D, (0, A\1)d; in C¥(£2) as n — oo,

by definitions (IT1.6.11) and (II1.6.25). On the other hand,
(111.6.36) (Lt An) — L0, A1) nlo.0 < l|vn]lz.a < eC
for all n > ng(e). By (I11.6.35) and an elliptic a priori estimate, this implies

L0, \)vn = =Dug(0, \)01 in C(82),
(111.6.37) v, — 1 in C2%(02), 91 € X, ||91]l0.a = 1,
Dy F(0,A1)01 = L(0, 1)1 + Dy G(0, \1)971 = 0.

Finally, v,, > 0in {2, since (u,, \y,) € Cjo, so that 07 > 0, and by the argument
of (IIL6.10), 91 > 0 in £2.

To summarize, 0 is an eigenvalue of D, F'(0, A1) with a positive eigenfunc-
tion 91. Standard arguments imply dim N (D, F'(0,A1)) = 1 (cf. our comments
after (I11.6.23)), and 0 is a principal eigenvalue of D, F'(0, A1) over the domain
2 C R™ with smooth boundary 012, cf. (I11.6.12), or 0 is a principal eigen-
value of D, F(0, A1) operating on a lattice £; cf. (111.6.20), (II1.6.23). In view
of (IT1.6.32) or (I11.6.33), this observation implies the following theorem:

Theorem 111.6.3 Assume that 0 is a principal eigenvalue of
(IT1.6.38) D, F(0,\) = L(0,\) + D,g(0,\), ¢f. (IIL.6.11),

in the sense of (II1.6.12) or (II1.6.20) if and only if X = Ag. Then the global
continua of positive solutions of (II1.6.11), C;\ro, and of negative solutions, Cy_,

are each unbounded in C*%(£2) x R.

We give an application of Theorem III1.6.3. Let £ C R? be a rectangular,
square, or hexagonal lattice, and let the quasi-linear operator (II1.6.11) be
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equivariant in the sense of (I11.6.14). Let D, F'(0,A) = A + ¢(A\)I with some

function

(I11.6.39) ¢: R — (0,00) that is strictly monotonic,

c(A) = 0as A — —o0, ¢(\) = 00 as A — 0.

Then the characteristic equations ¢(\) = po > 0, given in [65] for a principal
eigenvalue 0 of D, F'(0,\), have a unique solution A\ = \g for each lattice L.
There is also another peculiarity: Depending on the characteristic periodicities
of the lattice £ (which are given by one number a > 0 for the square and the
hexagonal lattice, and by two numbers a > 0,b > 0 for the rectangular lat-
tice), each positive value p occurs on the right-hand side of the characteristic
equations ¢(\) = po. This means the following:

For a semilinear problem Au + g(u, A\) =0,
where g(—u, ) = —g(u, \) and
¢(A) = g4(0,\) satisfies (I11.6.39),
each point (0, \g) gives rise to unbounded
(I11.6.40)  branches Cj\'o of solutions having the properties
that for (u, \) € CY. the lines of some
rectangular or hexagonal lattice £ shown in Figure 111.6.1
are the precise nodal set for uw. The periodicities of £
are in one-to-one correspondence with Ag.

(Statement (IT1.6.40) holds for more general quasi-linear problems F(u, \)
= 0 that are equivariant with respect to the lattices £; cf. (II1.6.15), (IIL.6.16).
For (I11.6.40) only D, F(0,\) = A + ¢(M\)I is needed.)

We show the nodal sets in Figure II1.6.1. There are two more lattices, cf.
Figures II1.1.2, I11.1.3, but these are affine linear images of those shown in
Figure I11.6.1.

Figure I11.6.1
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IT1.6.4 Separation of Branches

The nodal properties labeling each branch are a useful criterion for the se-
paration of branches. This has been carried out in [62] for a quasi-linear ellip-
tic problem over a rectangle (0,a) x (0,b) subject to homogeneous Dirichlet
boundary conditions. Assuming the equivariance of a rectangular lattice, we
consider the quasi-linear elliptic operator on a rectangular lattice with period-
icities 2a and 2b; cf. (I11.1.31)5. By (II1.6.40), for each (m,n) € NxN there is a
bifurcation point (0, Ay, ) of an unbounded branch C;° X, » and for (u, A) € C+mn
the lines of a rectangular lattice with periodicities 2a/m and 2b/n are the pre-
cise nodal set of u. Clearly, u satisfies the homogeneous Dirichlet boundary
conditions on the boundary of the rectangle (0,a) x (0,b), so that each un-
bounded branch Cy’ _ is a solution branch of the quasi-linear boundary value
problem over the rectangle (0,a) x (0,b). Having different nodal patterns, all
infinitely many branches CJr . are separated. The analogous result holds also
for all branches over any trlangle in a hexagonal lattice; cf. [65].

The Cahn-Hilliard energy (IT1.2.48) over a square has many bifurca-
ting global branches of critical points. For that analysis we use the setting
F.(v,m) =0, cf. (II1.2.52), or equivalently v + f.(v,m) = 0, cf. (I11.5.20), of
the Euler-Lagrange equation (II1.2.49). The global branches C,, ; emanate at
(0,mt), i = 1,2, and so far, not much more than the Rabinowitz alternative
is known about them; cf. (IIL.5.21). If (v,m) € C,, then v has the double
periodicity 2/n, which, however, would not exclude a union of C,, ; with Cg, ;.
By a mean value zero, positivity (or negativity) over a tile cannot be used
as a label to separate the branches. Below, we continue the analysis of that
example, and we introduce a new method for separating the branches C,, ; for
different n. A side effect of that analysis is that the branches are bounded;
i.e., we establish alternative (ii) of Theorem III1.5.1.

In Section II1.7 we prove that the branches C;’O of (II1.6.40) for the rectan-
gular and hexagonal lattices on the left of Figure II1.6.1 are globally smooth
curves parameterized by the amplitude of u, provided that g(u,\) depends
linearly on A, i.e., g(u, A) = Ag(u); cf. Remark I11.7.18. This statement sharp-
ens considerably all global results of this and the previous section, since in
general, global branches are only continua. For plane symmetric domains {2
with a smooth boundary, Theorem III.7.9 gives conditions for when the global
continua Ci of Theorem II1.6.3 are smooth curves parameterized by the am-
plitude of w.

I11.6.5 An Example (Continued)

We continue the analysis of the Euler-Lagrange equation (I11.2.49) for the
variational problem (I11.2.48). In Section IIL.5 we show that the locally bi-
furcating curves sketched in Figure II1.2.3 are globally extended by C,,; =
C;i UC,;U{(0,m})},i=1,2, cf. (IIL.5.21), and that each of CJr and C, ; i

subject to the Rabinowitz alternative. Since both subcontinua are transformed
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into each other by the reversion (II1.2.68), they satisfy the same alternative,
but we do not know yet which one. Note that Ci , are not characterized by
positivity or negativity, respectively. As a matter of fact, as in seen from their
mean value zero, solutions v for (v, \) € Cff) ; have no positive or negative sign
in the square 2. Note also that the symmetry class X,, given in (II.2.56)
does not separate the branches Cii, since X,, contains the classes Xy,, for all
keN.
For the subsequent analysis we adopt the definition of Theorem III.6.2:

Let Cypi C Cpi\({0} x R) denote all

(TT1.6.41) components whose closures contain (0, m?),i = 1,2.

Then

(IL.6.42) ~ Cppi, N (Br(0) N (my, = 8,15 +8)) = Cls 10 UCh: 1

where C;;,loc = {(v(s),m(s))|s € (0,0)} and C;ZMOC = {(v(s),m(s))|s €

(—0,0)} are the local solution curves of Fi.(v,m) = 0 through (v(0),m(0)) =
(0,m?), cf. (II1.2.67). As mentioned previosuly, since v(s) has no definite sign,
the preceding analysis, using positive or negative cones, is not adequate to
label the local continua Cii Joc @nd their global components in C,,: , denoted
by Cii . Here is the way out:

The crucial observation is that the partial derivatives of the eigenfunction
by, cf. (IIL.2.55), are negative in the square §2, = (0,1) x (0,1). We make
this more precise now.

If v € CY(R?*) N X,,, where X,, is defined in (II1.2.56), then

0

—veEX} = {w ' R? — Rlw(z,x2) = —w(—x1,12) =

8301
2 2
w(xy, —2) = w (331 + —,3?2) =w (9617%2 + —) }7
n n

={w:R? = Rlw(zy, 22) = w(—x1,22) =

2 2
—w(xy,—x2) =w|x1+ —, 22 | =w | z1, 22+ — .
n n

k
n

(I11.6.43)
In particular,
(I11.6.44) wj =0 for z; = , kez,
if w; € C(R?) N X, j=1,2
If (v,m) € X?Lvo‘ x R solves F.(v,m) = 0, then, by interior elliptic regula-

rity and a “bootstrapping argument,” it follows from (II1.2.52) for a smooth
function W that v € C**(R?) and that for j = 1,2,
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wj = —v solve

8xj
(I11.6.45) —eAw; + W (m + v)wj =0 on R?,

k
wj=0forz; =—, keZ
n

For (v,m) € C*

i
mi ,lo

. we have by (II1.2.67) for j = 1,2,

(IT1.6.46) w;(s) = si

oz, O +o(s) in CH*(R?) N X7,

From (II1.2.55) it follows that

- 1
if)n<Oin the strip S%:{O<xj < —},
ox n
J 2
0 0
820n<0forxj 82
(s)<OinS$lf0r0<s<5,
wj(s)>OinS% for -0 <s<0, j=1,2.

1
(I11.6.47) 0, > 0 for x; = —, whence
n

We define for j =1, 2,

J,m

K {(v )\)EXQO‘XR]—U<01HS

2 2 1
(IT1.6.48) 8821)<0for:17]f0 8821;>0forxj},
n
K;fn analogously.

Then we have shown in (IT1.6.47) that

C K+ forj=1,2.

J.m? i loc 7,n

(I11.6.49) Cori toe C K Cr

By the double periodicity of (v,\) € K7

J,m?

1
(I11.6.50) )>0forz; =0and z; = )

|2

which implies that Kjin N Cpni are each open relative to C,,i C X2 x R.

We show that K ]in N C,pyi are also closed relative to C,ppi .
Let (vg,mi) € K, NCppi such that (vg, my) — (v,m) € Cppi in X2 xR.
Then w; = %v < 0in S7, and w; solves (II1.6.45); i.e., w; solves a linear
')

elliptic problem in the strip S7 and satisfies homogeneous Dirichlet boundary
conditions on 957 . The argument of (I11.6.10) and the elliptic maximum prin-
ciple then imply that w; < 0 in S7, since w = 0 is excluded. (Note that w

is periodic along the strip, so that it suffices to consider the elliptic equation
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in a compact segment of the strip.) The Hopf boundary lemma in [52] finally
implies that |a‘9 wj| >0 on 95}, so that (v,m) € K;, N Cpni

Let Ci denote the components of K;Fn NCpi in CW . Then, for j =
1,2, K ﬂ(,’ml —Cmb7
Ch. cK:, C,

J.m? ml _771’

th - Cr:; U C;Ln

and by (I11.6.49),
(I11.6.51) v ( )

(We give here a different argument from that for (I11.6.31), since the strips
SJ are unbounded, but S} are smooth.) Obviously, CJr NC,, =0, and the

continua are transformed into each other by the reversion (III 2. 68) Note that
ct, cct respectively, but as we shall see below, equality does not hold.

m‘ n,i’

Property (I11.6.51)1 means, by the definition (II1.6.48) of the cones K

J,m?

that the branches Cii are labeled by nodal properties of the derivatives. In

n

view of the periodicity (II1.6.43), the constant sign of %v = wj in S is true
J

for all parallel strips of width %, with changing sign in adjacent strips. This
characteristic nodal pattern implies a separation of branches:

(I11.6.52) Cmi, NC, = 0 forn#k,i,j€{1,2}.

The knowledge about the precise nodal pattern of a -y = w; on Cpi

has more benefits. First of all, it implies a fixed location of all minima and
maxima:

If (v,m) € C*, C K;,, then

m‘ 7,n?
E 2¢
(I11.6.53) max v(z1, r2) =0(0,0) = v(%, %),
: — oL 1) = p( 2kl 2041
:{Iél]lRI%’U(l‘l,l‘g) U(n’n) U( n ’ n )
This means also that
(I11.6.54) Av(0,0) <0 and Av(i,1)>0.

Subtracting the equation F.(v,m) = 0, cf. (II1.2.52), in = (0,0) and = =
(1, 1) results in the nonlocal term droping out, and by (I11.6.54) we obtain

n’n

W’(m+v(0,0))<W/ (m+ (n’?l))
(I11.6.55) for all (v,m) € C}, . l
On the other hand, by its mean value zero,

(II1.6.56) v(+,1) <0<v(0,0).

By the assumed shape of the graph of W’ sketched in Figure II1.2.2, the
inequalities (IT1.6.55), (IT11.6.56) are compatible only if
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Im| < My and =M, < v(, 1) < v(0,0) < M,

(IIL.6.57) for constants My, M> > 0 depending only on W’

This gives the uniform a priori estimate

Im| + [[vllo,0 = |m| + max |v(z)| < My + M,
(I11.6.58) 4, TcR
for all (v,m) € C',, independent of n € N and € > 0.

i
m n

Using the equation F:(v,m) = 0, a “bootstrapping” delivers the following
sequence of estimates via (interior) elliptic a priori estimates (£2 = (0,1) x
(0,1) C 2= (—1,2) x (—1,2)):

el A0l oy < W7 (m+ )l gy + 3 /Q W (m -+ 0)d,

whence [|[v][g2(0) < Ci/e,

(IT1.6.59) lv]lo.« < C2/e by embedding H?(2) C C%(£2),
el Avljo,a < [[W(m +v)llo.a +/ (W' (m +v)|da,
2

whence |[v]|2,o < C3/e?,
where for v € X2:® the norms over 2 or R? are the same.

To summarize,

|m| + ||’U 2, < C(0/52 for all (v,m) € C’r—l_ﬂﬂ

I11.6.60
( ) and for a constant Cy > 0 depending only on W'.

The application of the reversion (II1.2.68) gives the same bound also for all
(v,m) € C,, . This means that (for fixed € > 0) Cii are bounded in X% x R.

Since Cii = C*., respectively, if Cii N ({0}) x R) = 0, statement (II1.5.21)

implies that Cii meet the trivial axis {0} x R apart from (0, m¢). By (111.6.42)
and C cr

K 9 i
i ,loc mi,

and the uniqueness of C;i loc
component. "
In order to decide on the target of C;;l, say, we adapt the arguments

(I11.6.34)~(I11.6.37) to (IIL6.45). Let (vg,my) € C,., be such that v, — 0 in

X2 and my, — m1 #ml in R. Then wyy = aizl“k satisfies

and C, ; also consist of one
n

—cAwqy, + W”(mk + vk)wlk =0 on R27
(I11.6.61) 5 T 0 for a1=0,y,

—wi, =0 for x9=0,1,

81‘2 n
by the symmetries and periodicities of X; cf.(I11.6.43). (Interior) elliptic a
priori estimates for (IT1.6.61); imply, as in (I11.6.34),

lwikll2.0/llwikloe < C, or (wlo.g.),
(I11.6.62)  wig/||wiklloa — w1 in C*(R?) as k — oo and

lwnllo = 1.
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Using again (I11.6.61);, we see that the same “bootstrapping” as in (II11.6.35)—
(II1.6.37) proves that

w1k /||wikllo,a — w1 in C*%(R?) as k — oo and
—eAwy + W' (m1)w; =0 on  R?

(I11.6.63) wy =0 for z,=01
iw1—0 for x9=0,1
81'2
since clearly, wy € X}. By (IIL6.51) wyy, < 0 in £2, = (0,1) x (0,2) and
therefore wy < 0 in £2,,, but in view of (II1.6.62), w; # 0. Therefore, wy is
an eigenfunction of the Laplacian over (2, with mixed boundary conditions
(II1.6.63)3 4 for the eigenvalue W”(1m1)/e. On the other hand, a%lﬁn is an

eigenfunction of the same problem for the eigenvalue —n?m?, cf. (I11.2.55).
Since A with the mixed boundary conditions is symmetric with respect
to the scalar product in L?(£2,), eigenfunctions for different eigenvalues are
orthogonal with respect to that scalar product. But aizl{’n < 0 and w1 <0
in $2,, SO that orthogonality is excluded. Therefore, W (m;)/e = —n?n? or
my = m2; cf. (I11.2.63). Since the reversion (II1.2.68) transforms C:Lh into

(o

b the component C_ ! meets (0,m?2) as well. We summarize:

The bounded solution continua C

emanating at (0,m.) meet the tr1V1a1
solution line at (0,m2) where ml, m?2
are the two solutions of the characteristic
equation W”(m) = —en?n2. The solution

continua Ci2 emanating at (0, m2)
meet (0, m} ) and therefore Ci =c*

m2°

(I11.6.64)

respectively.

We sketch the global continua C - * . in Figure I11.6.2.
The entire analysis for the solution continua Civ of F.(v,m) = 0 where

F. is defined in (IT1.2.52) is valid for fixed small & > 0. Therefore, we suppress
the dependence on ¢ in the notation CjE

m,,

Note that our analysis does not imply that Ci- are globally smooth curves:
The topological argument proving Theorem III. 5.1 guarantees only continua.
However, a numerical path-following device suggests curves, and these curves
have two additional turning points, sketched in Figure IT1.6.2. In [101] we give
the arguments for those turning points:

The turning points are closely related to the singular limits of solutions on
Cib as € \, 0. Recall that in the variational problem (III.2.48) the parameter ¢
represents the interfacial energy. For ¢ = 0 that variational problem is simple,
and minimizers for m in the so-called spinodal region are piecewise constant.
The interface between the two constant concentrations of the binary alloy
form a characteristic pattern, which, however, is not determined by the model



I11.6. PRESERVATION OF NODAL STRUCTURE 299

v
+
C.:
(v,m)
1 2
my my m
Cm%

Figure 111.6.2

(II1.2.48) for € = 0. It is believed that patterns that are selected by singular
limits of conditionally critical points of E.(u) as € tends to zero are physically
relevant, in particular, if the critical points are minimizers of E.(u). In this
case, the “Minimal Interface Criterion” of Modica holds, which means that the
patterns with minimal interfaces are selected by singular limits of minimizers.
In [100], [101] we show that this pattern formation is not the only possible one:
We prove that all conditionally critical points of F.(u) on the global continua
Ci,, converge to minimizers of Eg(u) as ¢ tends to zero, for fixed m in the
Spi;lodal region. They form patterns that do not necessarily have minimal
interfaces but that are determined by the symmetries and monotonicities of
u=m+v € X,,. If the pattern in the limit has no minimal interface, then
according to the “Minimal Interface Criterion” the critical points on Cii are
not minimizers of the energy E.(u) (under the constraint of prescribed mass
m). This explains the two turning points sketched in Figure II1.6.2: The local
unstable solution curves shown in Figure III.2.3 gain stability beyond the
first turning points according to the “Principle of Exchange of Stability” of
Section 1.7 and sketched in Figure 1.7.1. But that stability is lost when the
branch turns back again, so that there is a “middle branch” that is not stable.
According to the comments on the stability in Section III.2, cf. (I11.2.77),
the unstable critical points © = m + v are not minimizers of the energy
E.(u). Nonetheless, as ¢ tends to zero they form characteristic patterns of
minimizers with non-minimal interfaces shown in [101]. We recall, however,
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that we have no proof that the solution branches Ci are globally curves.

Such global smoothness is proved for a special class ofnproblems in the next
section.

I11.6.6 Global Branches of Positive Solutions
via Continuation

We consider (II1.6.11) with G(0, 0,0, z,0) = 0 for all € {2 such that we have
the solution (ug, Ag) = (0,0) € X x R. We prove a global continuation of that
solution by unbounded branches of positive and negative solutions. To that
end we assume that {2 C R" is a bounded domain with a smooth boundary 042
and that the functions a;; and g in (II1.6.11) satisfy the regularity assumptions
of Section II1.5. Moreover,

9(0,0,z,\) >0 for A >0,

g(0,0,2,A) <0 for A <0,

and for all x € £2, but

g(0,0,2,\) #0 for some z € 2 if A # 0.

(I11.6.65)

Apart from that assumption for all (z, A) € 2 x R we need also the following
global and local properties of the function g:

gu(v,u,2,0) <0 forall (v,u,z) € R" xR x (2,
g(vyu,z,A) >0 for A >0,

g(vyu,z,A) <0 for A <O0or

gu(V,u, 2, ) <0 or

gu(V,u,x, N)u >0 for A >0,

gu(viu, 2, N)u <0 for A <0,

and for (v,u,z,\) ER" x Rx 2 xR

such that ||v|| + |u| + |A] < 0.

(I11.6.66)

As in (I11.6.24), every solution (u,\) € X X R of F(u,\) = 0 yields a
solution h = wu of the linear elliptic problem

L(u,A\)h =—¢g in 2,
(I11.6.67) h—0 on 90,
where L(u,\) is defined in (IT1.6.25) and g = ¢(0,0,z,)). By (II1.6.65)-
(I11.6.67),

D,F(0,00h=0 for heX <
(I11.6.68) L(0,00h=0 in £,
h=0 on 04,

where ¢(0,0,x,0) < 0; cf.(I1.6.25). Therefore, the maximum (minimum) prin-
ciple implies that A = 0 and 0 is not an eigenvalue of D, F'(0,0). In view of
the ellipticity of D, F(0,0), the point 0 is in the resolvent set of D, F(0,0),
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and D, F(0,0) € L(X,Z) is bijective. By the Implicit Function Theorem
Theorem I.1.1 the solution (ug, A\g) = (0,0) is locally continued by a curve
{(u(N), M)A € (=6,0)} and globally extended by a continuum C subject to
the alternative described in Theorem II.6.1; see Section IIL.5.2, (II1.5.22)-
(IT1.5.24).

We rule out alternative (ii) of Theorem II.6.1. By (II1.6.66)4,

F(u,0)=0 for weX<«
(I11.6.69) L(u,0)u =0 in {2,
u=0 on 912,

where ¢(Vu,u,x,0) <0, cf. (I11.6.25), whence v = 0 by the maximum (mi-
nimum) principle. Therefore, C\{(0,0)} is not connected, since for

(I11.6.70) c={(0,00yuctuc,

the components CT and C~ are separated by the hyperplane X x {0}. As in
Theorem 11.6.1, let

C* denote the component of {(x(\), \)|X € (0,9)},
(IT1.6.71)  C~ denote the component of {(x(\), \)|\ € (—0,0)},
each of which is unbounded in X x R.
By (I11.6.69),
(I11.6.72) CT C X x(0,0), C” C X x (—00,0),

and we claim that v > 0 in 2 for (u,\) € CT and v < 0 in 2 for (u,\) € C™.
We start with the local curve {(u(X), A\)|A € (0,9)}. By (II1.6.65)—(111.6.67),

(A
Lu(A); Au(A)
A

<0in {2 or
(I11.6.73) L(u(A), Mu(N) <0in £2,
u =0 on 0f2,

where ¢(Vu(A),u(A), z, ) < 0 when (I11.6.66), is valid for (v,u,z,\) € R x
R x 2 x R with ||v]] + |u| + |A] <. In case of (I11.6.66)5 we have

(6.4 L) AU + X b (VuA), u(h), 2 Au(A

)y < 0in £2,
u(N) =

0 on 042,

since ¢(Vu(A), u(A)x, A)u(A) > 0. Recall that L(u, \) is defined as in (I11.6.11).
In all cases (I11.6.73), (I11.6.74) the minimum principle implies u(\) > 0 in
£2 or u(\) = 0, which is excluded for A € (0,0) by (II1.6.65). For A € (—4,0)
the assumptions (I11.6.65), (II1.6.66) imply by the maximum principle that
u(A) < 0in §2. Thus

+
(I11.6.75) }A € (0,9)} c K7,

€(-0,0)} C K,
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where the cones K* are defined in (II1.6.28). Once we get started in the
cones, the further extension of K* N C* # () in C* follows precisely the
lines of (I11.6.28)—(II1.6.31). We can show that K* N C* are each open and
closed relative to C*, since by (I11.6.72), we can use (I11.6.65); in (I11.6.67) for
(u,A) € Ct,and (II1.6.65)2 for (u,\) € C~. Note that assumptions (II1.6.66)
are no longer used when (I11.6.75) is known. Thus, by connectedness of CT,
we obtain K* NC* =C* or

(I11.6.76) CtcK' and C CK™.

‘We summarize:

Theorem II1.6.4 The quasi-linear elliptic problem (II1.6.11) satisfying
(I11.6.65), (II1.6.66) possesses an unbounded positive solution continuum
Ct C X x (0,00) and an unbounded negative solution continuum C~ C
X X (—00,0), both of which emanate from the solution (ug, Ag) = (0,0).

In the next section we show how the positivity (negativity) is used to
obtain more information about qualitative properties of global branches. In
particular, for a special problem (II1.7.1), global positive or negative solu-
tion continua are smooth curves parameterized by the amplitude of u; cf.
Theorems II1.7.9 and II1.7.10. Moreover, under suitable growth conditions on

the nonlinearity, their asymptotic behavior can be determined; cf. Theorem
II1.7.17.

Remark II1.6.5 In Remark II1.5.83 we mention the existence of global bran-
ches of weak solutions of a semilinear elliptic problem over a bounded domain
with a nonsmooth boundary. Since these weak solutions are in C(£2), pointwise
positivity (or negativity) in 2 is defined. Since the Mazimum Principle of
Theorem II1.6.1 can be generalized to weak solutions, the existence of global
positive and megative branches of weak solutions can be proved under much
more general assumptions on the data of the problem; cf. [69].

II1.7 Smoothness and Uniqueness of
Global Positive Solution Branches

In this section we study the model problem

Au+Ag(u) =0 in £,

(ITL.7.1) w—0 on o0,

where (2 is a bounded domain in R™ having a smooth boundary 0f2. The
function g : R — R is smooth (C? is enough), and first we assume g(0) = 0,
so that we have the trivial solution (0, \) for all A € R.
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Let ¢’(0) > 0. We define two positive values of A:

to = Xog'(0) is the principal eigenvalue
of —A on {2 subject to homogeneous
Dirichlet boundary conditions; i.e.,
(I11.7.2) 1o is the smallest positive and simple eigenvalue
of —A with positive eigenfunction, and
1 = A19'(0) is the second eigenvalue
of —A;ie. 0< Ay < M.

Then, by the results of Section III.6, in particular of Theorem II1.6.3,

there exists an unbounded continuum

C’;\rU of positive solutions and an unbounded
continuum C'y - of negative solutions

of (IT1.7.1) in X x R emanating at (0, Ao).

(I11.7.3)

Recall that X = C%%(2) N {ulu = 0 on 9£2}.

The topological methods, however, for proving the existence of C =
{(0, o)} UC;‘O UC,, do not give more information than (II1.7.3). In particular,
the following questions have no answer yet:

e Are Ci smooth curves in X x R?
How is the asymptotic behavior of C)jfo as ||lull2,a + |A] = o0?
Are there other positive (negative) solutions of (II1.7.1) that are not on

+ —
Cx,(C,)?
We give some answers using first growth conditions on g. Assume that

< < / 2
(I11.7.4) 0 < g(wu < g'(0)u” for u € R,
i.e., g grows at most linearly.
Then, for (u,\) € C)jfo7
(IIL.7.5) (—Au,u)o = || Vull§ = Mg(u), u)o < Ag'(0)]Julf5-

Since the principal eigenvalue A\ogg’(0) is the minimal value of the Rayleigh
quotient, i.e.,

(I1L.7.6) Ao (0) = min {” “”0| HY(0 ),u#0}7

lull3

cf. Remark III.2.1, we obtain from (III.7.5)
(I11.7.7) A>Xg forall (u,))€Cs.

For a sublinear growth of g the bifurcation is supercritical.
For a superlinear growth, i.e.,



304 CHAPTER III. APPLICATIONS
(I11.7.8) glu)u > g’ (0)u® for ue€Ru#0,
we obtain for (u,\) € C)jfo,

—Au = Ag'(0)u = Ag(u) — ¢'(0)u) in £2,
(I11.7.9) u =0 on 02, and
g(u) — ¢’ (0)u Z 0in £.

Since (II1.7.1) has no nontrivial solution for A = 0 and since Cfo are connected,
we have A > 0 for all (u,\) € C}. .

Let 9y denote the positive and normalized eigenfunction of —A for the
principal eigenvalue 119 = Aog’(0). Then

()\0 — )\)g’(O)(u, ’00)0 = (—Au — /\g'(O)u7 @0)0

= Xg(u) — ¢'(0)u,Bo)o Z 0 by (IIL.7.9),
(I11.7.10)
(u,0)0 2 0 for (u,\) € C)j\to, whence

0 <A< forall (u,)) €C5,.

For a superlinear growth of g the bifurcation is subcritical.

By unboundedness of CAio, this means that |lul|2, is unbounded for
(u, \) € Cfo, but it does not imply any specific asymptotic behavior. In order
to sharpen the result of (II1.7.10), we assume that

lim ¢f(u) = ¢'(c0), lim_g'(u) = g/(—o0) exist,

U—00

\

Lz 0<g(0) <g'(F00) < A—(l)g’(o), of. (IIL7.2),
g"(u) >0 for u >0,
g"(u) <0 for u < 0.

By ¢(0) = 0, the assumptions (IT1.7.11) imply (II1.7.8) and

g(u)

(II1.7.12) 0< < ¢'(u) < g'(£o00) for u # 0.

In the following we let (cf.(I11.2.33) )

to(p) denote the principal eigenvalue with
positive continuous weight function p
(IT1.7.13)  of —A on {2 subject to homogeneous
Dirichlet boundary conditions and
11(p) the second eigenvalue with weight function p.

According to (II1.7.2), po(1) = po. The eigenvalue po(p) is given as in (I11.7.6),
where the denominator of the quotient is replaced by (pu,u)o, and by the
minimax principle, the second eigenvalue is described as
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[Vullg

max min 0#4ue HY (D), (pu,v)g =0 3.
e min{ D10 2 0 e (), (pu )y o0}

(IIL.7.14)  p1(p) =

Both variational characterizations imply the monotonicity of the eigenvalues
with respect to the weight function:

0 < p1(z) < pa(z) for all x € 2
= po(p1) = po(p2),
I11.7.15 .
( ) po(p1) > po(p2) if p1 # pa,
pi(p1) = pa(pz)-
For (u,\) € C)‘jto7
glw) o .
(111716) Au + )\TU =0 1m 97
u=0 on 9f,

so that A = pio(g(u)/u), which is the principal eigenvalue of —A with weight
function g(u)/u. (Note that g(u)/u € C(§2).) By (111.7.12), (II1.7.15),

X = po(g(w) /) > o' (1)) > po(g/ (£00)) = Ao g(fl)o)
(I1L.7.17) o &
pi(g(u)/u) > pi(g'(w) > pi(g' (£o00)) = )\lm > Ao,

where we use (II1.7.11)5. This restricts the interval of values of A to

/
0
(IIL7.18)  0< Ao gféio)o) <A< forall (u\)€Cy;

cf. (I11.7.10). For F(u,A) = Au+ Ag(u) and (u, \) € Cfo,

D,F(u,N)h=0for he X &
(II1.7.19) Ah+ g (u)h =0 in £,
h=0 on 0f2,

which means that A is an eigenvalue with positive weight ¢'(u) of —A. By
(IIL.7.17), (I11.7.18),

(II1.7.20) po(g' (1)) < A < Ao < pi(g'(u)),

so that A is between the first (principal) and the second eigenvalues with
weight ¢'(u) of —A. Therefore,

D,F(u,\) € L(X, Z) is bijective
(ITL.7.21) for all (u, \) € Ci.

Recall that Z = C%(£2). By the Implicit Function Theorem (Theorem 1.1.1)
every solution (u,\) € C/\iO of F(u,\) = 0 is locally continued by a smooth
curve parameterized by A. Therefore, by connectedness,
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C/\i0 are globally smooth curves

/
(IL.7.22) parameterized by A € (AL \g) C <)\0 /g ©) ,/\0>;
g'(F00)
cf. (I1.7.18). Let (An)nen be any sequence such that A\, N\, AL, say, and

lu(An)|l2,a — oo by unboundedness of C;\FO = {(u(N), )X € (AL, X))} in
X xR. Then (u(A\y))nen is unbounded in C(£2), too, since its boundedness im-
plies boundedness in C%<(§2) by the following “bootstrapping”: Boundedness
of (u(A))nen, and therefore of (A, g(u(A,)))nen, in C(£2) implies by (II1.7.1)
and an elliptic a priori estimate boundedness of (u(\,))nen in W2P(£2) for
every 1 < p < oco. A continuous embedding into C%(£2) for p > n yields
boundedness of (u(\y,))nen, and therefore of (A, g(u(An)))nen, in C%(£2), and
(IT1.7.1) together with another elliptic a priori estimate implies finally bound-
edness of (u(\,))nen in C%(£2).

Passing to a subsequence, assume that |[u(\,)]|ec — 00 as A, N\, AL.
(Here || ||oo is the maximum norm in C(£2), also denoted by || [|,0.) Setting
U = u(An)/|[u(An)|leo and s, = 1/[|u(A,)|leo yields that ||vp]|ec = 1, s — 0,
and v,, solves
Un

Avn—|—/\nsng( ):O in £2,

v, =0 on 0f2,
v, >0 in f2.

(I11.7.23)

By (II1.7.11), g(u)/u — ¢'(c0) as u — oo, whence |g(u) — ¢'(co)u| < eu for
u > M (e). Therefore, for M = M(e) and positive u,
max|g(u(z)) = ¢'(c0)u(z)|
I11.7.24 < /. Sl < M oS
(M724) < w1+ max ]S Co00) + <]
< 2elulloo if [lulloo > Cg(M)/e.

Since ||vp|leo = 1, the estimate (I11.7.24) implies

Uy,
Isng (22 ) = g (o0hunl < 2
(IT1.7.25) for all 0 < s, <e/Cy(M) or

Sng Un) g'(00)v, — 0 in C(£2) as n — oco.

By boundedness of ()\nsng (%)) , in C(92), cf. (I11.7.25), the same boot-
" ne

strapping as described before yields via (II1.7.23) boundedness of (v,)nen in

W2P(£2) for p > n and, by a compact embedding into C'“({2), the convergence

of a subsequence (vy, )ren to some v € C*({2) with ||v]c = 1 and v > 0 in

2. By (I11.7.25) this implies

UTL, . J—
(I11.7.26) AnySny g (s—k> — A g'(c0)v in C(92)
. ”
as k — oo.
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Finally, the elliptic a priori estimate for (II1.7.23) in LP(£2) gives by (II1.7.26)
the convergence of (v, )ren to v in W2P(§2), and we obtain by (I11.7.23) in
the limit
Av+ Mg/ (0)v =0 in 2,
(I11.7.27) v=0 ond,
v>0 in 2.

Since v € C(£2), elliptic regularity clearly provides v € C>%(§2). The elliptic
maximum principle implies v > 0 in §2, since v = 0 is excluded by ||v]ec =
1. Therefore, AL ¢g’(c0) = po, which is the principal eigenvalue of —A; cf.
(IT1.7.2). By po = Aog’(0), we obtain

g'(0)
g'(o0)

by analogous arguments. In view of (II1.7.22), this proves that the global
branches Cfo are smooth curves that are parameterized by A over the intervals
(A0g’(0)/¢' (£, 00), Ag), respectively.

We claim the asymptotic behavior

g'(0)

I11.7.2 =
(I11.7.28) AL = Ao ey

and A\ = Ao

(I11.7.29) lim  [|u(M)]|eo = 0.
ANAED

If (IT1.7.29) is not true, there exists a sequence (A,)nen such that A,
AL, say, and [[u(A,)]lee < C for (u(An), \n) € Cjo. By the “bootstrapping”
expounded before, the boundedness of (u(\,,))nen in C(£2) implies via (I11.7.1)
the boundedness of (u(\,))nen in C*%(§2) and, by compact embedding, the
convergence of a subsequence (u(\,, ))ren to some u in C(£2) with u > 0 in
2. By the convergence of (A, g(u(An,)))ren to AL g(u) in C%(£2), an elliptic
a priori estimate for (ITIL.7.1) in C®(£2) implies the convergence of (u(\,, ))ken
to u in C%%(£2), and (u, \L) solves (II1.7.1). (This property that boundedness
of solutions implies relative compactness is called “properness” of the mapping
Au+ Ag(u); of. (I1.5.7)—(I11.5.9).) By its construction (u, A\L) € 5:0 and by
Theorem I11.6.2, either u > 0 or u = 0 in (2. In the second case, (0, A1) would
be a bifurcation point for (IT1.7.1) from the trivial solution line {(0, A)}, which
is excluded, since A% ¢’(0) < A\og’(0) = o, which is the principal (= smallest)
eigenvalue of —A. Therefore, v > 0 in 2 and (u,\L) € C;ro, contradicting
(IT1.7.18) by (II1.7.28). This proves (II1.7.29).

By the asymptotic behavior (I11.7.29) we can choose a sequence A, \, AT,
such that the analysis (IT1.7.23)—(I11.7.27) is valid. Since the limit satisfying
(IT1.7.27) is unique by ||v||lcc = 1, we can conclude that the entire sequence
(vp) converges to v in W2P(£2) (for any 1 < p < 00). Accordingly, (I11.7.26)
is true for any sequence v, = u(A,)/||u(An)]lco = w(An)sn where A, N\, AL.

We claim that the convergence (II1.7.26) also takes place in C*({2). For a
proof we give some well-known facts about convergence in Holder spaces. By
the simple estimate
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flz)—f f(x o/B o
(1117.30) | (|x)—y£ Wl oy ( (|) y|é )> Lf]|L /)

for0<a<B<1, x,ye R, x#y,

the following property is immediate:

Let (fn)nen C C?(£2) be such that
(IIL.7.31)  f, — 01in C(2) and || fullos < C as n — oo.
Then f, — 0in C*(2) for 0 < a < <1 as n — oo.

If (fn)nen € CH($2) (not to be confused with the Holder space CP(£2) with
B = 1), then the mean value theorem implies ||f,|lo1 < C, provided that
IVfnlloo < C as n — oo. Using this observation we apply (II1.7.31) with
8 =1to
fn =509 <v_n) — ¢'(o00)v for which
s

n

(L732)  op ( )an ¢'(50) Vv and

IV fallso < Cgr (I Vonlloe + [[V0]]) < C as n — co.

Here assumption (II1.7.11); gives the constant Cy/, and the convergence v, —
v in W*P(£2) (which implies the convergence v, — v in C*(£2) by embedding
W2P(02) C C1(2) for p > n) gives the boundedness of ||Vv,, | «. This proves
that

(I11.7.33) AnSng <Z") — ALd (0)v  in C*(9),

and the elliptic a priori estimate for (II.7.23) in C¢ (£2) implies the conver-
gence v, — v in C2($).
We summarize:

Theorem II1.7.1 Let CjE be the unbounded continua of positive (negative)
solutions of (I11.7.1) emanatmg at (0,\o), where the function g satisfies
g(0) =0, ¢'(0) > 0, and (II1.7.11). Then Cio are smooth curves parame-
terized by A € (AZ, o) = (Mg’ (0)/g'(£x), \o), respectively. Furthermore,

lim_ [[u(A)]|le = 00 for (u(X),\) € CE
AN 0
) u(A)
im ——
(I11.7.34) AL [[u(A)]lso
where Og is the positive (negative)
eigenfunction of —A for the principal
eigenvalue o = og' (0) = AL g/ (£00).

= f}o mn CQ’O‘(E),

Finally, the trivial solution line {(0,\)} is stable for A < Ao and unstable for
A > N, whereas C)j\[0 are unstable; cf. (II1.7.20) and (1.7.2).
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We sketch C;\ro in Figure II1.7.4. The monotonicity with respect to the
amplitude is true for symmetric domains in R?; cf. Theorems II1.7.9, II1.7.17.

Properties (I11.7.34) suggest a Bifurcation from Infinity at A = AL . We
prove “bifurcation” in the sense of Theorem I1.20.1 under more restrictive
assumptions on g at u = oo that give AX = A.. On the other hand, we drop
the assumption ¢(0) = 0.

II1.7.1 Bifurcation from Infinity

Problem (II1.7.1) provides an example of Bifurcation from Infinity in the sense
of Theorem 1.20.1 under the assumptions
lim ¢'(u) = g'(c0) >0, ie., g'(c0) = g'(~00),

(IIL7.35)  lul—
lug” ( )| < Ch for all u € R, with some C; > 0.

Let po = Aog’(00) be the principal eigenvalue of —A and 9y be a positive
eigenfunction spanning N(A + pol) € X = C*%(2) N {ulu = 0 on 902}.
Setting
F(u,\) = L(\)u + AR(u),

L(Nu = Au+ g (00)u,
R(u) = g(u) — g'(c0)u,
we see that the assumptions (1.20.2), (1.20.3) with A(A) = L(A), Ao = Ao,
and (1.20.5) are satisfied. (Recall that 99 ¢ R(A + uol) = span[o]t N Z,
where Z = C“(§2) and the orthogonal complement is taken with respect to

the scalar product in L?(£2).) The crucial assumption for Theorem 1.20.1 is
(I.20.4): Let U be a neighborhood of ¢y in X. Then it has to be shown that

sg (E> —g'(c0)v — 0in Z = C¥(9),

(I11.7.37) (9/ g) - g’(oo)) h—0in Z as s — 0,
for all v € U C X and
uniformly for h € X with ||hlj2, < 1.

(I11.7.36)

By (I11.7.35)1, g(u)/u — ¢'(c0) as |u| — oo, whence |g(u) — ¢'(c0)u| < elu]
for |u| > M (e). Therefore, for M = M(e),

max|g(u(z)) - ¢g'(c0)u(x)|
(IT1.7.38) < max |./.]+ max [./.| < Cy(M) +e|ulo

ju(@) | <M Ju(a) =M
< 2¢|ulloo if [Julloc = Cg(M)/e.

Using ||v||oc < ¢1 for all v € U, we see that the estimate (I11.7.38) implies
|sg (g) - g’(oo)v”oo < 2cie

(II1.7.39) for all |s| < ecy/Cy(M) or
sg (g) —¢'(c0)v — 0in C(2) as s — 0.
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This argument does not apply to (II1.7.37)2, where we need the following
properties:

v e U C X implies v(x) > 0 for all x € (2,

0 < w(x) <eif dist(x,092) < 6 (e),
(I11.7.40) v(z) > d(61) > 0 if dist(z,08) > 6; > 0,

h € X with ||h]|2,o <1 implies

|h(z)| < e if dist(x, 082) < d2(e).

Note that U C X is a neighborhood of 9y that is positive in {2 and for which
Hopf’s boundary lemma is valid on 9f2.
By (IIL.7.35)1, [¢'(u) — ¢'(00)| < Cy for all u € R, whence

@ (") g oopnio)| < ¢y
if dlst(:c 082) < da(¢),
(I11.7.41) ( ) 9’(00)> h(z)| <e
if dlst(x 8(2 > §a(e) and |s| < 4(e), o
(g() ))hHOmC )ass%(),

uniformly for h € X with ||A2,o < 1.

We use the property (II1.7.31) in order to prove (II1.7.37). Let (sp)nen C R
be such that s,, — 0. Then for

fn = Sng (v_n> — ¢g'(c0)v we obtain
Sn
(TI1.7.42) V= (9/ (1> - g’(oo)) Vv, whence

Sn

IV fallo < Cy[|Vv]|oo < Cgrea = C,

where Cy depends only on the uniform bound of |¢'(u)|, cf. (II1.7.35)1, and
¢o is a uniform bound of ||Vv]||« for all v € U. The application of (II1.7.31)
with =1 then implies (I11.7.37);. For

fn= <g’ (}) — g’(oo)> h we obtain
(II1.7.43) Vi, = igﬂ <;;) (Vu)h + <g’ (;;) - g’(oo)> Vh.

The second term of (IT1.7.43), is estimated as in (IT1.7.42) when ¢ is a uniform
bound of ||Vh||« for all h € X with ||h]|2, < 1. For the first term we use the
uniform estimate

|h(x)| < czv(z) for all z € £2,
(IT1.7.44) for all h € X with [|A]l2.a < 1,

and for all v € U C X.

Indeed, the positive eigenfunction 9y with nonzero normal derivatives on 92
(Hopf’s boundary lemma) bounds all functions h € X = C%%(Q2) N {uju =0
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on 92} with ||h]|oc + | VR]|oo < ||h]|2,a < 1 pointwise in 2 by |h(z)| < ¢300(z)
for some ¢3 > 0. This estimate persists for all v € U C X with a uniform
constant cg, since U is a neighborhood of 9y in X. Using (I111.7.44) we obtain
for the first term (I11.7.43)2,

ig” %f) Vo(z)h(z)
(I11.7.45) <es %j)g” ( ) ’IIV

< e3Ch]|VY]lso < C by (IIL.7. 35)2,
uniformly for v € U C X, ||hlj2,o < 1.

By (I11.7.31) this proves (II1.7.37)2, and all assumptions of Theorem 1.20.1
are verified.

Theorem II1.7.2 Under the assumptions (111.7.35) there is a unique con-
tinuous curve {(v(s), A(s))|s € (=8,8)} in (C*(2) N {ulu =0 on N}) x R
through (v(0), A(0)) = (09, Aoo) such that the functions

(I11.7.46) u(s) = " for s € (-a.00\(0)
solve (II1.7.1) with X = X(s).

Here j1p = Aoog’(00) is the principal eigenvalue of —A with positive eigen-
function 0.

The property
(II1.7.47) lir% lu(s)]|2,a = o0, lir% A(8) = Ao

explains the nomenclature Bifurcation from Infinity at A = A,. Since 0y > 0
in 2 and 9y has nonzero normal derivatives on 92 (Hopf’s boundary lemma),
we have v(s) > 0 in {2 for s € (—4,9) such that

u(s) >01in 2 for s € (0,0),

(I11.7.48) u(s) <0in 2 for s € (—6,0).

If the global continua Ci exist (cf. Theorem III.7.1), one expects that the

ends of C/\io near (00, As) are on the curve (II11.7.46) bifurcating from infinity.
We show more:

Let (un, An) € X x R be positive (negative)
solutions of (IIL7. 1) such that |[uy|lec — 00
and A, — A% (A\3) as n — oo. Then

v(sp

(II1.7.49)  w, = - = u(Sn) , An = A(sn),

for somensn € (0,6)((—9¢,0)) with s, — 0 and where
{(v(s),A(s))} is the unique curve of Theorem IT1.7.2,
and therefore )\+ = )\_ Ao -
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For a proof we confine ourselves to the case of positive u,. The same
arguments that prove Theorem II1.7.1 yield

Up,

l[unloo
where v > 0 solves
(ILL.7.50) Av 4 AL g/ (c0)v =0 in £,
v =0 on 02,
whence v = o and A, = A.

— v in C?%(2) as n — oo,

Normalizing ||0gljo = 1 (where || |lo and ( , )o denote the norm and the
scalar product in L?(£2)), we obtain for s,, = 1/(u,, 0)o that

U = Spuy, € X satisfies
v — Vg in X, N\, = Ao, Sp — 0 as n — o0,

(ITL.7.51) F (0, A, 5n) = (0,0), where
Fo, A s) = (L(/\)v +AsR (g) , (v,90)0 — 1) ,

cf. (IT1.7.36). On the other hand, the triplet from Theorem IT1.7.2, (v(s), A(s), 8)
€ X x R x R solves (IT1.7.51)3, too, so that uniqueness of the solutions near
(D0, Aoo, 0) implies (I11.7.49). (In the proof of Theorem 1.20.1 the duality (v, 0()
can be replaced by (v, 79)o.) Statement (II1.7.49) implies in particular that

under the assumptions (II1.7.11) and (II1.7.35),
the global curves Cfo described in Theorem III.7.1
connect the local curves bifurcating from 0

at A = A\p and bifurcating from infinity at A = A.

(I11.7.52)

Finally, the asymptotic behaviors (II11.7.33) and (II1.7.47) are equivalent:

(IT1.7.53) )\1\1131\10o lu(N)]|2,0 =00 < Al\lriloo lu(A)]|oo = o0.

This complete description of the global positive (negative) solution branches
Cfo requires rather restrictive assumptions on the nonlinearity ¢g. In the se-
quel we prove smoothness of positive solution branches under quite general
assumptions on g, but the domain (2 is symmetric and partially convex in R2.

Remark II1.7.3 Bifurcation from Infinity for (II1.7.1) can be proved un-
der weaker assumptions on g than stated in (II1.7.35). To be more precise,
assumption (II1.7.35)s is not necessary, and (II1.7.35); can be weakened to
lim g(u)/u= K. Following [133], we consider A : X — Z as a continuous

|u|—o0

bijection for X = C**(2) N {ulu = 0 on 9N}, Z = C*(2), and also for
X = W27P(Q)0W01’p(0), Z =LP(0), cf (II1.1.8), (III.1.40). Then (III.7.1)
1s equivalent to the fized-point problem

(II1.7.54) u=-AA"tg(u), u € C(2).
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Setting A(\) = I + AKA™! and R(u) = A~ (g(u) — Ku), we see that the
inversion w = u/|lu||%, transforms

ANu+ AR(u) =0, (u,\) € C(2) x R, into
(ILT55) 40w + Allw|2 R(w/[[w]%) = 0, (w, ) € C(®) x R.

Assumption |g(u) — Ku| = o(|u|) at |u| = oo implies for

R(w) = |w|ZR(w/|lw||%.) that
(IIL7.56)  R(w) = o(||w]le) at w =0 in C(£2)
and R : C(£2) — C(R) is compact; see (II1.7.38) and [133].

Since A(\) = I + AKA™Y is a compact perturbation of the identity, cf. De-
finition I1.2.1, the analysis of bifurcation from the trivial solution line for
AN w + )\R(w) = 0 allows the application of the Leray—Schauder degree; cf.
Sections I1.2, I1.3. In particular, if pr = A\ K is an eigenvalue of —A on
2 (subject to homogeneous Dirichlet boundary conditions) of odd multiplic-
ity, then (0, \) is a bifurcation point for AN\ w + AR(w) = 0; ¢f. Theorems
I1.3.2 and I1.3.5. The inversion u = w/||w||%, then provides bifurcation for
AN u+AR(u) = 0 at (00, M), which, in turn, proves Bifurcation from Infinity
for (II1.7.1) at A = X\i.. Furthermore, the alternative of the Global Rabinowitz
Bifurcation Theorem is valid for AN w-+AR(w) = 0. However, the translation
of that alternative to an alternative for Bifurcation from Infinity after inver-
sion is somewhat awkward, and it is found in [133]. Note that the statements
of Theorems 1.20.1 and II1.7.2 are much sharper. In particular, a uniqueness
of Theorem II1.7.2 implying (I11.7.49) cannot be obtained by the application
of the Leray—Schauder degree. Since we need that uniqueness in the sequel, the
stronger assumptions (II1.7.35) are justified. Our analysis, however, applies
only if po = Aoog’(00) is the principal eigenvalue of —A.

II1.7.2 Local Parameterization of Positive Solution Branches
over Symmetric Domains

We consider (IT1.7.1) over a domain having the following properties:

2 C R? is bounded with a smooth boundary 912,

(2 is symmetric with respect to the z- and y-axes,
and {2 is partially convex; i.e.,

if (z1,y), (x2,y) € 2 then (txy + (1 — t)xs,y) € 12,
if (x,y1), (z,y2) € 2 then (z,ty1 + (1 —t)y2) € £2,
for all ¢ € [0,1].

(I11.7.57)

Remark IT1.7.4 For the sake of convenience we restrict the presentation to
domains (II1.7.57). There are, however, other cases to which the same or
modified arguments as given in this sequel can be applied: For instance,
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2 C R? is a rectangle

(II1.7.58) or an equilateral triangle.

Consider Au + Ag(u) = 0 with g(—u) = —g(u) on a rectangular or hexa-
gonal lattice L as described in Section III.6. As summarized in (II1.6.40),
each point (0, \g) with Ao > 0 gives rise to unbounded branches of solutions
whose nodal set consists precisely of the lines of a particular rectangular or
hezxagonal lattice whose periodicities are in one-to-one correspondence with \g.
On each tile £2 of the lattice, the solution u is positive or negative. Whereas
a rectangle (2 has the symmetries of (II1.7.57), an equilateral triangle 2 has
three symmetry axes. What is needed is for each half of {2 on one side of a
symmetry axis to be an optimal cap in the sense of [51]. Then, according to
a celebrated result of [51], positive solutions on §2 have the symmetries of (2;
cf- Proposition I1I1.7.5 below. Having this in mind, an extension to smooth
and convex domains having the symmetries of any regular polygon is possible,
too. In Remark II1.7.18 we summarize our results for domains other than
(111.7.57).

We quote from [51] the following result:

Proposition II1.7.5 Assume that u € C?({2) is a positive solution of (II1.7.1),
where A > 0 and g(0) > 0. Then u has the same symmelries as (2; i.e., for
(z,y) € £2,

(I11.7.59) ZE;?E_@;% - Z

z,y),
z,y),

—~

and moreover,
uy <0 on {(z,y) € 2z >0},

(IT1.7.60) uy <0 on {(z,y) € 2y > 0}.
Finally,
(ITL.7.61) u, <0 on Of

for the derivative in direction of the exterior normal unit vector v on 0f2.

Note that properties (I11.7.59), (II1.7.60) are valid for every g and A # 0.

The last property (II1.7.61) follows from Hopf’s boundary lemma using
the trick (II1.6.10) and the assumptions A > 0, g(0) > 0: If g(0) > 0, then for
x near 92, (II1.7.1) implies Au(x) = —Ag(u(x)) < 0, and the usual boundary
lemma applies. If g(0) = 0, then (II1.7.1) implies Au + Acu = 0, where ¢ =
g(u)/u € C(£2). Since u > 0 in §2, we obtain, as in (I11.6.10), Au+ Ac~u <0,
and again the usual Hopf lemma applies.

As stated in Remark IIL.7.8 below, property (III.7.61) is not necessarily
true if g(0) < 0.

Another consequence of Proposition I11.7.5 is that for positive solutions of
(IT1.7.1) (for all A # 0 and for all g),

(I11.7.62) lu]|oo = max wu(z,y) = u(0,0).
(zy)en
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Lemma II1.7.6 Let u € C?(02) be a positive solution of (II1.7.1) where
9(0) > 0. Then the linear problem

Av+ A (w)v =0 in £,
(I11.7.63) g )u:o o0

has no nontrivial solution v € C?(£2) having the symmetries

(ITL.7.64) v(=2,y) = vEx, y;

and satisfying
(I11.7.65) v(0,0) = 0.
If the homogeneous boundary conditions (II1.7.63)s are replaced by

(II1.7.66) v>0 or v<0 on 012,

then problems (I11.7.63)1, (I11.7.64), (I111.7.65), (II1.7.66) also have no solu-
tion.

Proof. We assume the existence of some nontrival v € C?({2) having the
properties (IT1.7.64), (I11.7.65), solving (II1.7.63);, and satisfying v = 0 or
v > 0or v < 0 on df2. By (II.7.65), the origin (0,0) is in the nodal set
N of v. The complement 2\N decomposes into nodal domains, and by the
maximum principle, v has opposite signs in two adjacent domains. (The sign
of Ag’(u) = ¢ plays no role for this argument; see the trick of (I1I1.6.10).)
Since (0,0) € N, the symmetry of v implies that there is a nodal domain
Dofvin 2N{x >0}orin 2N{y >0} and v = 0 on 9D,v > 0 in D.
(In case of (II1.7.66) we have D C (2.) Therefore, depending on its sign, the
number A # 0 is the largest negative or smallest positive eigenvalue of the
weak eigenvalue problem for —A with weight function ¢’(u) over D subject to
homogeneous Dirichlet boundary conditions; cf. Remark II1.2.3, in particular
(IT1.2.32), (I11.2.33). It is characterized by an extremal property of

Vo[22 p)
(I11.7.67) (9’ (u)v,v) 12(p)
such that (¢'(u)v,v)2(py > 0 or <O0.

among v € Hy (D)

Since we need a piecewise smoothness of D (which is true but which is not
easy to prove) we proceed as follows: Let D C D C £2Nn{x > 0}, say, where 0D
is piecewise smooth. Then the largest negative (or smallest positive) eigenvalue
o of the same weak eigenvalue problem over D is not smaller (or not larger)
than \. This follows by the extremal property of the “principal” eigenvalue
to- If o = A, we replace v by the positive eigenfunction over D that satisfies
(IT1.7.63), where {2 is replaced by D. If A < pp < 0 or 0 < po < A, then we
shrink D in 2N {z > 0}, preserving its piecewise smooth boundary, so that
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the “principal” eigenvalue 1o becomes A. This is possible, since by Poincaré’s
inequality (II1.6.4),

lpo| > ¢| D]~ for a uniform ¢ > 0
(TT1.7.68) and |D| = measD.
Therefore, replacing D by D if necessary, we can assume that v satisfies
(IT1.7.63), where (2 is replaced by D, that v > 0 in D, that D is in 2N{x > 0},
say, and that 0D is piecewise smooth.

Using (I11.7.1) for u (which is certainly in C3(£2) by elliptic regularity),
we obtain by differentiation

(I11.7.69) Aug + Ag' (w)u, =0 in D,
and Green’s formula then gives, in view of v = 0 on 9D,

0
_U’U/z = 07

II1.7.70
(I1L7.70) .-

where n is the exterior normal unit vector on dD. However,

0
8_U < 0 on 9D\{ singular points},
n
by Hopf’s boundary lemma using v > 0 as in (I11.6.10),
ugy < 0on DN {z > 0},
uy =0 on 9D N {xz =0},
by Proposition II1.7.5,

(I1L.7.71)

contradicting (I11.7.70). O

Our Main Result on Local Parameterization of Positive Solutions
reads as follows:

Theorem II1.7.7 Let (ug,\o) € C*%(£2) x R be a solution of (II1.7.1)
such that ug > 0 in 2 and Ao > 0. We assume g(0) > 0 and that the
domain (2 satisfies (II1.7.57). According to (II1.7.62), we denote its ampli-
tude by ||uplloo = u0(0,0) = pg. Then there is a neighborhood U x V  of
(ug, Ag) € C**(2) x R and a curve of class C* if g is of class C?,

C ={(u(p), \(p))Ip € (po — 6, po + )}
(IIL.7.72) through (u(po), A(po)) :0(“0’ /\(()))’

such that all solutions of (II1.7.1) in U x V are on the curve C, u(p) > 0 in
2, and

(I11.7.73)  ||u(p)|loc = u(p)(0,0) =p for p € (po— d,po + 9).

In other words, the curve C is parameterized by the amplitude p of u(p).
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Proof. The result follows from the Implicit Function Theorem of Section 1.1
in a suitable setting. As usual, we set X = C*(£2) N {ulu =0 on 902}, Z =
C(2), and from (II1.1.26), (111.1.29), we know that

L: X — Z, defined by
(IT1.7.74) Lv = Av + \og' (ug)v,
is a (bounded) Fredholm operator of index zero.

For the symbols o, 7 € {+, —} we introduce four symmetry classes
(L7.75) 27 = {u: 2 - Rlu(—z,y) = oulw,y), ulz, —y) = ru(z,y)},
and by the symmetry uy € 2(+1) stated in Proposition I11.7.5,

L: X" — 77 with

X(Uv"—) = X N 2(077—)7 Z(U)T) = Z N E(‘T’T)’
is a Fredholm operator of index zero

for all o, 7 € {+,—}.

(I11.7.76)

For a proof of (II1.7.76) we refer to the arguments given in Section II1.1 pro-

ving (ITI.1.33): Choose a constant ¢ > 0 such that L — ¢l : X — Z becomes

bijective. Since the operator L — ¢I commutes with every (inverse) reflection

across the x- or y-axis, the unique solution u of Lu — cu = f is necessarily in

X@n) if f e z@7) Therefore, L — I : X(@7) — Z(@7) is bijective, which

implies (II1.7.76) by the same arguments that (IT11.1.8) implies (I11.1.12).
Next we introduce a mapping

G: XHH) xR x (0,00) = Z(HH) xR,

G(wa)"t) = (Aw + %g( ! )7 ’LU(O70) —p0)>

(I11.7.77)
—w
Pbo

which is of class C! and G(ug, Ao, o) = (0,0). We prove that its derivative

D(w,A)G(U/O7 )\OJ)O)[Ua )‘] = (LU + )\g(UQ), U(O7 O))7

(II1.7.78) D) Gltig, Mo, po) : XHH) x R — Z(+%) x R,

is bijective.
Case I. The kernel N(L) is nontrivial in X ().
By Lemma II1.7.6 we know that ©(0,0) # 0 for all nontrivial v € N(L).

Therefore,
(I11.7.79) dim N(L) =1,

since otherwise, there would be some nontrivial v € N(L) C X+ with
v(0,0) = 0. We claim that

(I11.7.80) g(ug) € R(L) ¢ ZH1).

The rescaled function u§(x,y) = ug(sz, sy) solves Aud + s*\gg(us) = 0 for all
s > 0. Differentiating this equation with respect to s at s = 1 yields
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v1(2,y) = Tuox(,y) + yuos (2, y), solving
II1.7.81
( ) Avy + Aog' (uo)vr = —2X0g(uo)-
Furthermore,
(II1.7.82) vy € X and v, <0on AN

by assumption (II1.7.57) on {2 and by (II1.7.61) of Proposition I11.7.5. Assume
that g(up) € R(L). Then

Lvg = 2X0g(ug) for some vy € X +1),
L(v+wvy+v1) =0,

(v+ vy +v1)(0,0) =0, and

v+ vg + v <0 on 92 for some v € N(L),

(I11.7.83)

contradicting Lemma II1.7.6. This proves (I11.7.80).

Since v(0,0) # 0 for nontrivial v € N (L), we derive from (I11.7.76), (II1.7.79),
(II1.7.80) that D, x)G(uo, Ao, po) as given by (II1.7.78) is surjective. To prove
its injectivity, let

Dy, 2)G (0, Ao, po)[v, A] = (Lv 4 Ag(uo), v(0,0)) = (0,0),

(TIL.7.84) for some (v,\) € X+ x R,

By (II1.7.80) we obtain A = 0 and v € N(L). Lemma II1.7.6 then implies that
v=0.

Case II. The kernel N(L) is trivial in X (++),

In this case, (II1.7.76) implies that L : X(+t) — Z(++) is bijective and
therefore
(II1.7.85) Luy = g(ug) for some vy € X+,

We claim that v2(0,0) # 0. If v3(0,0) = 0, then the function vy from (I11.7.81)
yields

L(Ul + 2)\01]2) =0, v1 + 2 gv2 € 2(+’+),
(II1.7.86) (v1 + 2X002)(0,0) = 0, and

v1 + 2 gvg < 0 on 39,

contradicting Lemma II1.7.6. For given (f,u) € Z(H1) x R,

D(w,)\)G(UO; A()vpo)[vv )\] = (f7 lu) for
(IT1.7.87) v=L"1f— dvg € X(+F),

A= ((L71f)(0,0) = p) /v2(0,0) € R,

which proves the surjectivity of Dy, x)G(uo, Ao, po). Assume (I11.7.84). If A =
0, then v = 0. If A # 0, using the function vy from (I11.7.81),

L(Avy — 2X\gv) = 0, vy — 2 gv € X(HH)
(II1.7.88) (Avy —2Xgv)(0,0) =0, and
sign(Av; — 2X\gv) = —signA on 92,
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contradicting Lemma II1.7.6. This proves the bijectivity of D, x)G (uo, Ao, po)
in all cases.
By the Implicit Function Theorem, there exists a Cl-curve

{(w(t), A(t))|t € (po — 0,po + )} in X+ % R through
(III789) (’UJ(po), A(po)) = (’Mo, )\0) and
G(w(t), A(t),t) = (0,0) for all t € (py — &, po + 9),

and all solutions of G(w, A,t) = (0,0) in a neighborhood of (ug, Ag, po) are on
that curve. Obviously,

(I11.7.90) (u(t), A1) = (ptow(t),/\(t))
solves (II1.7.1) for all t € (pg — &, po + 9).

Since u(pg) = up > 0 in 2 and ug, < 0 on 92, cf. (II1.7.61), we obtain, for
sufficiently small § > 0,

(II1.7.91) u(t) >0 in2 foral € (pp—3d,po+09).

Therefore, (I11.7.62) implies

t
(II1.7.92) [u(®)lloo = u(t)(0,0) = p—w(t)(O,O) =t
0
by the second equation of G(w, A,t) = (0,0). This proves that the parameter
t is indeed the amplitude p.
Finally, every solution (u, A) of (II11.7.1) in a neighborhood U x V" of (ug, \o)
in X x R is positive, and therefore, by Proposition II1.7.5, u € X(*%) and

(w,\, t) = (%u,A,p) solves G(w, A\, t) = (0,0) for p = u(0,0). Since (w, A, t)

is in a neighborhood of (ug, Ao, po) in X 1) xR x (0, 00), the solution (w, A, t)
is on the curve (I11.7.89), or (u, A) is on the curve C given by (II1.7.90). O

Remark IT1.7.8 Note that Theorem II1.7.7 applies to every positive solution
of (II.7.1); i.e., (ug, No) s not necessarily obtained by a bifurcation from
the trivial solutions. Indeed, if g(0) > 0, such a trivial solution line does
not exist. The condition g(0) > 0, however, cannot be dropped in Theorem
IIL.7.7. In [73], Remark 4.2, we give a counterexample for (III.7.1) over a
ball 2 = Br(0) C R? with g(0) = — < 0 having a solution

(up, No) such that ug >0 in 2 and Ao > 0,

uoy =0 on 082, cf. (II1.7.61),

but there exists mo positive solution for p < pg,
(IT1.7.93) where py is the amplitude of ug,

and there is only a curve of positive solutions

{(uw(N),N)]0 < XA < Ao} with amplitudes

p > po that ends in (ug, A\o)-



320 CHAPTER III. APPLICATIONS

The continuation of that curve for X > Ao consists of radially symmetric solu-
tions that are no longer positive. As mentioned in [73], at (ug, Ag) @ symme-
try breaking bifurcation of axially symmetric solutions (which are nonpositive)
takes place, too.

We can clearly apply Theorem II.7.7 to any positive (negative) solution
(u, A) of (IIL7.1) on a global continuum C5, (C;. ) bifurcating from the trivial
solution line at (0, \g); cf. Theorem II1.6.3 or (I11.7.3). This yields the following
smoothness:

Theorem III.7.9 Assume g(0) =0, ¢’(0) > 0, and that the domain 2 sat-
isfies (II1.7.57). Then the unbounded continua C;‘O of posite and Cy = of ne-
gative solutions of (II1.7.1) emanating at (0, \g) are each smooth curves pa-
rameterized by the amplitude of u.

For a proof, observe that A\g = 119/¢’(0) > 0 and A > 0 for all (u, ) € Cfo.
Finally, if u < 0 solves (IIL.7.1), then 4 = —u > 0 solves Au + A\g(a) = 0,
where (@) = —g(—1). Therefore, Theorem IIL.7.7 applies also to negative
solutions of (IIL.7.1).

We can also apply Theorem II1.7.7 to any positive (negative) solution (u, \)
of (IT1.7.1) on a global continuum C*(C~) emanating from the solution (0, 0)
and obtained by the Global Implicit Function Theorem; cf. Theorem III.6.4.
This yields the following result:

Theorem III.7.10 Assume g(0) > 0 and that the domain §2 satisfies the
condition (II11.7.57). Then the unbounded continua C* of positive and C~ of
negative solutions of (II1.7.1) emanating from (0,0) are each smooth curves
parameterized by the amplitude of u.

For a proof, observe that A > 0 for (u,\) € C* and A < 0 for (u,\) € C~. If
(u,\) € C~, then & = —u > 0 solves At + (—\)g(d) = 0, where g(ﬁ) g(—u)
and —\ > O,g(O) > 0.

In Theorem II1.7.17 the asymptotic behavior of the continua C’/j\t0 or C* at
lt]| o = o0 is investigated.

IT1.7.3 Global Parameterization of Positive Solution Branches
over Symmetric Domains and Uniqueness

We consider (II1.7.1) over a domain having the properties (II1.7.57). We prove
an a priori bound for the parameter \ if u is positive.

Lemma II1.7.11 Let (u,\) € X x R (X = C*%(2) N {ulu =0 on 912}) be
a positive solution of (II1.7.1) where g satisfies

g(u) >0 foru >0,

(I11.7.94) g(u) >0 foru € (a,00), a >0,
lim g(u)/u=K > 0.
U— 00
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If |lulloo = u(0,0) > a + ¢, then

(I11.7.95) A€ (0,4)

for some constant A > 0 depending only on 2, g, and € > 0.

Proof. A positive solution of (III.7.1) with a function g satisfying (III.7.94)
can exist only for A > 0: Since for A = 0 problem (II1.7.1) has only the trivial
solution v = 0, we assume A < 0. Then Au = —Ag(u) > 0 by (II1.7.94),
so that by the maximum principle, u is constant if it attains a nonnegative
maximum in (2. This contradiction proves A > 0.

We assume that there is a sequence of positive solutions (uy,, \,,) of (ITL.7.1)
such that
(IT1.7.96) lunlloo > a+ 5,nlingo Ap = 00.

Case 1. The amplitudes ||u,||s are unbounded.
Without loss of generality, ||up|lcc — 00 as n — oo. Then the rescaled

functions B

’Ufn(mvy) = un(m/\/ )"my/\/ )‘n)7

U = Un/||Un||co With s, = 1/]|Gn||eo s0lve
(IT1.7.97) Avy + Sng (’8’_”> —0in 2, = V02,

vy, = 0 on 982,
1>wv, >0in £2,, v,(0,0) =1,

where we use also (IT1.7.62). By the assumption (II1.7.94) on g, the arguments
for (II1.7.24), (I11.7.25) prove that

Sng (v_n> - Kv,
Sn

max 085 1o oo,
(IT1.7.98) (2.y) €2 g
whence 0 < s,9 ( — | < C on £2, for all n € N.

n

For every ball Br(0) there is an nr € N such that Br(0) C (2, for all n > ng.
Following the arguments after (I11.7.25), elliptic a priori estimates imply

(III799) HUnHW“(BR(O)) < CR for all n > ngr,

where Cr depends only on the radius R and on g. By a compact embedding
W22(Bg(0)) C C(Bg(0)), a diagonal process for n — oo and R = N — 00
yields a subsequence (vy, ),cy Of (Vn), oy and some

v € C(R?) such that

(I11.7.100) U, — v in C(Bg(0)) for each R > 0.

By (II1.7.98),
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S (2% ) = Kv in C(B(0)), whence

(I11.7.101) ”
Vn, — v in W22(Bg(0)) for each R > 0,

where we use also the elliptic equation (I11.7.97)3 and an elliptic a priori
estimate. Therefore, Av + Kv = 0 in Bg(0) for each R > 0, and by the
embedding W??2(Br(0)) C C*(Bg(0)) we obtain finally

Av+ Kv =0 in R?, v € C?%(R?),

(I11.7.102) 0<wv<1,v(0,0) =1,

contradicting a result on bounded superharmonic functions on R? (Liouville’s
Theorem; see [52]).

Case II. The amplitudes |uy|loo are bounded.

Without loss of generality, nh—>H;o |lunllse = p € (a,00). We define v, and

2, as in (II1.7.97), and we obtain as before (II1.7.99), (II1.7.100). Instead of
(IT1.7.101), we get this time

(I11.7.103) Sn.d (ZL> - @ in  C(Bg(0))

for each R > 0, which, in turn, yields

Av + g(pv)/p =0 in R?, v € C**(R?),

(I11.7.104) 0<vsl v00)= 1.

In this case, the assumption (II1.7.94); implies that v is a bounded super-
harmonic function on R2. Therefore, Liouville’s Theorem implies v(x,y) =
v(0,0) = 1 for all (z,y) € R2. This gives g(p) = 0, contradicting (II1.7.94),
for p € (a, 0). O

We continue to consider the model problem (II1.7.1) over a domain {2
having the properties (II1.7.57).

Theorem II1.7.12 We assume for g : R — R that g is of class C? and
satisfies

g(u) >0 foru >0,

g(u) > 0 foru € (a,00), a >0,
(IIL.7.105) lim ¢'(u) = ¢'(c0) > 0,

|u[—o0

lug” (u)| < Cy for all w € R and some Cy > 0.

Then for each p € (a,00) there is a unique solution (u, ) = (u(p), A(p)) €
(C%2(2) N {ulu =0 on 02}) x R of (III.7.1) having the properties

u(p) > 0 in 2, A\(p) > 0,

(I1L.7.106) Ju(p)loe = p-
Furthermore,
(III7107) {(U(p), A(p))|p € (a7 OO)} forms a curve

of class C' in C**(02) x R.
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Proof. By Theorem IIL.7.2 there is a unique curve {(u(s), A(s))|s € (0,0 and
A(8) = Ao > 0 as s\ 0; cf. (IT1.7.48) and (I11.7.53). Therefore,

p = inf{r € (a,c0)| there is a positive solution (u,\)

(II1.7.108) of (II1.7.1) with ||u(p)|lec = p for all p € (r,00)}

exists in [a, 00). We claim that p = a.

Assume p > a. Let (un, \n) € X xR, X = C?%(02) N {ulu = 0 on 912},
be a sequence of positive solutions of (II1.7.1) with ||up||ecc = pn \ P = a+e.
By Lemma IIL.7.11, the sequence (A)nen is bounded in R, and therefore
((tny An))nen is bounded in X x R; cf. the arguments after (II1.7.22). By
properness of the mapping F : X x R — Z = C%(£2) given by F(u,)\) =
Au + Ag(u), the sequence ((un, \n))nen is relatively compact in X x R; cf.
(II1.5.7)—(I11.5.9).

Choose a subsequence of ((t,, An))nen converging to (i, 5\) € X xR solving
(II1.7.1). Then @ > 0, ||t]|co = p > 0, and the maximum principle gives @ > 0
in 2 and also A > 0. Therefore, Theorem IIL.7.7 implies the existence of a
curve {(u(p), \(p))|p € (p — 6, p+ 6)} through (@, A) with u(p) > 0 in £2 and
lu(p)||oo = p for p € (p— 6,p+ ). This contradicts the definition (II1.7.108)
of p, proving p = a.

Next we prove uniqueness. Assume that

B = {p € (a,0)| there are at least two positive
(IT1.7.109) solutions (u, A) of (IIL.7.1) with |luljc = p}

is not empty. By (I11.7.49) and Lemma II1.7.11, the set B is bounded in
(a,00). Therefore, b = sup B exists in (a,c0). If b € B, then Theorem I11.7.7
provides a contradiction to the definition of b. If b ¢ B, then by properness
of F(u,A\) = Au + Ag(u), there is a unique solution (a, A) of (II1.7.1) with
4> 0in 2 and ||it] s = b. By definition of b, at least two different sequences
(ui A1), i = 1,2, with [[ulllee = [Ju2]lee < b converge to (@, ) in X x R,
contradicting again Theorem II1.7.7. Therefore, the set B has to be empty,
which proves the uniqueness.

By the local result of Theorem II1.7.7 the curve (II1.7.107) is clearly glob-

ally of class C! in X x R. O

Proposition II1.7.13 Assume g(0) > 0 and g(po) = 0 for some py > 0.

Then:

(i) There is no positive solution (u,\) € X x R of (II1.7.1) with ||u|lcc = po-

(#) If (un, Ap) € X X R is a sequence of positive solutions of (III.7.1) such
that ||ulls — po, then sign(g(||wn|loc)An) — 00 as n — oo.

Proof. Assume the existence of a positive solution with [|ul| = po. By
Proposition I11.7.5 and (II1.7.62),
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w = u — pg satisfies
w(0,0) =0, w < 0 in 2\{(0,0)},
(I11.7.110) Aw + Acw = 0 in (2, where
oz, y) = {g(U(x7y))/w(w7y)) for (z,y) € £2\{(0,0)},
’ = (0,0).

Then the function ¢ is continuous on 2, but the properties of w contradict the
maximum principle (by the trick (IT11.6.10) no sign condition on Ac¢ is necessary
for w < 0). This proves (i).

Case (ii) can occur only if g(||un|lee) # 0. Since |[un|lcc = un(0,0) (cf.
(IT1.7.62)), the relations Au,(0,0) = =\, g(u,(0,0)) < 0 imply signg(||wn| o)
= sign),, # 0. If the sequence (|\,|)nen were bounded, by properness of
the mapping F : X x R — Z given by F(u,\) = Au + Ag(u) the sequence
((tny An))nen would be relatively compact in X xR; cf. (II1.5.7)—(II1.5.9). The
limit of a subsequence would give a positive solution (4, ;\) € X xR of (IT1.7.1)
with ||@]|ec = 70, contradicting (i). Therefore, no subsequence of (|\,|)nen can
be bounded, which proves (ii). O

y
9'(po) for (z,y)

Next we give our Main Result on Positive Solutions of (II1.7.1) over
symmetric domains 2 satisfying (II1.7.57).

Theorem II1.7.14 We assume for ¢ : R — R that g is of class C? and
satisfies
(I11.7.111) g(u) >0  foruel0,b), b<oo.

Then for each p € (0,b) where g(p) > 0 there is a unique solution (u,\) =
(u(p), A(p)) € (C*(2) N {ulu =0 on dN2}) x R of (II1.7.1) having the pro-
perties

(I1.7.112) u(p) >0 in 2, A(p) >0,

[u(p)lee = P

Forp € (0,b) where g(p) = 0, no positive solution u of (II1.7.1) with ||u|lcc = p
exists.

To each mazimal interval (p1,p2) C (0,b) where g(p) > 0 there corresponds
precisely one mazimal curve {(u(p), A\(p))|p € (p1,p2)} € X X R of positive
solutions of (II1.7.1) that is of class C*.

If for i € {1,2} the point p; is in (0,b), then g(p;) = 0 and A\(p) — oo as
p € (p1,p2) and p — p;.

Proof. Let g(p) > 0 for p € (0,b). We consider problem (II1.7.1) with a
modified function § : R — R of class C? such that

(u) = g(u) for u € [0,p],

(TI1.7.113) satisfies (I11.7.105) for some a € [0, p).

Q@

Such a function g certainly exists. Theorem II1.7.12 then guarantees a unique
solution (u(p), A(p)) € X x R of the modified problem having the properties
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(II1.7.106). By (II1.7.113)1, this solution is also a unique solution of the origi-
nal problem satisfying (I111.7.112). (Nonuniqueness would imply nonuniqueness
of the modified problem as well, contradicting Theorem II1.7.12.) By Theorem
II1.7.7 on local parameterization, each such solution (u(p), A(p)) is on a curve
of class C! parameterized by the amplitude p of u(p). Proposition I11.7.13
finally excludes positive solutions with amplitudes p where g(p) = 0, and it
gives the asymptotic behavior A\(p) — oo as the parameter p approaches a
zero of the function g. d

Remark II1.7.15 In [753], Remark 6.4, we show by a counterexample that
the assumption (II1.7.111) cannot be dropped in Theorem IIL.7.14. We give
an example for (I11.7.1) over a ball 2 = Br(0) C R? with g(0) =0, g(u) >0
for u > po, but g(u) < 0 for u € (0,po) having no positive solution with
amplitude ||ullos = p € (po, 3po). In view of g(0) = 0, Theorem II.7.7 is
valid.

The assumptions (II1.7.57) on the domain {2 cannot be dropped either.
This is shown in [31] by various counterezamples.

I11.7.4 Asymptotic Behavior at ||u]lcc = 0 and ||u||cc = o0

We keep the assumptions of Theorem II1.7.14 for problem (II1.7.1) over a
domain 2 satisfying (II1.7.57). If g(u) > 0 for u € (0,0) or for u € (a, o),
then (II1.7.1) possesses unique positive solutions (u, ) € (C%*(£2) N {uju = 0
on 0f2}) x R with amplitudes [Ju|o = p € (0,6) or |[ul]jsc = p € (a,00) and
with some A = A(p) > 0. We investigate the asymptotic behavior of A(p) as
p — 0 and p — oc.

Theorem II1.7.16 Under the assumptions of Theorem II1.7.1/ and g(u) > 0

foru € (0,9) the following hold:

(1) If g(0) > 0, then A(p) — 0 as p — 0.

(11) If g(0) =0, ¢’(0) > 0, then A(p) — Ao = po/g’(0) as p — 0, where g is
the principal eigenvalue of —A; ¢f. (I11.7.2).

(#3) If g(0) =0, ¢’(0) =0, then A(p) — oo as p — 0.

Proof. Let v = lin%) g(u)/u € [0,00] be the limit in each of the three cases.
Then, for given € > 0 or M > 0,

y—e<g(u)/u<~vy+eor
(II1.7.114) M < g(u)/u for v = oo,
forall 0 <u < d() or 0 < u < §(M).

We define for a positive solution (u,\) € X x R of (II1.7.1) with amplitude
lu]loo = p < d(€) or ||ulloo = p < 6(M) the function p = g(u)/u, which is con-
tinuous and positive in 2. As in (II1.7.13), we denote by po(p) the principal
eigenvalue with weight function p of —A on (2 subject to homogeneous Dirich-
let boundary conditions. Then po(p) minimizes the quotient ||Vul|3/(pu,u)o
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in H}(£2)\{0}, cf. (IIL.7.6). Therefore, the estimates (II1.7.114) for p imply,
in view of the monotonicity (I11.7.15),

po(p) < po(M) in case (i), where v = oo,
(IL.7.115) po(y +e) < /uo(p) < uo(v —¢) in case (ii),

where v = ¢'(0) >

to(e) < po(p) in case (1ii), where v = 0.

On the other hand, if p = const, then clearly, ug(p) = po/p, where g is the
principal eigenvalue of —A with weight p = 1. Finally, if (u, \) is a positive
solution of (IIL.7.1), then clearly, A\ = po(p); cf. (II1.7.16). Combining these
observations with (II1.7.115) proves Theorem III.7.16. O

In case (ii), the curve of positive solutions emanating at (0, Ag) bifurcates
from the trivial solution line {(0, )} (note that g(0) = 0). The maximal curve
provided by Theorem II1.7.14 is the unbounded continuum C;‘O introduced in
(IT1.7.3). The curve C:\: is parameterized by the amplitude p = ||ul|~, and
it exists as long as g(p) > 0. If g(po) = 0 for some py > 0, then A(p) — oo
as p /" po. If g(u) > 0 for all u € (0,00), then the asymptotic behavior at
l]|oo = o0 is partially determined by the following theorem.

Theorem 111.7.17 Under the assumptions of Theorem II1.7.1} for b = oo

and g(u) > 0 for u € (a,o0), the following hold:

(i) If lim g(u)/u= K >0, then A\(p) — Aoo = pto/K as p — 0o, where py is
the principal eigenvalue of —A; ¢f. (I11.7.2).

(i) If lim g(u)/u =0, then A(p) — 00 as p — co.

Proof. (i) Let (u(pn), A(pn)) € X X R be a sequence of positive solutions of
(II1.7.1) such that ||u(py)|lcc = Pn — 00 as n — oo. By the proof of Lemma
IT1.7.11, Case I, the sequence (A(p,))nen is bounded, and the arguments for
(I11.7.23)—(I1L.7.27), (IIL.7.98)—(IIL.7.102) prove that the only possible clus-
ter point for (A(pp))nen IS Aso With Ao K = po, where pg is the principal
eigenvalue of —A.
(ii) Assume that a sequence of positive solutions (u(p,),\(pn)) € X x R
satisfies ||u(pn)||oo = pn — o0 and 0 < A(p,,) < A. Without loss of generality,
we assume that A(p,) — A > 0. Again the arguments for (II1.7.23)—(111.7.27),
(II1.7.98)—(I11.7.102) prove that (for a subsequence) u(py,)/||w(Pn,)|lcc — v
in W22(2), A(pn, )g(u(pny))/pny — 0 in C(8) as k — o0, and Av = 0 in
2, v=0o0n 92, ||v||oc = v(0,0) = 1, which is a contradiction. O
The case ulLrgo g(u)/u = oo is obviously more involved. We refer to [97],

for example, where we discuss the exponential growth of g and prove that
A(p) — 0 as p — oo.

Remark II1.7.18 In Section III.6 we prove the existence of global solution
branches of Au+ Ag(u) = 0 with g(—u) = —g(u) that are characterized by a
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fized rectangular or hexagonal nodal pattern of their solutions; cf. (I11.6.40).
As mentioned in Remark II1.7.4, these continua can also be considered as
positive solution branches over a tile {2 of the respective lattice L which is a
rectangle or an equilateral triangle. These tiles {2 are admitted for Proposition
1I1.7.5, and accordingly, positive solutions have the symmetries of (2, and
the directional derivatives orthogonal to a symmetry axis are megative; cf.
(II1.7.60). Relation (II1.7.61), however, does not hold at the corners of 012.
Nonetheless, a modified Lemma II1.7.6 holds when (0,0) is replaced by the
center of §2, i.e., the intersection of the symmetry axes. Therefore, Theorem
II1.7.7 is walid for every solution (u,\) € (C**(R?) N Xp) x R such that
u >0 1in a tile 2 and X > 0. Since the unbounded branches C;\ro of (111.6.40)
emanating at (0, \o) for some Ao > 0 stay in the half-space (C**(R?) x Xp) x
(0,00), they are globally smooth curves parameterized by the amplitude of u;
¢f. Theorem II1.7.9. This sharpens considerably the result of (I11.6.40).

All other results apart from uniqueness in this section about global parame-
terization and the asymptotic behavior are also valid for Au+ Ag(u) = 0 with
g(—u) = —g(u) on a rectangular or hexagonal lattice. The reason for that
exception is that we have mot proved the uniqueness of the curve bifurcating
from infinity; cf. Theorem IIL.7.2 and (II1.7.49). The uniqueness claimed in
Theorem I11.7.12 relies on the uniqueness near infinity. (We believe that The-
orem II1.7.2 holds also on a lattice, but its proof does not apply to polygonal
domains, since we need a smooth boundary for Hopf’s boundary lemma.)

For smooth and conver domains having the symmetries of a regular poly-
gon, all results on local and global parameterization, uniqueness, and asymp-
totic behavior of this section hold. Needless to say that they hold also for an
interval, i.e., if (II1.7.1) is an ODE with two point boundary conditions.

We sketch some typical cases in Figure I11.7.1-Figure II1.7.3.

In Figure I11.7.1,
g(u) > 0 for u € [0,p1) U (p1,00),9(p1) =0,
lim g(u)/u =K.
In Figure II1.7.2,
(IL7.116)  g(u) > 0 for u € (0,p1) U (p1,0), g(p1) =0,
9(0) =0,4'(0) >0, lim g(u)/u=0.
In Figure II1.7.3,
g(u) >0 for u e (0,p1) U (p17p2) U (p27oo)7g(pi) = O,’L = 1727
9(0) =0, ¢'(0) =0, g(u) ~e* as u — 0.
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P = |lullo
A S — ==
o/ K A
Figure II1.7.1
P = [ullo

R SEECITEEre R

ro/g'(0) A
Figure I11.7.2

If g(u) > 0 for all u € (0,00), then the asymptotic behavior at the zeros
g(pi) = 0 is eliminated, and the asymptotic behavior at ||ullc = 0 and at
lu]|co = o0 is connected by a smooth curve. Under the conditions (II1.7.11), a
parameterization by the amplitude p as well as by A is possible, and we sketch
Cjo in Figure IT1.7.4. The trivial solution line is stable for A < po/g’(0) and

unstable for A > 19/¢’(0), whereas C/J{O is unstable; cf. Theorem II1.7.1.
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p = llulleo

o
C_

Figure I11.7.3

p= H“”oo

110/ (c0) 110/ (0) A

Figure I11.7.4

II1.7.5 Stability of Positive Solution Branches

Along smooth curves of positive solutions of (II1.7.1), the Principle of Ex-
change of Stability as expounded in Section 1.7 applies at each nondegenerate
turning point (ug, Ao) = (w(po), A(po)) where A(pg) = 0 but A\(pg) # 0. We de-
note (II1.7.1) by F(u, \) = 0, where F' : X xR — Z with X = C**(2)N{u|u =
0on 002}, Z = C*(£2), and if the domain (2 satisfies (I11.7.57), the parameter
p is the amplitude of v and "= %. By (1.4.18),
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Apo) #0 &
Dqu(Um )\0)[@0, ’ﬁo] € R(DuF(uo, )\0))

& )\Q/ g" (up)d3dx # 0 with
0
o = u(po) € N(DuF (uo, Ao))-

(I11.7.117)

For analytic mappings ¢ : R — R, the results of Section 1.16 extend the
Principle of Exchange of Stability to degenerate but still isolated turning
points, i.e., A(pg) = --- = A" (py) = 0 but A¥)(pg) # 0 for some k > 2
such that )\(p) # 0 for p € (po — 0, p0) U (po, po +0) with some § > 0. We show
that the critical eigenvalue perturbation

Dy F(u(p), A(p))v(p) = n(p)v(p)
(II1.7.118)  with v(po) = 90 = u(po), p(po) =0,
yields u(p) # 0 for p € (po — d,p0) U (po, po + 9).

Since D, F(u(p), A(p)) : X1 — Z&HEH) and wu(p),a(p) € X1, cf.
(IT1.7.76), we restrict the eigenvalue perturbation (IT1.7.118) to Z(*+) and by
uniqueness this gives the perturbed eigenvalue u(p) also for D, F'(u(p), A(p)) :
X —Z.

Assume pu(p) = 0 for some p € (pg — J,po) U (po,po + ). Differentiating
F(u(p), A(p)) =0 with respect to p gives D, F(u(p), A(p))u(p) + DAF(./.)A(p)
= 0. By the symmetry of D, F(u(p), A(p)) = A+ A(p)g'(u(p))I with respect
to the scalar product (, )o in L?(£2), equation (IIL.7.118); with u(p) =0
implies (DxF(u(p), A(p))A(p), v(p))o = 0 or (g(u(p)),v(p))o = 0 by A(p) # 0.
This, in turn, means that (D, x) F(u(p), A(p))[u, A],v(p))o = 0 for all (u, \) €
X+ xR, contradicting the surjectivity of D, x)F(u(p), A(p)); cf. (IIL7.78).

Therefore, pu(p) # 0 for all p € (pg — 9,po) U (po,po + 9), and Theorem
1.16.6 implies via (1.16.40) that

signu(p) = signDs¥(s(p), A(p)) # 0
(I11.7.119) for p € (po — 9, o) U (po,po + ), where
U(s,\) = P(vg + sto, A), cf. (1.7.16).

Here @ is the scalar bifurcation function defined near (vg, A\g) € N x R ob-
tained by the method of Lyapunov-Schmidt: The turning point (ug, \o) =
(u(po), A(po)) is decomposed into (vg + wp, Ag) according to X = N @ X,
where N = span[tg] = span[i(pg)], and Xy can be chosen orthogonal to
N with respect to ( , ). Then u(p) = vo + s(p)to + w(s(p), \(p)) with
S(pO) =0, w(s(po)7>\(p0)) = w(oa )‘0) = wo, and (wﬂAjO)O = 0. By u(p) =
uw(po) + (p — po)u(po)+ h.o.t., it follows that $(pg) = 1.

The equality (I11.7.119); implies, in view of the shape of the solution curve
U(s(p), A(p)) = 0 in the (s, \)-plane, the following result (cf. the arguments
in the proof of Theorem 1.7.4):
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If A(po) = -+ = A"~V (pg) = 0, A®(pg) # 0, and
if k is odd, then (u(po), A(po)) is not a

turning point (a fold), and signu(p) # 0

does not change for p € (po — 0, po) U (po, po + 6);
if k is even, then (u(po), A(po)) is a turning
point, and signu(p) changes at p = po.

(IT1.7.120)

For nonanalytic curves one has to be careful: We do not prove that p(p) # 0
implies (II1.7.119), but that equality of the signs follows from (1.16.40), pro-
vided that ;™) (pg) # 0 for some m > 1. However, a nonvanishing derivative
does not necessarily exist if pu(p) # 0 for p € (po — 8, p0) U (po, po + 0) and if
w(p) is not analytic.

We give a sufficient condition for the validity of (II1.7.119) at a degenerate
but isolated turning point in the nonanalytic case: Assume (in the terminology
of Section 1.7) that

Dy (0, M) = Da®(vo, Ao) = (DrF(uo, Xo), ) # 0,
or in the situation of this section,

(IIL.7.121)
/ glug)iodz #£0 where o = i(po).
(9]

By % (s(p), A(p)) = 0 and $(pg) = 1, this assumption has the following conse-
quences:

Mm%— —Aw*wwzmAW@m¢oj
(0, ) = DEVw(0,09) =
DRSO~ o 20
(L7122) gy Do ) AP lp=po =
k—2
= DDAy, =
k—1
= e D) A=y, = D0 0) 20,

Theorem 1.16.6 and (I11.7.122) imply the relation (I11.7.119), since u* =1 (py) #

0, and moreover,

p(po) = filpo) = -~ = u* =2 (pg) = 0,
(IIL.7.125) M(k_l)(po) = —(DxF(uo, \o), @6>>\(k)(p0)-

This formula generalizes (1.7.31) and provides another proof of (II1.7.120).

Now we have some tools to discuss the stability along global curves of
positive solutions of (II1.7.1). For Cfo given by Theorem III.7.9, the Principle
of Exchange of Stability in its general form (1.16.51) applies at the bifurcation
point. Since the trivial solution is stable for A < Ag and unstable A > Aq,
the bifurcating curve is supercritically stable and subcritically unstable; cf.
Figures 1.7.2, 1.7.3. The local curve {(u()),\)|0 < A\ < §} C CT given by
Theorem II1.7.10 (cf. Theorem I1.6.1) is stable.
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As proved in (II1.7.118), the stability of a curve {(u(p), A\(p))} does not
change as long as A(p) # 0. The same holds if A(pg) = --- = AF=D(pg) =
0, A®)(pg) # 0 for some odd k; cf. (IT1.7.120), (I11.7.123). If k is even, then
(u(po), A(po)) is an isolated turning point, and we assume that u(p) is stable
for p € (po — 6, po) or for p € (po, po + 6).

In that case, all eigenvalues of D, F(u(p),\(p)) are negative for p €
(po — 0, po) or for p € (pg,po+0), and p(pg) = 0 is the principal eigenvalue of
the operator D, F'(u(po), A(po)) = A+ Apo)g' (u(po))I (or A(pg) is a princi-
pal eigenvalue of —A with weight function ¢’(u(po))). Then, by (II1.7.120) or
(I11.7.123),

(I11.7.124) the stability is lost at the turning point.

Since the eigenfunction 9y = 1(po) for u(pg) = 0 as well as u(pg) are positive,
the sign of [, g(u(po))t(po)dx can easily be determined. Formula (II1.7.123)
then relates the shape of the turning point to the stability of u(p) for p €
(po — 6, p0) Up € (po, po + ) in a unique way.

If it is known only that u(p) is unstable for p € (pg — d,pg) or for p €
(po, Po+0), the situation is more involved: A positive eigenvalue (the principal
eigenvalue, for example) can become negative, or a negative eigenvalue (the
second eigenvalue, for example) can become positive at p = pg. In other
words, u(pg) = 0 is not necessarily the principal eigenvalue, and (II1.7.120) or
(IT1.7.123) do not necessarily imply an exchange of stability.

Assume that the instability of u(p) is caused only by the positive principal
eigenvalue (due to a subcritical bifurcation or due to an adjacent turning
point as sketched in Figure I11.7.5, for example). If 4(pg) is positive in (2,
then p(po) is the principal eigenvalue that becomes negative such that u(p)
gains stability at the turning point. Otherwise u(pg) is the second eigenvalue
with the eigenfunction 4 (pg) that has precisely two nodal domains in (2; cf.
[22]. Since u(po) € X+ T) the nodal line is a symmetric closed curve in {2
with the origin (0, 0) in its interior. This scenario is not a priori excluded, since
the weight function ¢'(u(po)) is not constant and has even not necessarily a
constant sign. However, if it can be shown that the second eigenfunction has
no interior nodal line (as in the constant coefficient case), then (pg) has to
be the first eigenfunction, and a gain of stability is proved. If that proof fails,
then one could proceed as follows: The monotonicity of the second eigenvalue
implies p*~Y(po) > 0, and the shape of the turning point (which means
AF)(pg) > 0 in the cases sketched in Figure IT1.7.5) determine the sign of
Jo 9(u(po))i(po)da by formula (IT1.7.123); cf. also (II1.7.121). If the integral
had the opposite sign (a positive sign in the cases sketched in Figure I11.7.5),
then that contradiction would again prove a gain of stability at the turning
point. To summarize, in contrast to a loss of stability, a gain of stability at a
turning point is not at all obvious.

For the curves C;’O,C+ guaranteed by Theorems II1.7.9, II1.7.10, respec-
tively, the stability is ensured up to the first or second turning point (provided
that they exist) as sketched in Figure II1.7.5.
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=
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Figure II1.7.5

II1.8 Notes and Remarks to Chapter III

The Fredholm property of elliptic operators over bounded domains is clearly
well known. Since a single suitable reference for all our purposes is probably
not available in a closed form, we include a proof for convenience. The Fred-
holm property of elliptic operators on a lattice, however, is not so established.
A proof for Neumann boundary conditions is given in [45]. In that paper
we prove also how a fixed rectangular nodal structure preserved on global
branches breaks up under a small perturbation.

Local and global bifurcation for elliptic problems is a subject of countless
papers that have appeared in the last thirty years. We try to give a synopsis
from what we have learned from those and in particular from what we have
learned from our teacher, K. Kirchgéssner, and also from M. Crandall and P.
Rabinowitz during a visit in Madison in 1977/78. The same holds for Hopf
bifurcation for parabolic problems, and we mention our starting point [106].
(For references about Hopf bifurcation see the Notes and Remarks to Chapter
I, Section 1.22.)

The discussion of the stationary Cahn-Hilliard model, serving as a para-
digm in Sections II1.2, II1.5, II1.6, is taken from [100], [101].

In contrast to elliptic and parabolic problems, hyperbolic problems are very
rare in bifurcation theory. Most contributions to the one-dimensional wave
equation are devoted to forced nonlinear vibrations. We mention [131], [132],
[124], and the references cited there. By its nature, this is not a bifurcation
problem, and its approach uses a broad selection of nonlinear functional ana-
lysis. Free vibrations “in the large” are found in [136] via global methods
of the calculus of variations. Bifurcation of free vibrations in the spirit of a
Lyapunov Center Theorem is proved in [23] by methods of KAM Theory; cf.
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Remark II1.3.1. Our approach to free nonlinear vibrations goes exclusively
back to [86], and it was resumed in [103], [95], [67], [68], and [57].

Preservation of nodal structure on global branches was first proved in [24],
whose ideas were extended to higher dimensions in [61], [62], [63], [65]. In
[66] we took the challenge to prove it for elliptic systems and in [64] for fully
nonlinear elliptic problems (whose results are not included in this book).

Global positive (and negative) solution branches of elliptic problems have
been investigated by many people. It started with the pioneering paper [131],
which established the Rabinowitz alternative for each of the branches of
positive and negative solutions. Later, more qualitative properties of these
branches, depending on the data of the problem, became an issue; cf. the re-
views [5], [115], and also [127], for example. The question about smoothness
and uniqueness has been answered only for a class of ODEs [139] and for
problems over a ball: Due to the radial symmetry of positive solutions they
satisfy an ODE; cf. [144], [125], for example. To the best of our knowledge,
smoothness and uniqueness of positive solution branches over more general
but still symmetric domains has been investigated only in [97], [98], [73]. The
proof of Lemma II.7.11 is essentially due to [30]. An iteration scheme that
selects stable positive solution branches in a neighborhood of the bifurcation
point is presented in [107]
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